15 Limit - Continuity - Differentiation

Important Definitions and Necessary Formulae :

x;  x20 | .
(1) Modulus function : f: R — R, fix) = [x| :{ <0 is called modulus function.
;X

Properties : (i) |x +y| < |x| + | (i) x—y| 2| x| — || (iii) x| <ae -a<x<a,aeR"

(2) Integer part function (Floor function) : /: R — Z, f(x) = [x] = the largest integer that is
less than or equal to x. (not exceeding x)
This is integer part function.
f32)=[32]1=3, f(H)=[1]=1, f(-13)=[-13]=-2

(3) Least integer function : /: R — Z, f(x) = |—x—| = the smallest integer greater than or
equal to x.

This is smallest integer function.

f(3)=[53]=6, f(-1.9=[-19] =-1, f4) =[4]=4, f(23)=[23] ==
Graphs of some real functions :

(1) Modulus function : /: R > R, fix) = |x| (2) Integer part function : /: R — Z, fix) = [x]

% Y
2 —o
1 ——0
: o—t X
O X 2 190 1 2
—-1
——0 —2-
y
Figure 15.1 Figure 152

(3) Exponential function : /: R — R, fix)=a"| (4) Logarithmic function:f:R"—R,f(x)=log x
where a >0, a#1,a>1 wherea >0, a#1,a>1

Y
N

/ v

/ ° > X O X

0O

v

Figure 15.3 Figure 154
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Left hand limit : A function f'is defined on (c, a). If for a given € > 0 there corresponds 0 > 0
such that ¢ <a — 8 and yx, x € (¢ — d, a)= |fix) — [| < €, then we say that f has left
limit / and it is denoted by lim f{x) =1

Xx—>a—

Right hand limit : A function f'is defined on (a, b). If for a given € > 0 there corresponds & > 0
such that @ + 8 < b and yx, x € (@ a+ 0) = |f(x) —[| < g€, then we say that f has right

limit / and is denoted by lim fix)=1/.

x—a+

lim fix)=/& lim flx)=[= lim fx)

xX—a x—a— x—a+

If lim f{x) exists, then it is unique.
Xx—a

If lim f{x) = fla), then the function f is said to be continuous at x = a.
Xx—a

If a function f{x) is continuous at every point x € (a, b), then f is said to be continuous on
(a, b).

Moreover, if lim fix) = fla) and lim f{x) = f(b), then f'is continuous on [a, b].
x—a+ x—b._

Working rules of limit :
If lim fix)=17and lim g(x) = m, then
xX—a

Xx—a

(D Iim (fix) + g(x)) =1+ m

Xx—a

(@) lim k fix) =kl

xX—a

(3) lim fix) g(x) =Im

GO

(4) lim —. m#0

x—a g(x) B

lim x"=4a", neN
Xx—a

If p(x) is a polynomial function, then lim p (x) = p(a)
X—a

A polynomial function is continuous on R.

A rational function is continuous at every point of its domain.

n n
. X —a
lim
Xx—a xXxX—a

=na"', neN, x eR - {a}

Rule of limit of composite function :

If lim f(x)=band lim g(y) =/ then lim g (f(x)) =1
y—)b Xx—a

xX—a

If function g is continuous at » and lim f(x) = b, then
x—a

lim g (fix)) =g (b) =g (}g}l f(x)j
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If the 'outer' function is continuous, then we can take limit 'inside' :
If fix) < g(x) and lim f{x), lim g(x) both exist, then lim f{x) < lim g(x).
x—a x—a x—a x—a
Sandwich theorem : If functions f, g, 4 are such that g < f< h and lim g(x) = lim hA(x) =/
x—a Xx—a

then lim f{x) =L

Xx—a
lim fx) =0 & lim |fx)] =0
x—a X—a
lim Sinx _ 1
x—0 X N

sin function and cos function are continuous.

lim tan x
x—0 X

=1

lim sin x _ 1
x—0 X

lim tan " x _ 1
x—0 X

If fand g are continuous at x = ¢, then f* g fg and if g(c) # 0, then % are also continuous x = c.

Limit of a sequence : Let {a } be a sequence and / be a real number. For a given € > 0, if there

exists m € N suchthatn >2m, ne N = |an —l| < €, then / is the limit of sequence {a,}. It is

denoted by lim a = 1.

n—so0

lim L =0
n—yoo

If /< 1, then lim 7 =0
n—yco
Let S =a+ar+ar’+ ..+ a'!

lim § =% <1
n—eo I-r

. 1Y
lim (1+—) =e
n—yoo n

==

x—0
X

. -1

lim 2 =

x50 x log, a
lim el 1
x—0 X

. log, (1+x)

lim —8al ™Y _
xli% . log e (a>0)
lim log(l1+x) _ 1
x—0 X
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e If lim fx) exists and is positive, then lim Ax)e® = lim o(x) log Ax)
x—a x—a er>a
PY If lim f(X) =1 and g(x) — oo then, lim f(x)g(x) = lim (f(X) _])g(x)
x—a x—a e
1
° nh_r)r:o (sin” x+cos"x)" = max {|sin x|, |cos x|}
Useful infinite series to find the value of limits :
(1) (1 +x)" =1+ mx + ’"("21'_]);8 + ’"“"‘13)'("1‘2) Bh oo <l,me O)
2 3
— X X
(2) ex—1+x+T!+§+...oo
2
— X 2
QB a=1+x (logea) + T (logea) + ... 00
2 3 4
=y 2 4+ X _ X oo
“4) log, (1 +x)=x 3 + 3 1 + ... (x| <1)
3 5
. — X X
(5) smx—x—? + ? — ...
2 4
X X
6) cosx=1- X +ﬂ_
- X4 2x oo
(7) tanx=x+ 3 + S
(8) —1 — +li+l;i+ oo ||<1
SIS x = x b oS e (x| < 1)
3 5
) tan’1x=x—x? +x?—...oo (k] <1
(10) n = n(n+1)
2
2 n(n+1)(2n+1)
(11) XZn %

(12) =n® = ”2(’+1)2

(13) =nt =

n(n+1)(2n+1)(3n® +3n-1)
30
Differentiation : Let ' (a, b)) — R be a function. Let x € (a, b) be a constant and ¢ € (a, b) be a

variable.

If lim % exists, then we say f is differentiable at x. This limit is denoted by f(x) or

1—x
% fix). For y = flx), we can also write % instead of % JSx). It is also denoted by y,.

The process of obtaining derivative is called differentiation.

At the point (x, f(x)) of a curve y = f(x), f(x) is the slope of the tangent, if tangent is not vertical.

If a function f: (a, b) — R, is differentiable at x € (a, b), then it is continuous there. The converse

is not true. f(x) = |x| is continuous at x = 0, but not differentiable at x = 0.
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L'Hospital rule to obtain limit :

€)) (% form) If functions f and g are differentiable and lim fx)=0= lim g(x), then
x—a x—a

lim f&® _ lim [f®&
x—a 88X x—a 8

) (% form) If functions f and g are differentiable and as x —a, f{x) — o, g(x) — oo, then

lim Jf&® _ lim S
x—=a gx) x—a gk

Working rules of derivatives :

If functions f and g are differentiable and k € R, then

(1) L (fx) £ g(0) = L fin) £ L o)
@) Lk fix) = k £ fx)

(3) L (fx) g(x) = g() L fx) + fix) L g(x)

f(x)j 8- (L)

4) If g(x) # 0, th i[
4) If g(x) en 200 P

dx
Some standard forms :
(1) % ¢ = 0, where c is constant.
?) % x"=nx"1 x eR", neR
3) % a=aloga,x eR,aeR"— {1}
“) % e=¢e,xekR
5) % sin x = cosx, x €R
©6) % cos x =—sinx, x eR
@) % tan x = sec* x, x eER — {2k + 1) | T |k € Z}
8) % cot x =—cosec* x, x eR - {kn|keZ}
C)] % sec x =secx tanx, x eR — {2k + 1) §|ke Z}
(10) % cosec x = —cosec x cot x, x eER — {kn |k €eZ}
(1) L jogy=1
(12) If f: (a, b) — R is differentiable at x € (a, ) and f ((a, b)) < (¢, d) and g : (¢, d) > R is
differentiable at f (x), then gof is also differentiable at x and (gof)' (x) = g (fix)) f(x),

