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Exercise 4.1

Q1 Prove the following by using the principle of mathematical induction for all n € N:
2 a—1 _ (3"-1)
1+3+3" +...+3" = ——

Answer.
Let the given statement be P(n), i.e.,

P(n):1+3+324...+3" 1= (3"-1)

For n = 1, we have

(3-1) _ 31

Pl):1="F-=="2=2=1

Let P(k) be true for some positive integer k, i.e.,

()

1+3+3 4. +31 =

We shall now prove that P(k + 1) is true.
Consider
1+3+3 4. +31 43k

- (1+3+32+...+3’“—1) + 3k

(3'-1) k
=5~ +3

. (3-1)+23"

, Which is true

[using (1)]

2
_(1+2)31

- 2
33 -1

- 2
3k+1 -1

2
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers l.e.,



Page : 94 , Block Name : Exercise 4.1

Q2 Prove the following by using the principle of mathematical induction for all n € N:

2
134234334, +nd= (@)

Answer.
Let the given statement be P(n), i.e.,

2
13 4+28 438 4. 4nd= (”(n;”)

For n =1, we have

For n =1, we have

2 2
, Which is true.
Let P(k) be true for some positive integer k, l.e.,

3 93 | o3 g _ [ k(kt1) 2
P42 4304 R = (55
We shall now prove that P(k + 1) is true.
Consider
P+22 433+ 4B+ (k+1)°

k(k+1) \ 2 3 o
= ( 5 ) + (k+1)° [ Using (7)]
k?(k + 1)

- % + (k + ].)3
_ K(k+1)? +4(k+1)°
N 4

(k+1)2{k*+4(k+1)}
N 4
(k1)K +4k+4)
- 4
(k1) (k+2)?
=
(k1) (k+141)?
4

_ (13 L 93 4 23 3 3 ((kHD(kt141) )2
= (P28 480 R+ (e 1)° = ()
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers l.e.,
Page : 94 , Block Name : Exercise 4.1

Q3 Prove the following by using the principle of mathematical induction for all n € N:



1 1

1+ + +.+ : = 2o

(1+2) " (1+2+3) (142+3+...n) (n+1)
Answer.
Let the given statement be P(n), i.e.,
. 1 1 1 _2n
P(n): 1+ 1+2 + 1+2+3 t.t 1+243+..m  ntl

For n = 1, we have

2.1 2

Let P(k) be true for some positive integer k, i.e.,

1 1 1 _ 2 .
1+1+2+"°+m+"'+1+2+3+...+k_k+1 ............ (i)

We shall now prove that P(k 4 1) is true.

Consider
1+ H% T ﬁ T 1+2+31+...+k - 1+2+2+1k+(k+1)
- (1 + 1_Jlr2 + 1+;+3 +ot 1+2i3+.k) + 1+2+3+..1.+k+(k+1)
- k2+kl + 1+2+3+..%+k+(k+1) [ Using (i) ]
=24 ((km%m)) [1 +24+3+...+n= n(n2+1)]
- (k2+kl) + (k+1)2(k+2)

- (kil) (k + ﬁ)
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Q4 Prove the following by using the principle of mathematical induction for all n € N:

1.23+234+...+ n(n + 1)(n + 2) _ n(n+1)(n4+2)(n+3)

Answer.
Let the given statement be P(n), i.e.,

P(n):1.23+234+...+nn+1)(n+2) ="
Forn =1, we have o
P(1):12.3 = 6= 00 _ 1o » Which is true

Let P(k) be true for some positive integer k, i.e.,

1.2.3 234+ ...+ k(k+ 1)(k+2) = XLDEDES )
We shall now prove that P(k + 1) is true.
Consider

1234234+ ...+ k(k+1)(k+2)+(k+1)(k+2)(k+3)
={123+234+...+k(k+1)(k+2)}+ (E+1)(k+2)(k+3)

(n+1)(n+2)(n+3)
4




k(k-+1) (k+2) (k+3)

_ . + (k+1)(k+2)(k+3) [Using (i)]

= (k+ 1)+ 2)(k+3) (5 +1)

(k-+1) (k+2) (k+3) (k-+4)
4
_ (RFL) (RH11) (k142) (k+143)

- 4
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers l.e., n .
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Q5 Prove the following by using the principle of mathematical induction for all n € N:

1342374335 ... 4 n3n = U

Answer.
Let the given statement be P(n), i.e.,

1.3+ 2.32+3.3° ... +n3n = 2055

4
P(n) :
For n =1, we have
P1):13=3 LD 8 _Fo_1n_4
Let P(k) be true for some positive integer k, i.e.,
ekl )
134234330+, ph3t =22 2 )
We shall now prove that P(k + 1) is true.