Ay _dy du i
il i (Chain Rule)
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d 1
(13) <= sin! x= [ 2. <1
-1
(14 L cos'x=T x| < 1
dx 1-x° 7
d 1o 1
(15) o, tan™ x = 1+x2,xeR
i —1 — __1
(16) - cor” x T+ a2 ,x €eR
1
(17) L sec! x = 2 x| > 1
dx [xlyx"—1"
—1
(18) L cosec! x = 2 | > 1
dx [xlyx"=1"

(19) Differentiation of parametric functions :
If x =£f1), y = g(t), t € [a, b] are functions of ¢,

dy _ dyldr

thena dx/dt,f(t);to

(20) Derivative of one function with respect to another function : # = f{x) and v = g(x) are

differentiable functions of x. Derivative of u with respect to v is du _ dufdx
dv dv/dx
Second derivative :
o : d d (d) _ d’y : :
If y = fix) is twice differentiable, then T f'x) = e e Symbolically we can write
X

second derivative as f"(x) or y,.

Applications of derivative :

Derivative as a rate of change : If a variable y depends on another variable x by y = f(x),

then the rate of change of y with respect to x is % or f'(x).

Application of derivative to geometry :

(1) For the curve y = f{x) the equation of the tangent at (x,, f{x,)), y —y, = f'(x,) (x —x).
The line perpendicular to the tangent passing through the point of contact is called a normal.
If the tangent is not parallel or perpendicular to X-axis, then the equation of normal at

(i fx) B89 =3y =~y (6= ).

If x = x, and f'(x,) — £ oo, then for the curve y = f(x) the vertical tangent at (x, f(x,)) is

x = x, and normal is y = y,.

(2) Angle between two curves : If two curves y = f{x) and y = g(x) intersect at (x,, y,) and
S (x9)— 8 (xp)
1+ f(xp) & (x0)

between the two curves. If f'(x,) g'(x,) = —1 then two curves intersect at right angles and

/. g are differentiable at (x,, y,) then tan™ is the measure of the angle

we say they are orthogonal to each other.
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Rolle's theorem :

If (i) fis continuous on [a, b], (ii) fis differentiable on (a, b) and (iii) f(a) = f(b), then there
exists ¢ € (a, b) such that f((c) = 0.

Geometrically, for some ¢ € (a, b) the tangent at (¢, f(¢)) is either X-axis or parallel to X-axis.

Mean value theorem : If fis continuous on [a, b] and differentiable on (a, b), then there exist
¢ € (a, b) such that,

f)-fa _ .
— = ~/'©

Geometrically for some ¢ € (a, b), the tangent at the point (¢, f(c)) is parallel to the line joining
A (a, fla)) and B (b, f(b)).

Letb = a + h. Then f(a + h) — fa) = h f'(c)

s Wecantake c =a + 0h, 0 <6 <1

o f(a+h)—fa)y=hf'(a+06h),0<86 <1 is another form of mean value theorem.

Increasing and decreasing functions :

Let a function f'be defined on an interval (a, b).
If () x,x,€(a b), x, <x,= flx) < flx,) then fis called an increasing function on (a,b).
It is denoted by £ T.
(i) x,, x,€(a, b), x,<x,= flx,) <flx,) then fis called a strictly increasing function on (a,b).
(ii) x,, x, €(a, b), x, < x,= flx,) 2 fix,) then fis called a decreasing function on (a,b).
It is denoted by 7.
(iv) x,, x, €(a, b), x, <x,= flx,) > flx,) then f'is called a strictly decreasing function on (a,b).
® f: (a b) > R is a differentiable function. If (i) f(x) 2 0,V x € (a, b), then f'is an increasing
function on (a,b). (ii) f(x) £ 0,V x € (a, b), then fis a decreasing function on (a,b).
Maximum and minimum values :

(1) Let a function f be defined on [a,b] and be continuous. If there exists ¢ €[a, b] such that
fix) £ fle), V x € [a, b], then flc) is called a global maximum value of f on [a, b].
If fix)> fl(c), then f(c) is called a global minimum value of fon [a, b].

(2) Let a function f be defined on [a,b]. If there exist ¢ € (a, b), h > 0 such that
(¢ —h,c+ h) c (a, b) and for every x € (¢ — h, ¢ + h), fix) < flc), then f(c) is called a
local maximum value at c. If fix) > fic), V x € (¢ — h, ¢ + h) then f(c) is called a

local minimum value at c.

e If f is defined on (a, b) and has extreme value (minimum or maximum) at ¢ and f is
differentiable at c, then f'(c) = 0.

(First derivative test) If f is defined on [a, b] and ¢ € (a b), h > 0 such that
(c—h,c+ h)c(a b). If,
(a) (i) fis differentiable on (c — A, ¢ + h).
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(i)c<x<ct+h=f'(x)>0
(iliiy)c—h<x<c=>f'(x)<0
(iv) f(c) = 0 then fhas local minimum value at x = c. Similarly, if
(b) (i) fis differentiable on (c — A, ¢ + h).
(ie—h<x<c=f(x)>0
(i)c<x<c+h=71(x)<0
(iv) £'(¢) = 0 then f has local maximum value at x = c.
(Second derivative test)
Let f be defined on [a, b] and ¢ €(a, b). Let, h > 0 and (¢ — h, ¢ + h) < (a, b) and
f'(c) =0, f"(c) > 0, then f has local minimum value at ¢. f'(c) = 0 and f "(¢) < 0, then f has

local maximum value at c.

: Multiple Choice Questions :

(1) nlgrolo {tan%secx+tan2i2sec§+...+tan[2in] SBC(zr'lxl j}
(A) cot x (B) sec x (C) tan x D)0
N sin% sin (x—%) .
Sol. : tan 5 secx = X = X =tan x — tan =
COS=—COS X COS=—COS X 2
2 2
hm tanisecx+taniseci+...+tan i sec X
n—oo 2 22 2 2]1 2”71
— lim (tanx—tani)+ tani— tan | +.. .+ | tan—2——tan-X
Nn—o0 2 2 22 2n—l o
i X S .
= n]f; [m’”—mnz—nj = tan x (nh_?:oz_n_oj Ans. : (C)
sin(a+1)x+sinx
( ) , x<0
X
) If fix)= |c s x=0  is continuous at x = 0, then ...... .
\/x+bx2 —\/;
—_— x>0
be
e _ 1 -3 5, _ _ 1
(A)a—z,b—O,c > B) a 2,b I, c >
3 - o3 1
(C)a—z,beR,c—2 D) a 2,beR,c >
. . i sin(a+1)x+sinx 0
Sol. :  lim fix) = 1 —————— ( 0 form)
lim (a+1)cos(a+1)x+cosx
x—0- 1
=q+2
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lim Ax) = [lm —“x+bx23 i

x—0+ x—=0+ 3
bx?
— lim yitbx -1 (g form)
x—=0+ bx 0
b__ _
— lim 2—V1+bx — 1
x—0+ b 2
. . . . 1 3 1
Since the function is continuous at x=0, a+2=c¢c = 5 So,a= —5,C=73 and b € R Ans. : (D)

3) A function f'is continuous. Iff(x)f(l) = flx) +f(l) .V xeD,and (1) > 0, then limfix)=...... )
X X S x—l1
(A) 2 B) 1 ©)3 (D) limit does not exist
Sol. :  Since the function fis continuous, hml f@) =)
X—>
Taking x = 1 in the given equation, (f(1))* =2 f(1)
s f()=0or f(1)=2.Butf(1)> 0. Hence, f(1)=2

lim f(x)=2 Ans. : (A)
x—1
2 2
log(I+x+x“)+log(1—x+x );x;tO
sec x—cosx
@ fx)=
k ;x=0

If the function fis continous at x = 0, then £ = ......
A1 B)0 ©) 2 (D) -1
Sol. : If the function f'is continous at x = 0, then

log(1+x+x2)+log(1—x+x2)

f(O) - k - ili)% SeC X—Cosx
L log ((1 +x2)2 —x2)
0 1-cos’x cosx
_im log(l JT);2+x4) e
sin- X
= lim log(l +(X2+X4)) x lim . x im (1 + x2) cos x
x—0 x2+ x4 x—0 sin‘x x—0
=1 Ans. @ (A)
5) A non-zero function f satisfies fix + y) = fix) Ay), V x, y € R.If f(2) =9, then f(3) = ......
(A) 1 (B) 27 ©)9 (D) 3

Sol. : The function which satisfies the given condition is f{x) = a*, a > 0.
f(2)=9. S0, a*=9 = a=3
f(x) = 3*and hence f(3) = 33 =27 Ans. : (B)
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lim (cosx=1) (cosx—e”)

x—0 X"

6) For which value of n € N, is a finite non-zero value ?

A1 (B) 2 ©)3 (D) 4
Sol. : (cos x — 1) (cos x — €¥)

lim (cosx—1)(cosx—e* ) _ 1
" x—0 P 2

son=3 Ans. : (C)
Note : For n =1, 2 the limit becomes zero and for » > 3, function is unbounded.

1 -1

() Let fi) = gv) ===

—1

where, g is a continuous function. If )161_1;1) Ax) exists, then...
er +eX
(A) glx) =x+2 (B) glx) = x> + 4
(C) g(x) = xh(x) where h(x) is a polynomial function (D) g(x) is a non-zero constant function

1

i 4

=2

-2
. lim e*—e* _ lim l-e* _ —
Sol. = e T—— ~ o — | (e —0)
e¥ te* I+e*
1 -l 2
lim e*—er _ lim €=l _ 2
—>0- T xo0- 2 (ex —>0)
e; +€7 er +1
If g(x) = xh(x), then lin% flx) = 0 exists and is zero. Ans. : (C)
®  hm sinoazcosa (AIEEE : 2002)
o—= T
4 -
4
(A) V2 (B) 1 ©) 2 D)0
. L 0 lim oL+ sino
Sol. : ;inﬂ sinoL—cos o, (6 form) - (x1—>£ Losorsma lsm =2 Ans. : (A)
4 oc—% 4
lim \[1—c0s2x/; - .
O S (AIEEE : 2002)
1 1 . .
(A1 (B) 3 ©) 5 (D) limit does not exist
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Sol. : Ifx <0, then \; and ,/i-cos24/x are not defined.
" ﬂl—cost/; .
" M ———= does not exist. Ans. : (D)
2x
. log(3 —log (3—
(10)  1f lim 102 ”)x 0G0 _ 4 thenk = ... (AIEEE : 2003)
-1 -2 2
@A) 3 ®) 3 © 2 (D)0
. 1im log(3+x)—log(3—-x) 0
Sol. : il_rf}) - =k (6 form)
3 1 + 5 1
5 il_l?o +)C1 X _ k
1 1 2
L3ty T k. So, k = 3 Ans. : (C)
(11)  If the quadratic equation ax?> + bx + ¢ = 0 has distinct real roots o, B, then
lim 1-cos(ax® +bx+c) _
o pECEEE
b? +4ac b> —4ac
(A) —5 B)0 ©) — D)1
. z(ax2+bx+c}
5 2sin T S—
Sol. :  [im l-cos(ax”+bx+c) _ lim
x—a (x_a)z X—0 (x—OL)Z
Zsmz(a(x—og (x—B)) 2
- xlgl}x B : aT (x_ B)2
a(x-o) (x-P)
2
A ) & [ﬁ_ﬂ}
S - L@ B -4oB] - L |5
2 —
_ b dac Ans. : (C)
2
Second method :
lim 1-cos(ax® +bx+c)
x>0 (x_(x)z
asin(a(x—a)(x-P))(x—o+x—B) 2 b2 _4
2(x—a)a(x—P) x ax-p)= %(a -Br - — Ans. : ©
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lim (I-cos2x)(3+cos x)

1z 5 — = (JEE Main : 2015)
(A)2 (B) % (€) 4 (D) 3
Sol. : lim (I-cos2x)(3+cos x)
"0 xtandx
_ lim 2sin2x(3+cosx)
x>0 tan4x.4
X 4_x X
_ 1 inx \? 1 .
) 1161—% (Smx) . tandx il—% (3 + cos x)
lim
x>0 4x
=2 1-1-4=2 Ans. @ (A)
(13)  If a function fis differentiable from left and also from right at a, then f'is ....... .
(A) continuous at a (B) not differentiable at a
(C) differentiable at 0 (D) not continuous at a
. . fla)—fla=h)
Sol. =I5, oy —fla—np = Io ——— &
= hgr(gr fl@)-h=0 ( f'(a) exists)
Similarly, lim (fa + h)) —fla))=0
h—0+
lim fla—h))= lim fla + h) = fla)
h— 0+ h—0+
. fis continuous at x = a. Ans. : (A)
(14)  If fix) = (1 + )", then f(0) + £(0) + 3 £"(0) + . + = /"(0) = ...
(A)n (B) 2" (©) 2"! (D) 1
Sol. : A0)=1,/'x)=n(1+x)"" f"x)=nm- 1) +x)2..f2)=nn-1)..1+x)""=n!
S fO)=n,f"0)=n(@n-1),../70) = n!
Required value = 1 +n + n(nz'_l) + ..+ Z—: = 2" Ans. : (B)
R R A L 1+ 43+ A
(15)  Jim ~ — lim ~ = (AIEEE : 2003)
(A) 0 (B) 3 © 7 (D) 35
5 4 30
. 4 . 3
Sol. : Required limit = Jim Zn’; ~ Jim zn;‘

lim n(AD)@r+1) (G +3n-1) iy 7> (n+1)?

e 301 R4S
o (1+l)(2+l)[3+2_%] . 1
_ nh_)mm n n n ont ) ,,h_>mm n ==_0 = = Ans. : (B)
3010 4n 5 5
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(JEE Main : 2015)

16
(D)2

M

(x=3)

8m

)

Ans. : (C)

(D) 6

Given function £ is not differentiable at x = 0, |x| =3 and |3 — |x|| = 3 thatis at x = 0, x = £ 3,

Ans. : (C)

(AIEEE : 2006)

(©) (o0, =) (D) (0, =)

¢ _ Jkyx+1, 0=<x<3 difF ble. then & -
(16) If g(x) = mx+2, 3<x<s sdi erentiable, then &k + m =
A) 3 (B) 4 ©)2
Sol. : If g(x) is differentiable, then g is continuous at x = 3.
“ lim g(x) = g(3)
x—3+
s 3m+2=2k
2(x) is differentiable. So, g(3+) = g'(3-)
_ 1
SR
.m=§. So, k=4m Hence, 3m + 2 =
-2 ,_8 -
.m—s,k 5 So, k+m=2
(17) At how many points is the function fx) = |3 — | 3 — |x| || not differentiable ?
(A)2 B)3 ©) s
Sol. :  We know that |x| is not differentiable at x = 0.
x == 6 not differentiable.
Given function is not differentiable at 5 points.
(18)  In which largest set is fix) = #le differentiable ?
(A) (o2, 0) L (0, ) (B) (= oo, =1) U (=1, o)
= x<0
1-x
Sol. : flx) =
-~ x=0
1+x
1
, x<0
L (l—x)2
=9 o Here f(0)=0
(1+x)2
A
f04) = Jlip, Lax =
X
A
S0y = lim 1o |
x
s f0) =1

- f(x) exists on (—oo, o).

d
(19)  Ifx" 3= (x + y)"", then == =

X

y +y
(A) < "

B) — (©) xy

Ans. : (C)

(AIEEE : 2006)

D) 5
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Sol. : x"y" = (x + y)y™" x>0, y>0
Apply log on both sides
mlogx +nlogy=@m+ n)log(x+y)