Consider
1.3+23%+33% + ... + k3" + (k+1)3"

- (1.3 123243334+ k.3k) + (k4 1)35H
(2k—1)3"" 43 . .
= ="+ (k+1)3""" [ Using (i)]
_(2k—1)3 434 4(k+1)38!
- 4
3 {2k—1+4(k+1)}+3

4
38 1{6k +3}+3
4
3k 3{2k +1}+3
4
3Dk +1}+3
o 4
{2(k+1)—1}3k+D+1 1 3
o 4
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers




i.e., n.
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Q6 Prove the following by using the principle of mathematical induction for all n € N:

124234344+ ...4+n.(n+1) = [w]

Answer. Let the given statement be P(n), i.e.,

PM):1.2+23+34+...+n-(n+1) = [w]

For n =1, we have
p(1): 1.2 = 2 = (DD _ 124
Let P(k) be true for some positive integer k, i.e.,

1.24+23+34+....+k(k+1) = [W]

3
We shall now prove that P(k + 1) is true.
Consider
1.2+23+34+...+k(k+1)+&k+1).(k+2)

=[1.2+23+34+...+k(k+1)]+k+1).k+2)

= MEDED L (k4 1)(k+2) [ Using (i)

— (k+1)(k+2) <§+1)

(k1) (k+2)(k+3)
3
(k-+1) (k+1+1) (k+1+2)
- 3
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers

i.e., n.

= 2which is true.
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Q7 Prove the following by using the principle of mathematical induction for all n € N:

n(4n?+6n—1
13435457+, +(@2n—1)@2n+1) = 220D

Answer. Let the given statement be P(n), i.e.,

PM):1.3435+5.7+...+(2n—1)2n+1) =
Forn =1, we have

246.1—
P(1):1.3=3— 1(41 —;6.1 1) _ 4+g_1

Let P(k) be true for sorne positive integer k, i.e.,
k(4k?+6k—1)

n(4n2—|—6n—1)
3

, Which is true

— 9
R

13435+ 5.7+....+(2k—1)2k+1) = ——— _...()
We shall now prove that P(k + 1) is true.
Consider

(1.3435+57+...+(2k—1)(2k+1) +{2(k+1) — 1}{2(k + 1) + 1}



_ MY @k +2-1)(2k+2+1) [Using(i)]
= MUY | ok +1)(2k + 3)

24 6k
_ k(4k 4;)6k 1) n (4k:2 —|—8k:-|—3)
k(4k*+6k—1)+3(4k>+8k+3)
3

4k +6k% —k+12k>+24k+9
3

4k>+18k>+93k+9
3

Ak*+14k°+9k+4k>+14k+9
3
k(4k*+14k+9)+1 (4K +14k+9)

3
(k+1) (4k*+14k+9)

3
(k+1){4k*+8k+4+6k+6—1}

3
(k+1){4(K*+2k+1)+6(k+1)—1}
3
(k+1){4(k+1)*+6(k+1)—1}
3
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers

i.e., n.

Page : 94 , Block Name : Exercise 4.1

Q8 Prove the following by using the principle of mathematical induction for all n € N:
124222 +32° + ... +n2° = (n—1)2"" +2

Answer. Let the given statement be P(n), i.e.,
P(n):1.2+4222+32°+ ... +n2"=(n—-1)2"" 42
For n =1, we have
P1):12=2=(1-1)2""+2=0+2=2,

Let P(k) be true for some positive integer k, i.e.,
1242224327+ ... +k2"=(k—1)2"" +2....4)
We shall now prove that P(k + 1) is true.

Consider

{1.2 1222 4325 4.+ k.z’“} +(k+1) 28
= (k—1)28" + 2+ (k+1)28!

=2 (k- 1)+ (k+1)} +2

= oMl ok 4 2

— k:‘2(k+1)+1 + )

Thus, P(k + 1) is true whenever P(k) is true.



Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q9 Prove the following by using the principle of mathematical induction for all n € N:
T+ttt h =14

Answer. Let the given statement be P(n), i.e.,
Po:i4+i4+i+. +L=1-2
Forn =1, we have

L1 1 _ 1 . o
Pl):5 =1- o= 5, which is true
Let P(k) be true for some positive integer k, i.e.,
1,1, 1 1 _ 1 1
5+z+§+...+?—1 -
We shall now prove that P(k + 1) is true.

Consider
1 1 1 1 1
(§+Z+§+ ...... +¥>+k+1 . .
N [using()]
= (1 - ?) + 2k+1
—1_ 1, 1
=1 ok T 2.9k
. 1 1
=1-5(1-3)

-1 L

2k+1
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q10 Prove the following by using the principle of mathematical induction for all n € N:

1 1 1 1 _ n
25 T58 TR T (3n—1)(3n+2) ~ (6n+4)

Answer. Let the given statement be P(n), i.e.,

! 1 1 1 _ _n
P):gs tsgtgmt--- t (3n—1)(3n+2) ~ (6n+4)

Forn =1, we have
_1r _1r_ 1 _ 1
Pl)= 55 =% =511 = 10
Let P(k) be true for some positive integer k, i.e.,
k

1 1 1 1 _ .
5 Tss Tsa Tt Goeey o W
We shall now prove that P(k + 1) is true.

Consider

which is true.




1 1

1 1 1

25 758 TR T T BDEE) T BB
_k 1 . .
= Bkt T kD) (3k312) [ Using (1)]
_ kL 1

T 6k+4 (3k+2)(3k+5)

k. 1

T 2(3k+2) (3k+2)(3k+5)

1 k 1

T (3k+2) (5 T M)

. 1 k(3k+5)+2

o (3k+2)( 2(3k+5) )

1 <3k2+5k+2)

T (3k+2) \ 2(3k+5)

1 (3k+2)(k+1)

- (3k+2)( 2(3k+5) )

_ (k+1)

T 6k+10

o (k+1)

-~ 6(k+1)+4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q11 Prove the following by using the principle of mathematical induction for all n € N:

1 1 1 1 _ n(n+3)
193 T 232 T 345 T T n(n+1)(n+2)  4(n+1)(n+2)

Answer. Let the given statement be P(n),i.e., P(n):

LUNNTINES T BRI 1 _ n(nt3)
1.2.3 2.3.4 345 77 T p(n+l)(nt+2)  4(ntl)(n+2)
Forn =1, we have

R R . I O S | L

P(l): 53 = D — 123 = 53> Which is true
Let P(k) be true for some positive integer k, i.e.,

1o, 1o 1 i 1 o Kk(k+3) i
123 " 234 " 345 T Rkr1)(k+2)  4(k+1)(k+2) T )

We shall now prove that P(k + 1) is true.

Consider

[ LU NI B X 1 ] i 1

123 7 234 " 345 U k) (kt2) (k+1)(k+2)(k+3)
S Lo EA— [ Using (1)

A0t )(kr2) | (kr1)(kt+2)(kt3)

o 1 k(k+3) 1

o (k+1)(k+2){ i k+3}
- 1 { k(k+3)2+4 }
 (k1)(R+2) | 4(k+3)

B 1 k(k?+6k+9)+4
T (kt+1)(k+2) 4(k+3)




_ k*+6k2+9k+4

o k+1) k+2) 4(k+3)

o k3 +2k?+k-+4k*+8k+4

o k+1) k+2) 4(k+3)
k(k*+2k+1)+4(k*+2k+1)

o k—l—l) k+2) 4(k+3)

(k+1)2+4(k+1)?

(k+1)(k+2) { 4(k+3) }

(k+1)2(k+4)
4(k+1)(k+2) (k+3)

(k+1){(k+1)+3}
4{(k+1)+1}H{(k+1)+2}
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
ie.,n.
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Q12 Prove the following by using the principle of mathematical induction for all n € N:

atar+ar’+...+ar" ! = a(::l)

Answer. Let the given statement be P(n), i.e.,
2 n-1 _ a(r-1)
P(n):a+ar+ar®+...4+ar =

r—1
Forn =1, we have
a(rl—l)

P(1) : a = —= = a, which is true.
(r-1)
Let P(k) be true for some positive integer k, i.e.,
a(rf—1
at+art+ar’®+....... +ark1 = (T_l L d)
We shall now prove that P(k + 1) is true.
Consider
{a+ar+ar’+...... + ark_l} + qrkt-1
o [ Using(i) |
+ ar®
(r — 1) +ark(r—1)
n r—1
a (rk -1) + ar® 1 — qrk
N r—1

__arf—a+arktl—ark
T r—1
__ arftl—q
o r—1

a(rk+1-1)
=

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q13 Prove the following by using the principle of mathematical induction for all n € N:

<1+%) <1+%) (1+%)...(1+ (27:;1)> = (n+1)?