Differentiate,
m + l ﬂ = min [l-l-ﬂj
X dx x+y dx
dy _m+n m+n  m
d_x x+y )C+y X
dy nx—my nx—my
e (YY) )T x(xty)
Ifnx;emythen—:l
’ d x

If nx = my, then also

dy B
dx -
d _n _ Y .
= T Ans. 1 (A)
lim 3x+2-2
20 5 a0
(A) 10 (B) 20 (C) 30 (D) 40
1
3
Sol. : lim M (% form)
22 (x430)5 -2
;2
Liaxi2)” 3 Ls
— 3 _ 4 — .
=lim = = X _ = )0 Ans. : (B)
x—2 *?4 (L)
%(x+30) 16
e lim Zl[e; —IJ -
+1 2 1 n(n+1) n? (n+1)°
() 2 (B) 2t (© (o) =L
1 2 n
. . s lim x||eX =1 |+|e* =1 |+...+]|e* -1
Sol. : Required limit = 7 [ ] [ ] [ }
L 2 n
i -1 _e*-1 e* —1 n(n+1)
— ]1m0 +2 5t tn— =1 +2+..+n= 5 Ans. : (C)
ER x x
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1-cos{l—cos(1-cos9)} _

@2) Jim P
1 1 1 1
(A3 B) 7¢ © & (D) T35
. 1-cosx
. ] 1
Sol. :  We note that, T} ) (1)
) o lim 1—cos{l—cos(1-cos0)} {l—cos(l—cose)}2 (l—cose)4
Now, required limit = g~ {1—cos(1-cos0)}? (1—cos0)* o8
As0—>0,1-cos®—>0 and 1 —cos (1 —cos 6) > 0
Using (1), required limit = 1 (l)2 (l)4 =L Ans. : (D)
g 1eq 2\2) 2 128 :
. X X X -
23) nh_>n; €OS 7 COS 7Y COS g ... €OS o = .
(A) sin x (B) 2% (C) Lo (D) cos x
. X x x =
Sol. : n]1_>mm €OS 3 €OS 7 oS g .. COS Ty
211 cos iC'OS iC'OS i...COS X sin X X
— lim 2 4 8 2" 2" _ lim sinx 2" _ sinx
e 2" sinX- e sin—= . Ans. : (B)
2" 2"
dy
(24)  Forx Jl+y +y Ji+ d_ ...... (x=0,-1)
1 —1 1
(A) (1122 B) (142 © 12 (D) 1,2
Sol. : I+y ty Jl+x =0
Lo (14) = )2 (14+)
X =Y Exy ()
— dy -1
nx+ty+xy =0. So, y=7177 =—-1+ 7. Hence, — m (1+x)2 Ans. : (B)
Note : If x =y, then x,/1+x =0 but x # 0, —1.
25)  If tan 2 = =< 4 then 2 -
(25) an 1+ an = 2, en —= = ..
A 1“—@2 B 2 C 1+€2 D \’1—62
(A) 1+ecosx (B) 1+ec0sx © 1+ecosx (D) 1-ecosx
Sol. : fan > = =% tan < 1
ol. © tan 3 T lan (1)
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1+e
. [1+—1_etan2£} Do le sec® = (From (1))
: 1+e 21 dx 1+e 2

Multiplying both sides by (1+ ) cos® =,

x . x, dy
[(1 +e) 00525 + (1 — e) sin? 51 — ==
d ’ _ 2
L2 1-e Ans. : (A)
dx 1+ecosx

1
(26) Ify=m,theny2+y= ......

Ay (B) 2y’ ©) 3y (D) 4°

Sol. : Here, y?cos 2x = 1 (D
. cos 2x 2yy, — 2 sin 2xy* =0
Sy, = ytan2x

Sy, =y tan 2x + 2 sec? 2x vy
= ytan® 2x + 2 sec* 2x y

= 3sec?2x-y—y =3yt -y—y (From (1))
LY,y =3y Ans. : (C)
2
dy
(27) If x =sec © — cos B and y = sec” O — cos” 0, then (x> + 4) (Ej = ... 0 +4)
(A) (B) 2 (C) 2n D)

Sol. : x?=sec’? 0 -2+ cos’> 0 and y* = sec® O — 2 + cos* O
sx2+4 = (sec 0 + cos 0)%, ) + 4 = (sec” O + cos” 0)*

Now, x = sec 6 — cos 0

j—g = sec 0 tan © + sin O = sin O sec O (sec O + cos 0)
dy 1 10 of
i sec™" 0 sec O tan © + n cos™'0 sin O

=n sin 0 sec O (sec” O + cos" 0)

(dy jz n? (sec™ 0+cos" 0)° n* (y* +4)

dx (secB+cos0)> - (x> +4)

2
e en(F] =reren Ans.: (B)
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28)  Iff(x) = p |sin x| + geM + r|x? is differentiable at x = 0, then ...... (—%S XS%)

(A)g+r=0,peR B)p+qg=0,peR
€)qg=0,r=0,peR D)r=0,p=0,q€eR
Sol. : If x <0, then f(x) = — p sin x + ge™ — rx’ —%<x<0

F'(x) =—p cos x — qge™ — 3r x2

L S0 =p-q
If x >0, then /' (x) = p sinx + ge* + rx3 O<x<%
o f(x) =p cos x + ge* + 3r x2 x>0
L fO)=ptg
If f'is differentiable at x = 0, then
-p—q=p+taq. So,2 (p+¢q)=0. Hence, p+¢g=0 Ans. : (B)
loge)f2 3+2logx dy
— el -l ——== A
29) Ify=tan [logexz ] + tan [1—610gx]’ then R
(A)2 B)1 ©0 (D) x
B loge —2log x 4, 3+2logx
Sol. =y = tan loge+2log x + tan 1-6logx
B B 1-2logx B 3+2logx
= tan 1+2log x + tan 1-6logx
= % —tan™ (2 log x) + tan™ 3 + tan™' (2 log x)
- I -1 dy _ .
y = 7 tun 3 SO,E—O Ans. : (C)
(Here, logx > 0 and 0 < 6logx < 1. Answer will remain same otherwise also.)
1
30)  If 3fix) — 2f[—xJ = x, then f' (2) = ......
2 1 7
A) = B) 7 ©) 2 D) 3
Sol. : 3f(x) —2f[ix] —x
! 1 =1
3 -2f 2 =1
|l ' 1
Substituting x = 2, we get, 3f (2) +% f [_ZJ =1 (1)
o 1 1 '
Substituting x = 5 we get, 3f (—2] +8f(2) =1 (2)
Solving equations (1) and (2), we get, f'(2) = % Ans. : (B)
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tan [6‘2 ])c3 —tan [—6‘2 ])c3

3 fix)= = , x # 0. If fis continuous at x = 0, then f0) = ......
sSin- x
(A) 15 B) 12 (€) -12 (D) 14
Sol. : 7 <e*<8. So, [€’]= 7. Hence [-¢’]=-8
0)= lim _ lim tan7x> —tan(—S)x3
N0) x—0 fix) x>0 sin’x
~ lim tan7x> lim tan8x° lim (sinx)3:1
T a0 43 T 50 P -8 =0\ X
=7+8 =15 Ans. @ (A)
1
(32) At how many points is fix) = Togl <! discontinuous ?
A1 (B)2 ©3 (D) 4
Sol. : fis not defined at x = 0, £ 1. At other points f is continuous. Ans. : (C)
1
B3 f=71_y gx0)=f 31(x) where f"(x) = fofof...of (n times). At how many points is function g
discontinous ?
(A) 2 (B) 2n (C) 3m (D) 2n+1
1
Sol. = fix) = 7% So, fis discontinuous at x = 1.
(fof) (x) = XT_I So, fof is discontiunous at x = 0.
i
1—x
(fofof) @) = == = x
1—x
gx) =f¥(x) = x
. g is discontinuous at 0 and 1 only. Ans. : (A)
(34) fand g are differentiable functions. If g'(a) =2, g (a) = b and fog =1, then f'(b) = ......
1 2
A) 5 (B)2 © 3 (D) 1
Sol. = f(g(x)) = x
s (g) g =1
s (gla) gla) =1
S frb)-2=1
NAOEE Ans. : (A)
(35) y = x" (a cos (log x) + b sin (log x)). If, y satisfies x%, + (1 — 2n) xy; + Ay = 0, then

(A) n (B) 1 +n ©) 1 +% (D) 1 —
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Sol. :

(36)

Sol. :

(37

Sol. :

(38)

Sol. :

y =x" (a cos (log x) + b sin (log x))

v, = mx"™! (a cos (log x) + b sin (log x)) + x" (—asin(log X)%"‘(b cos(log x)%)
soxy, = ny +x" (—asin (log x) + b cos (log x))
soxy,ty, = ny tax (= a sin (log x) +b cos (log x)) + x"(—a cos(log x)%— b sin(log x) %)

xzy2 +xy, = nxy, tn(xy, —ny) -y
Xy, (1 =2n)xy, + (1 +n?)y =0 Ans. : (B)

dz
If x = f(t), y = g(¢), then d_zy = .
X

L @ L=t © = )
)’ oy g" fr
dy 81
dc [ @)
2y 4 (&
dx? T dx \dx
g () g SOFO-gOO 1 fle g f |
S w &) T LF O Fo - () Ans. 3 (B)
(1+] sinx 1) 5, ‘?“<x<0
If fix) = b x=0 is continuous on (—?n%) , then ......
etan2x/tan3x 0<x<£
6

1
Aa=-2.b-¢ Ba-3.b-¢ (Qa-%.b=c [Dya=e . b=2c

2

o T 1 tan2x =

b 7](0) - xllf&f(x) - xl_r>r(1) plan3x — e’
71 a
: ) ' 2
Moreover, b = 0) = fim fix) = i (1+]sina)™ — i = 5 S0.0=2  Ans. : (O
x—0- x—0 3

If _ axz N L—i_ c N l h y’ B

VT Gmaa-b—o | b x—o) | xoe T T e

xla—-x b—x c—x a-x b—-x c—x

1( a b c j a b c 1 1( a b c J
(A) ~ to 7 (B) to—— © - D t— 7

B ax® + bx(x—a)+c(x—a)(x=b)+(x—a)(x—b)(x—c)
o (x—a)(x—b)(x—c)
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x3

(x—a)(x=b)(x—c)

y:

logy =3log x—log (x —a)—log (x—>b)—log (x—c)
y’ 3 1 1 1

y X x—a x-b x-c

1[3_ X x  x }

X x—a x—-b x-c
1_3_x—a+a_x—b+b_x—c+c}
X xX—a x=b xX—c

l_ a_ . b L }
 xla-x b-x c—x Ans. © (A)

2

a function f is continuous on R an —] = (sin ") e + , then the value o
39)  If a function fis conti Rd41n()2;’+lhh1f
n
f(@0)is ...... .
1
(A) 1 B) 5 <©o (D) -1
Sol. :  The function fis continuous at x = 0.
2
li 1 li (sine”)e_”2+ -
. — l1m —_— — m
= f0) = "—>°°f(4n) T e n? +1
e |G |
n—seo e” 1+i = 1] Ans. : (A)
2
n

40) If fix) = % — 1, x € R on the interval [0, «t], then

(A) tan (f(x)) and f(l ) are both continuous. (B) tan (f(x)) and f(l ) are both discontinuous.
X X
(C) tan (fix)) and f~'(x) are both continuous. (D) fan (fx)) and f~'(x) are both discontinuous.

Sol. : fix) = % — 1 is continuous on [0, T].

y = tan f(x) is continuous on [0, ] as f(x) € [—1, %—1]

. tan f(x) is continuous on [0, ] and since F(x) s not defined at x = 2, it is discontinuous
on [0, «t].
s f7'(x) =2 (x + 1) is continuous on [0, 7].

o tan f(x) and f'(x) both are continuous on [0, 7]. Ans. : (C)
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1+x

log(1+ x) 1
@) If fx) =13 5[, then lim flx) = ...
X x—0

1 1
A) 7 B) 5 ©) 1 D)0
) . (I+x)log(+x)—x 0
Sol. : ilﬂ% fix) = )161_% 2 (6 form)
_ lim log(1+x)+1-1
x—0 2x
_ 1 fim logd+x) (Q form)
T2 x0 X 0
_ 1 iim _1__ 1 .
T2 a0 Tvx 2 Ans. : (B)
[x]+Ixl _2 )
42 Iffix)=x lral then )lcl—rﬁ) fix) = ...
(A) 1 B) o (©) -1 (D) limit does not exist
—1-x
Sol. : For—1<x<0, Iim flx) = lim x <=0
x—0— x—0— —i=x
For0<x<I, lim fix) = limx £=2 = lim ¢*—2=—]
x—0+ x—0+ X x—=0+
", lir% f(x) does not exists. Ans. : (D)
x—>
@43)  lim X7 {L} =
Bim e TS T e
(A)O B) 1 (©) -1 (D) limit does not exist
Sol. : We know that, x — 1 <[x]<x, VxeR
4 [L} L
B3 < RN
7 3
oox! (%_1] <x’ {%} <x* Vx lim x’ {%—1} = lim L;x) =0
X X x—0 X x—0 X
: : : lim 7 || _ :
-, by using Sandwich theorem, % x { 3} =0 Ans. : (A)
X
. . f(x)
(44) A non-zero function f satisfies flx—y) = 7o) Vx, y € R.If f(0) =5 and f(5) = 5, then
f5) = ...
(A1 (B)5 © 2 D)0

1
Sol. : From the given functional relation, f0) = 1 and f(—x) = e (Takingx =y and x =0, y = x
respectively)

lim J +h)=f(5)

Now, 5=f'(5) = 5% h
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lim f (h=(=5)=F(5)

h—0 h

S (h)
i o ®
ho0 —————

iim £ f)=f(5)

el
(f - f(x))

f()=1_ f(h)=f(0)

h—0 h
5 = f57(0)=5A5) (
5=5A5). So, 5) =1
.3
1-sin"x , <X
3cos’x 2
45 If fix)= a, x=% is continuous at x = %, then % = e
b(l—sinx)’ I
(1—2x)° 2
(A)2 (B) 4 © o6
Sol. : lim f(x) — lim 1—sin’x
) x—Z_ x_,g_ 3cos® x
- (1—sinx) (1+sinx+sin2x) _ 1
% T 3(-sim)(+sinx) 2
b(1—sinx)
lim filx) = Ilim 2
x—>%+ x—>%+ (r—2x)
. bcos®x 1
= lim
N (;, )2 1+ sinx
4lZ-x
bsin® (Z-x
= lim (2 2 ) x lim 1+s1inx :%
N1 x—E4
ot 4(%—x) 2
. . . T 1 b b
Since f'is continuous at x = 5. we must have 3 -a=3- So, o 8
1
@6)  1im [mn(%u)}; =
x—0
(A)e (B) € (©) e

)

Ans. : (A)

(D)8

Ans. : (D)

1
©) -
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1
Sol. : lim [tan(%+x) .

x—0

- L
_ lim 1+tanx |x
=0 | 1—tanx

_ _tanx
R
lim | (1+zanx )/anx
x—0 el
= — — = - 1 = 2 .
—tan o e Ans. : (B)
L
lim | (1-ranx) 1
x—0
[xI, x<2
@47 Iffx)= [x], x>2° then ......
. — ]' —
(A) tim fix) =2 (B) lim fix) =2
©) xl_i>H21+ fx) =) (D) ;inz (x) does not exist
Sol. : xl_i>H21+f(x) = xl_i>H21+ 2 = f(2) because f(2)=2|=2 Ans. : (C)
_[¢+1J
48) If flx)=qxe b x#0 then fis ...... at x = 0.
0 ; x=0
(A) differentiable (B) not differentiable but continuous
(C) neither continuous nor differentiable (D) not defined
=2
. 1 = lim X =
Sol. : xEr(i fx) o, e 0
lim fix)= lim x =0
x—0- x—0-
A0) =0. So, lim " fix) = A0)
.. fis continuous at x = 0.
(0-) = lim LOM-FO _ =0 _
0= im S = i =
f(O0+h)—f(0) -
. +h)— .
' = lim L2270 — lim heh =
J'0) h0 h h20 eh 0
. fis not differentiable at x = 0. Ans. : (B)

2% —1
49 Iffix)= m and )}1_% fix) = log, 4, then a = ......