Answer.Let the given statement be P(n), i.e.,

P(n) : (1+§) (1+§) (1+g)...(1+ (2"'“)) = (n+1)2

n2

Forn =1, we have
. 3) — 4 — 2 _ 92 _
P): (1+2) =4=(1+1p2 =2 =4,

Let P(k) be true for some positive integer k, i.e.,
3 5 7 (2k+1)
(1+T>(1+Z)(1+§)~°(1+ = ):(k+1)2 ...... (1)

We shall now prove that P(k + 1) is true.
Consider
3 5 7 (2k+1) {2(k+1)+1}
(1 3) (1 8) (14 5) - (1 52) [ {1+ S
2(k+1)+1 )
= (k+1)2 (1 + W) [ (Using (1) ]
_ o [ (k1) +2(k+1)+1
= e+ 1 [
=(k+1)+2(k+1)+1
={(k+1)+1}?
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q14 Prove the following by using the principle of mathematical induction for all n € N:
(1+4) (1+3) (1+2) .. (1+2) =(m+1)

Answer. Let the given statement be P(n), i.e.,

P(n): (1+%) (1+§) (1+§)...(1+%) = (n+1)

Forn =1, we have

P(1) : (1 + %) — 2= (1 +1), which is true

Let P(k) be true for some positive integer k, i.e.,
P(k):(1+%)(1+§)(1+§)...(1+%):(k+1) .......... (1)
We shall now prove that P(k + 1) is true.

Consider

(1+8) (1+3) (1+3) - (1+ D] 1+ &)



k+1

ey (525

=(k+1)+1
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.

=(k+1) (1 + L) [ Using(1) |
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Q15 Prove the following by using the principle of mathematical induction for all n € N:
(2n—1)(2n+1)

PP+ 3245 4. +(2n—1)2 = 22—

Answer. Let the given statement be P(n), i.e.,
P(n)=1+3*4+5"+...+(2n— 1) =
Forn =1, we have

P(1) = 21— 1(2.1—1?))(2.1+1) _ 1.;’.3
Let P(k) be true for some positive integer k, i.e.,

n(2n—1)(2n+1)

= 1, which is true.

Pk) = 12 +32+5° + ... 4 (2k—1)2 = XEDED 1y
We shall now prove that P(k + 1) is true.
Consider

{P+38 45"+ + (26— 1)} +{2(k+1) - 1}’
ERVCRY | (9k + 2 — 1)? [ Using (1)
MR DCED 4 (2k +1)?

k(2k—1)(2k+1)+3(2k+1)?
3

(2k+1){k(2k—1)+3(2k+1)}
3

(2k+1){2k*—k+6k+3}

3
(2k+1){2k>+5k+3}

(2k+1){222+2k+3k+3}
(2k+1){2k(z+1)+3(k+1)}
(2k+1)(k+1)?22k+3)
(k+1){2(1::+1)71}{2(k+1)+1}

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q16 Prove the following by using the principle of mathematical induction for all n € N:

1 1 1 1 _ _n
Tttt (3n—2)(3n+1) — (3n+1)

Answer. Let the given statement be P(n), i.e.,

L1 1 1 1 _ n
P(n) : Ta Tz T T T (3n—2)(3n+1)  (3n+1)

For n =1, we have

1 _ 1 1 _ 1 1
P(1)_H_m_z_ﬁ,whlchlstrue.