(A) log, 2 (B) 1 (C) log, 2 — 1 (D) log, 2 + 1
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Sol. :

(50)

Sol. :

G

Sol. :

(52)

Sol. :

x4 2 -1

lim )= lim ——— = lim
x—>0f( ) x—0 1+ax -1 x—0 ﬁ
X
~ lim 2% -1 « lim Vltax +1
x—0 X x>0 J4+ax=1
X
2 1 1 B _
=7 log 2 = = log 4. So, - log, 4 =log,4. Hence, a=1
Ans. : (B)
, [t -f2-h)
= 1 =
If £ (2) =1, then Jim e
1
A0 B) 1 © 2 D) 3
f L@ QIR 0?2 £ 2R (2h) (g form)
h—0 242 h—0 4h 0
. Al 2 h2 ) 2_h2 '

= Jim JCHRILTCR) — ') =1 Ans. : (B)
Let f be twice differentiable on [0, 1] and |f "(x)| < 1, V x €[0, 1]. If £0) = A1), then on (0, 1)
(A) | M) | > 1 (B) [ fix) | <1 © 1 f'@]>1 D) [0 <1

Since f{0) = A1), by Rolle's theorem there exists ¢, 0 < ¢ < 1, such that /'(c) = 0

Let if possible there be another point x € (0, 1) having this property (x # ¢). Using Lagrange's

Mean value theorem in (x, ¢), for f " we have

F'@)—fe)=&-c)f(c) (x<c <o)
a @ =lx—cl| [fie) <1 (Ix—c|<1Lf'C)|<D
<1 Ans. : (D)

Note : Also the same is true in the interval (¢, x).
Which of the following function on [—1, 1] satisfies the conditions of Rolle's theorem ?

W9 =1 x 1B B =D [ © 9= | 5T 0 =~ inx
x, —-1<x<0
@) fx) =[x | [x] = 10 0_slx<1

. fis not differentiable at x = 0.

0, xe”Z

(b) fx) = [x] + [-] :{—1, r

.. fis not continuous at x = 0.

x—0

() lim fix) = M S =1 and £(0) = 0

. fis not continuous at x = 0.
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X — sinx 0<x<l1

(d) fix) = {—x+sinx -1<x<0
.. fis continuous on [—-1, 1] and differentiable on (-1, 1).
Moreover, f(—1) = A1)
Thus, conditions of Roll's theorem are satisfied. Ans. : (D)
B3) Ify=(@1+x)+x*(1+x*.. (1 +x*), then the value of % atx =0 is ...
(A)0 B)-1 ©) 1 D)2
Sol. : y=(+x)(1+x>)A+xH...(+x"
s logy=1log (1 +x)+log (1+x%)+log(1+x*+..+log(l+x>)

Differentiating,

3 2 2n-1
Lody |1, 2x  d4x 207
Y dx [ e E 1+ x)*"

2n-1

d 1 2x 453 2nx dy

_y = 1 + 5 + 7 +...+ o | So, d_ :y(o) .1 =1
dx X 14+x" 1+x (1+x) X =0

Second method :
YA -x)=-x) (1 +x)...(1+x)=1-x¥
dy (=0 (A" a-x")

dx (1-x)?

dy
", (El:o =1 Anmns. : (C)
54 Letf:R->R, fx+y)=fx) +f(0); Vx,yeR If f(x) is differentiable at x = 0, then
(A) f (x) is differentiable on (a, b) where a < 0 < b.
(B) f(x) is constant

(C) fis not continuous at R

(D) f (x) is not differentiable at some points. (IIT : 2011)
Sol. : f(x+y)=f(x)+f()
Putting x = y = 0, we get £ (0) = 1 (0) + £(0). So, f0)= 0
£l = ;}i_I)no f(X+h;1—f(X)
- lim f(x+h) —f(x +0)
h—0 h
— fim SO+ - fx) - /0
h—0 h
. (h) = £(0) '
~ im SO0,

. f'(x) = A, where A is constant.

- flx) = Ax + ¢, where c is constant

Moreover, f{0) = 0. So, ¢=0

o fx) = Ax Ans. : (B)
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1
(55) If lim [1+xlog (1+6*)1¥ =2 b sin* 0, b > 0 and O €[, 7], then 6 = ......

+I +T +T + I
(A) £ (B) 5 (©) £ (D) +2
1 log(1+6%)
Sol. ¢ lim |[1+xlog (1+b2)]¥loe(+b*) = ¢ log(146) = | 4 p2
x—0

1+ b2=2bsin*0

2
sosin? 9 = 1+h >1. Butsin®9 < 1
oosint =1 (1 +b%>=2b)
0= Ans. : (D)
(56)  The left hand derivative of fix) = [x] sin T x, at x =k, k € Z is ...... .
(A) D)} (k- Dr (B) D' (k- Dr (©) D km (D) (1) kn
.op! _ lim J k) —fk—h)
Sol. : [ (k) = ,"% —
_ lim L[klsinkn—[k—h]sin(k—h)w
T h=0 h
= fim g EEDE (%form) (sin k=0, [k—h] = k- 1)

— (k= 1) lim (-m) cos (k - hym

= (k- r D Ans. : (A)
—x_-X <L
2’ )

T
(57)  If fix) = {€os% —5<x=0 e

x-1, 0<x<1

log x, x>1
(A) fix) is continuous at x = —% (B) flx) is not differentiable at x = 0
(C) fix) is differentiable at x = —%, 1 (D) (A), (B), (C) are true.

T
lim xX) = lim (_x__) = 0
o SO T 2
2
lim fx)= lim (—cos x)=0.
x—)—%+ x—>—%+
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lim fx) = lim flx) = f(—%) =0

X —-= x> =+
2 2

.. fis continuous at x = —%. Hence (A) is true.
Moreover, f'(0+) =1, f'(0-) = 0. So, (B) is true.

San=1 fd-)=1
. fis differentiable at x = 1.

3 b1
Here, Y > -5
v flx) = —cos x. So, fs differentiable at ~3.
- (C) is true. Ans. : (D)
log < 4
2 log | ex d
(58 If y = cor’! a + cot™! ( ) , then 2 O<logx <L
2 2 dx 2
log (ex?) | {e ]
og —2
X
A) -1 B)0 O 1 (D)2
log| — 4
2 log(ex
Sol. : y = cot’! a + cot™! ( )
log (ex”) o &
g 2
] l-i-logx2 1 2—10gx2
- fan 1-1log X2 - tan 1+2log x2
= tan' 1 + tan™' (log x*) + tan™' 2 — tan™" (log x?)
= tan' 1+ tan™' 2
4 _
dx
[If logx* > 1, then also by adding constant, d—i =0] Ans. : (B)
(39)  Iffix)=(x+1) (x +2) (x + 3) ... (x +100) and g(x) = Ax) /(%) ... (f(x))%, then g(x) = 0 has
(A) no solution (B) one solution
(C) two solutions (D) at least three solutions.
Sol. : log f(x) = log (x +1) + log (x +2) + ... + log (x +100)
A CORN WIS I
f(x) x+1 x+2 7 x+100
By differentiating,
OO 1
(f(x)? (x+D>  (x+2) (x+100)
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(60)

Sol. :

61

Sol. :

(62)

Sol. :

L)) - () = g(x) <0

. g(x) = 0 has no solution.

Ans. : (A)

a a

fx) = g'(x) % where g'is derivative of g and is continuous and @ > 0. If lim £x) exists,

e*+e *

(A) g (x)=a,+ a1x+azx2+ vt a x" where a,e Ri=1,2.nand a,#0a, #0

(B) g is a function, such that g’ (0) =0 (C) g (x)=sinx (D) g (x) =log (1 + x)

a _4a —2a
. X_p X .
lim ¢ 7€~ _ lim lze® _,
x—0+ a _a x—0+ 2a
eX*+e * I+e *
a —a 2a
d lim et —e” _ lim e¢* -1 _ 1
an x—0- a —a x—0- 24
e*+e* e* +1

If g' (0) = 0, then only linz)f(x) exists. Ans. : (B)
x—>

Let a function f be real and non-negative. If f'(x) < p fix) for x > 1, where p > 0 and

A1) =0, then [A{{e) + Ar)]
(A)0 (B) R

(f'x) —p ) <0
A ) <0

Let, g(x) = e?f(x)
Now, g(x) <0,V x 2 1. So, g is decreasing.

(C) R (D) ¢R

gx) <g(l) Vx21
soglx) <0. So, e™f(ix) <0. Hence, fix) <0, Vx2>1
But f{ix) > 0. (given) So, fix)=0, Vx2=>1
w R + AR =0 Ans. i (A)
If y(n) =¢&* e ... e”, 0 <x < 1, then the value of lim B g x = % = ...
noee dy
(A) e (B) 4e (C) 2e (D) 3e
e by X=X
y(n) = ¥ a7t + =
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L_xnﬂ ntl
im D0 jim [H HJ d | fim | =2__X
n—oo e 1

dx n—yoo dx |n—oe | 1=x 1-x
S =l v (0 <x < 1. So, if n —> o then x™*! — 0)
el=r dx \1-x T
. 1
= elr (1-x)
. dy(n)
[ im L =g Ans. : (B)
2x+3 d
©) 1) = L8y =g andy=f[3_2x], then == = .
sin(log x) ) 2x+3
(A) cos X (B) sin (log [3—2)6 ]]
© —2— sin log(2x+3J (D) —— sin | 1og [2“3]
(3-2x) 3-2x (3-2x) 3-2x
Sol. : (o= cosUoen) _ 4 (1og x) + k)
: X dx g

o f'(x) = sin (log x) + k. But (1) = 0. Hence, k = 0.
o f'(x) = sin (log x)

2x+3
Now, y=f13"3;
Cdy 2x+3 d [2x+3
w1 w3

(2x+3)] 2(3—2x)+2(2x+3)
e [3—296J (3-2x)

~ sin log(2x+3J 12 Ans. : (C)
3-2x (3_2x)2
axz—b, lxl<1
64 Iffix)y=7_1 xi>1 is differentiable at x = 1, then a = ...... , b= ...
Ix1’ -
-1 -3 -1 3 1 -3 1 3
@33 ®) 5.3 © 3.5 DER

Sol. : f(1-) = 2ax),_, = 2a

f14) = [‘-%]1 =1

But f'is differentiable at x = 1
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o 2a =-1.

1
So, a=-5

. Moreover fis continuous at x = 1.

Ans.

+(A)

+(B)

lim f(x) = lim f(x)
x—1- x—1+
lim (a2 —b)= lim <
x—l1- x—l+ X
va-b =1 So, b=
(65)  Let f'be a function satisfying f'(x + y) = fix) + Ay) and fix) = sin x g(x), V x, y € R. If g(x) is
continuous and g(0) = ¢, then f '(x) = ...
(A) csinn B) ¢ (C) ¢ cos x
- £'y=  lim S & -f(x)
Sol. : f (x) Jim —_—
= lim J®+f) -f®
h—0 h
im J ) . sinh
= G = = —— g =g =c
i [xl+[x] 1
im : _
(66) If T PRIy exists, then a = ......
(A)O B) 1 ¢! (C) (1 —ey!
Sol. : Ifx <0, let — 1< x <0. So, x| =—x, [x]
lim SHHx] g _ lim R _ o1 i 1
x=0-  glxl+[x] =0 1 -1 e
Ifx>0,let0<x<I. So, x| =x, [x]=0
Id+[x] X
im e_l — Iim =1 _ 1
x—0+ alx|+[x] x—0+  ax a

If limit exists, we should have, 1 — ¢!

wa=(1-ely!
fim | I T A 2 a1 |
©7) x—0- I+[{x]+l x1+2x S
(A0 (B) -1 (©) 1
Sol. : lim [x] = —1, [x*] =0, [x'] =1, ...
x—0-

(n+1) (=D+n0)+n+1

. Required limit = lim
x—0—

1-1-x+2x

(D) cosx g'(x)
Ans.
D)1 +e
-1
Ans.

(D) limit does not exist

Ans.

“(O)

+(A)
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(68)
reciprocals of each other, then

A)f'(1)=0
© af'(1)>0

Sol. : Consider fix) = ax*> + bx + ¢ =0
Let o and é be two positive roots of fx).
ot =250
o a

2a+b

a

<0. So,aRa+b)<0
caf'(l)y=aRa+5b)<0

logjo (x+2)+[x+2] _

If a quadratic equation f{x) = ax> + bx + ¢ = 0 (a # 0) has positive roots which are

B) af'(1) <0
(D) cannot say anything for af"'(1)
(a#0)

(o> 0)

(f'(x) = 2ax + b) Ans. : (B)

(69) lim =10~ =/ "= "= — . where [-] is integer part function.

S

r=0
(A) 0
Sol. : i(%)r = l+g L+l -
Cx+2]=x]+2

lim

(D) limit does not exist

logig (x+2)+[x]+2

. Required limit = 1

[x]+2

logl 0 (x + 2)
[x]+ 2

X—>00

1

+1=0+1=1

70)  If fix) = 3 an! [
r=l1

A 2 ®) -£

_ 2 P [ (x+7r) —(x+r-1) ]

1+ (x+r) (x+r-1)

Sol. : fx)

= Z; [tan™'(x + r) — tan” (x + r —1)]

fix) = tan™ (x + n) — tan™" x.

- o) = lnz 1

s lim £0) = -1

A+ Qr-Dx+(rt —r+l)

Ans. : (B)

], then  lim 70)= ... (x > 0)

So, f'(x) = —L—-—1>

Ans. : (D)
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(7D

Sol. :

(72)

Sol. :

(73)

Sol. :

(74)

Sol. :

Let f(x) and g(x) be differentiable functions on R. If A2) =8, g (2) =0, f(4) =10 and g (4) =8,
then

(A) gx)>4f'(x), Vxe(24) (B) g(x) > fix), Vx €(2, 4)

(C) 3 g'(x) =4f"(x) for some x € (2, 4) (D) g'(x) = 4f(x) for some x € (2, 4)

Let h(x) = g(x) — 4 f(x)

h2)=22) -4 f2)=0—-4-8=-32

h(4)=g(4)—4 f(4)=8-4-10=-32

Moreover, A is continuous on [2, 4] and differentiable on (2, 4).

.. The function 4 satisfies conditions of Rolle's theorem.

.. Forsome x € (2,4), h'(x)=0

. g'(x) =4 fi(x) for some x € (2, 4). Ans. : (D)

Which of the following function does not satisfy conditions of mean value theorem on [0, 1] ?

1 .
X, x<— sinx
2

, x20
(A) fix) = o 1 B)fxy=1 *
3(E+x) , X ZE 1, x=0
(©) fix)=@(*=3x+2)[x— 1] (D) fx) = [2x - 1]
From given functions in options by observing the functions, f(x) = |2x — 1| is not differentiable at
-1
x=7.
Function defined in (D) does not satisfy conditions of Mean Value theorem. Ans. : (D)

f: R — R is a polynomial of degree n, where f(x) = 0 has n distinct real roots. How many
real roots does the equation [f'(x)]2 — fix) £ "(x) = 0 have ?