Let P(k) be true for some positive integer k, i.e.,

Pk)=5+ &+ 55 +...+ (3k_2)1(3k+1) = Tt e 1)
We shall now prove that P(k + 1) is true.
Consider
{i+i+i+...+ L }+ :
14 " a7 T 710 (3k—2)(3k+1) {3(k+1)—2}{3(k+1)+1}

_k 1 :
= Skt T GEeer L USIN8 ()]

_ 1 1

© (3k+1) {k T (3k+4) }
o 1 k(3k+4)+1

o (3k+1){ (3k+4) }

_ 1 3k24-4k+1

T (3k+1) { (3k+4) }

_ 1 3k2+3k+k+1

© (3k+1) { (3k+4) }

_ (3k+1)(k+1)

T (3k+1)(3k+4)

(kD)

© 3(k+1)+1

Thus, P(k + 1) is true whenever P(Kk) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e.,n.
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Q17 Prove the following by using the principle of mathematical induction for all n € N:
1 + 1 + 1 + + 1 — n
3.5 57 7.9 7 7T 1 (2nt1)(2n+3)  3(2n+3)

Answer. Let the given statement be P(n), i.e.,

.1 1 1 1 __n
P(n) : 35 T57 Tmg T (2n+1)(2n+3)  3(2n+3)

Forn =1, we have

1 11 L
P(l): 5z = 3@ 35 , which is true.

Let P(k) be true for some positive integer k, i.e.,

.1 1 1 1 __k
P(k) : 35 "7 trg ot (2k+1)(2k+3) — 3(2k+3) T M

We shall now prove that P(k + 1) is true.
Consider




1
(2k+1)(2k+3)

[U sing(1)]

1
T B R 3

1 1
[ﬁ—F?‘Fﬁ—l—...‘f‘
k 4+ 1
'k

= 3(2k+3) | (2k+3)(2k+5)

_ 1 1

~ (2k+3) |3 (2k+5)}

1 [ k(2k+5)+3

~ (2k+3) | 3(2k+5) }

1 [2K*+5k+3
(2k+3) | 3(2k+5)

1 [ 2K2+2k+3Kk+3
~ (2k+3) | 3(2k+5)

1 [ 2k(k+1)43(k+1) ]

(2k+3) | 3(2k+5)
(k+1)(2k+3)

3(2k+3)(2k+5)
(k+1)

3{2(k+1)+3}

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers

ie.,n.
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Q18 Prove the following by using the principle of mathematical induction for all n € N:
1+2+43+...+n< z(2n+1)

Answer. Let the given statement be P(n), i.e.,
P(n) :1+2+43+4...4+n< <(2n+1)?
It can be noted that P(n) is true forn =1 since 1 < %(2.1 +1)?2 =

Let P(k) be true for some positive integer k, i.e.,
1+2+.. . +k<$(2k+1)2....0)

We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

1+2+...+k)+(k+1) <
< +{(2k+1)2+8(k+1)}
1

5{4k® + 4k + 1 + 8k + 8}
1

5 {4k + 12k + 9}

1 2

5(2k +3)

1 2
s12(k+1) + 1}

Hence, (1+2+3+...+ k) + (k+1) < +(2k+1)* + (k+1)
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.

®|©

L(2k +1)? + (k +1) | Using (1)]

NN N A
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Q19 Prove the following by using the principle of mathematical induction for all n € N:
n(n + 1)(n + 5) is a multiple of 3

Answer. Let the given statement be P(n), i.e.,

P(n):n (n+ 1) (n +5), which is a multiple of 3.

It can be noted that P(n) is true for n =1 since 1 (1 + 1) (1 +5) = 12, which is a multiple of 3.
Let P(k) be true for some positive integer k, i.e.,

k (k + 1) (k +5) is a multiple of 3.

~k(k+1)(k+5)=3m,wherem €N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(k+ 1){(k+1) + 1}{(k+ 1) + 5}

= (k+1)(k+2){(k+5) +1}

= (k+1)(k+2)(k+5) + (k+1)(k+2)
= {k(k+1)(k+5) +2(k+1)(k +5)}
=3m+ (k+1){2(k+5) + (k+2)}

= 3m+ (k+ 1){2k + 10 + k + 2}

= 3m + (k+ 1){2k + 12)

=3m+3(k+1)(k+4)
=3{m+(k+1)(k+4)} =3 xgq, whereq={m + (k+ 1)(k + 4)} is some natural number

Therefore, (k+ 1){(k+ 1) + 1}{(k+ 1) + 5} is a multiple of 3.

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q20 Prove the following by using the principle of mathematical induction for all n € N:
10! 4+ 1 is divisible by 11

Answer. Let the given statement be P(n), i.e.,

P(n) : 10 + 1 is divisible by 11.

It can be observed that P(n) is true for n = 1 since P(1) = 10> 4 1 =
11, which is divisible by 11.

Let P(k) be true for some positive integer k, i.e.,
10%! + 1 is divisible by 11.
~.10%1 41 = 11m, wherem € N... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider



102k+D-1 4 1

_ 102k+271 + 1

— 102k+1 + 1

— 102 (102’6—1 +1- 1) +1

_ 102 (10”“‘1 n 1) 10241

=10 - 11m — 100 + 1 [ Using (1)]

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q21 Prove the following by using the principle of mathematical induction for all n € N:
z?® — y3" is divisible by = + y

Answer. Let the given statement be P(n), i.e.,
P(n) : z?" — y*" is divisible by  + v .
It can be observed that P(n) is true forn = 1.
This is so because z* x 1 — y? x 1 = 22 — y* = (z + y)(z — y) is divisible by

(z +y).
Let P(k) be true for some positive integer k, i.e.,
x2k — 92k is divisible by = + y.
z?* — y* = m(z +y), wherem e N...(1)
We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
22(k+1) _ y2(k+1)
:$2k,m2_y2k,y2

— 2 (x2k g2k y2k) g2k g2

=2 {m(z +y) +y**} —y*-y* [Using (1)]

= m(z + y)z? + y2* - 22 — y2k . 2

= m(z +y)z* + y* (° — )

=m(z +y)z* + y*(z + y)(z — y)

= (z +y) {ma® + y**(z — y)}, which is a factor of (z + y)
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q22 Prove the following by using the principle of mathematical induction for all n € N:
32"+2 _ 8n — 9 is divisible by 8



Answer. Let the given statement be P(n), i.e.,
P(n) : 3*"? — 8n — 9 is divisible by 8
It can be observed that P(n) is true for n = 1 since 3212 — 8 x 1 — 9 =
64, which is divisible by 8 .
Let P(k) be true for some positive integer k, i.e.,
32k+2 _ 8k — 9 is divisible by 8 .
. 3%+2 8k — 9 =8m; wherem € N...(1)
We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider
32(k+1)+2 _ 8(k+1)—9
=3%2.32 _8k—8-9

_ 32 (32k+2—8k—9+8k+9) _8k— 17

— 32 (32’”2 8k — 9) +3%(8k +9) — 8k — 17

=9.8m +9(8k+9) — 8k — 17

= 9.8m + 9(8k + 9) — 8k — 17

= 9.8m + 72k + 81 — 8k — 17

= 9.8m + 64k + 64

= 8(9m + 8k + 8)

= 8r, where r = (9m + 8k + 8) is a natural number

Therefore, 32" V+2 _ 8(k + 1) — 9 is divisible by 8 .
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q23 Prove the following by using the principle of mathematical induction for all n € N:
41" — 14" is a multiple of 27

Answer. Let the given statement be P(n), i.e.,

P(n) : 41" — 14" is a multiple of 27

It can be observed that P(n) is true for n = 1 since 41! — 14! = 27 which is a multiple of 27.
Let P(k) be true for some positive integer k, i.e.,

41% — 14* is a multiple of 27

. 41% — 145 = 27m, wherem € N... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider



41k+1 . 14k+1
—41% .41 - 14% .14
— 41 (41’“ _ 14k 4 14’“) —14%. 14

41 (41’“ _ 14’“) 1 41.14% — 14% . 14

— 41.27m + 14%(41 — 14)
= 41.27m + 27.14F

=927 (41m - 14’“)
=27 X r, where r = <4lm — 14’“) is a natural number

Therefore, 41%™ — 14*™ is a multiple of 27
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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Q24 Prove the following by using the principle of mathematical induction for all n € N:
(2n +7) < (n+3)?

Answer. Let the given statement be P(n), i.e.,
P(n): (2n+7) < (n+ 3)2
It can be observed that P(n) is true for n = 1 since 2.1 +7 = 9 < (1 + 3)2
= 16, which is true.
Let P(k) be true for some positive integer k, i.e.,
(2k+7) < (k+3)2...(1)
We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider
{2k+1)+7}=02k+T7)+2
S2k+1)+ T =02k +7)+2< (k+3)2+2 [using (1)]
2(k +1) +7 < k* + 6k + 9+ 2
2k +1)+7 <k®+6k+11
Now, k% + 6k + 11 < k® + 8k + 16
22k 4+ 1)+ 7 < (k+4)

2(k+1) +7 < {(k + 1) + 3}?

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., n.
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