(A) No real root (B) One (C) Two (D) n

Let fix) = (x—x) (x—x,) ... x—x)and h (x)= G

m,xie Rfori=1,2,3,...n

" logflx) = log(x — x,) + log(x — x,) +......+ log (x — x )

f(x) 1 1 1

“h(x)= o - xm taem tet aix
) 0 =L (0P 1 1 1
h' = - - + +...+ < O, \v4
) L (o) (-x ) (-nY  (-x,) *

S S @@= @P <0,V x

". The given equation does not have any real root. Ans. : (A)
lim  Cos(sinx)—cosx
e 3 = e
A 2 (B) 3 © ¢ (D) 35
5 sin [sinx+x]sin[ x—sinx]
Required limit = lim 2 4 2
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(73

Sol. :

. [ sinx+x Y — sinx
sin . -
i 2 Sinx+x . sm( B
=7 lim % « lim
x—0 sinx+x 2 -0 x—sinx
2 2
_ 5 lim 22 —sin’x
x—0 4x4
_ _1 lim (x—sinx) (x+ sinx)
2 x>0 e
_ 1 gim 2SS gim (HM)
2 x—0 x3 x—0 x
_ _] lim Sinx y
2 x—0 x3
1i 1—-cosx
_ lim
x—0 3x2
_ lim  sinx 1
T x50 6x - E
2
dy
I+ —
dx
If x=acost \Jcos2t and y =a sint cos2t (a> 0), then a2y
dx?
a &
A) 3 (B) a2 © < (D)
X = acost Jcos2t

dx _ cost ;(—2 Sin2t)++fcos 2t (—sint)
dt a 2~/cos2t

—a

= Toos2; Lsin 2t cost+ sint cos 2]

acos 3t

Simi dy
imilarly = - W. So

d2y _ 5 AJcos 2t
- —cosec” 3t - 3 -
dx asin3t

=_3 cosecd 3t Jcos 2t
a

2

dy

1+ [—J =1+ cot* 3t = cosec? 3t
dx

—asin3t

AJcos2t

y =
e cot 3t

dt

#)

(% form)
(% form)

Ans. : (C)

dt
dx
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dy2

1+ — )
dx a | cosec” 3t | a | 1
Now, d’y | 3 |cosec3 3t,/cos2t| -3 |cosec3t,/cos2t
dx?
. n. 4a 1 2a
Required value at 7 = = is 3 | = Ans. : (D)
6 1,/= 3
2
d’x
(76) dy_2 = e (AIEEE : 2011)
-1 -
d’y | (dyY? d’y | (dyY* d’y ’y | (ay Y’
(A) | 72 1 [EJ B) -2 [;J ©) 2 (D) - 12 (EJ

2 dy !
d“x d dx d Y
dy y | dy dy X

1
_a @) e (e (Y (o)
Cdx dx dy dx de? \dx - dx dx? ns. : (B)

18 5 )
2 (2016-r) J°(2016)
77  If fix) =£[l(x_r) , then T (2016) 18 e .
(A) a prime (B) an odd composite number  (C) an irrational number (D)o

18
Sol. : log {fx)} = 2, 122016 —r) log (x —r)

r=1

18 .2
o 2 (2016-r)
ORAS ZT

r=l1

£(2016) §r2(2016—r) §2 18-19-37
— = r = c—

Putting x = 2016, we get F2016) ~ & 20l6-r & = =57 x 37
Ans. : (B)
tanx tan(x+h) tan(x+2h) D (E)
(78)  If D (x) =|tan(x+2h)  tanx  tan(x+h) | then Jim 230 =
tan(x+h) tan(x+2h) tan x h ‘/5
(A) 144 (B) 168 (C) 138 (D) 108
Sol. : Applying C, — C, and C, — C, and then C, (%), C, (%), we get
tan(x+h)—tanx tan(x+2h)—tan(x+h)
tan x A A
D (x) _Ntan(x+2m) tan x—tan(x+2h) tan(x+ h)—tanx
h2 h h
tan(x+h) tan (x+2h)h— tan(x+h) tan x—taZ (x+2h)
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(79

Sol. :

(80)

Sol. :

@81

lim tan(x+h)—tanx

= o2
ey 7 = secx
lim tan(x+2h)—tan(x+h) _ 5
ey 7 = secx
lim —tan(x+2h)+tanx )
0 h = -2 secx
tan x S€C2x seczx
lim D (x) _ tanx —2sec’x  sec’x
Chs0 2 T
0 h tanx sec’x  —2sec’x
tan x SECZX SECZX
2
0 —3sec”x 0
= ) R, =R, R;=R))
0 0 —3sec”x
= 9 fan x sec* x
o(3)
lim 3/ — 144 Ans. : (A)
h—0 hzﬁ
If a + b + ¢ =0, then the equation 3ax?> + 2bx + ¢ = 0 has ...... in the interval (0, 1).
(A) at least one real root (B) one real and one complex root
(C) no root (D) two pure imaginary roots

Ax) = ax® + bx> + cx is continuous and differentiable in [0, 1].
f(x) = 3ax> + 2bx + ¢

Morevoer, (0)=0,1)=a+b+c=0. So, A0) = A1)
By Rolle's theorem, there exists £ € (0, 1) such that f(k) = 0.

s 3ax? + 2bx + ¢ =0 for x = k.

. kis a root of 3ax? + 2bx + ¢ = 0 lying in (0, 1). Ans. : (A)
Between two roots of e™ —sin x = 0, the equation e* cos x = —1 has

(A) at least one real root (B)arootin 0 <x< 37”

(C) aroot in %n <x< 2m; (D) no root

Let fix) = e*—sin x and o, B (a0 < B) be two roots of fx) = 0. flx) is continuous and
differentiable in [o, B]. Also o)) =APB) =0

By Rolle's theorem there exists at least one k € (o, B) such thatf'(k) =0.

s f '(x) =—e*—os x

F)=0=—-—e*—cosk=0 = —-—e*(1+ecosk)=0 = ekcos k=-1

. kis a root of e* cos x = —1. Ans. : (A)

liir%) 1-x+[x-1]+[1=-x]=....

where [-] is integer part function.
(A) 0 B) 1 (C) -1 (D) limit does not exist
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Sol. :

(82)

Sol. :

(83)

Sol. :

Let fix) =1 —x + [x— 1]+ 1 —x]

lim fix) =1lm (I -x-1+0)=0 (Taking 0 <x < 1)

x—0+ x—0

lim fix) = lim (1-x-2+1)=0 (-1 <x <0)

x—0- x—0+

o lim f{x)=0 Ans. : (A)
x—0

If fix)=(—1)(x-2)(x—3) (x—4), then among roots of /'(x) =0 ...... .

(A) all the three roots are positive (B) all the three roots are negative

(C) two non-real complex numbers (D) one root negative, two roots positive

Sx)=@x-1) x=2)(x-3)(x-4)
Applying Rolle's theorem on [1, 2], [2, 3], [3, 4]. f'(x) = 0 will have a root in (1, 2), (2, 3), (3, 4)

Ans. : (A)
j(1+|1—t|)dt, x>2
If fix)= 10 , then
Sx-17, x<2
(A) fis not continuous at x = 2 (B) fis differentiable on R
©) liH21 f(x) does not exist (D) f'is continuous but not differentiable at x = 2
X2+
1 X
Forx > 2, fix) = J A+ A=0)di+[+a-D)di
0 I
1 X
1 X t2 t2 x2
= |2-1d dt = |2t—— - =3,-__1
b[( 1) t+{t t [t 2]+[2 2+2 >
0 1
— X2 +1
2
X +1 2
A >
s fy= 120
Sx-7, x=<2
li li x? 1|=3
1m = 1m AN =
x—>2+f(x) x—=2+| 2 " ’
lim fix)= lim (5x—7) =3. Moreover, f(2) =3
x—2— x—2—
’ lim2 fx) =A2) So, f'is continuous at x = 2
x—>
ACRE So./'(29) =2, /') =5
5, x<2
L L @) =S 2
. fis not differentiable at x = 2 Ans. : (D)
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(84)

Sol. :

(85)

Sol. :

(86)

Sol. :

@87

f:10, 4] — R is a differentiable function. If there exist a, b € (0, 4) such that
(A4 - (0)* = kf (a) ib), then k = ...

(A) 8 (B) not possible ) 4 (D) 1
0
By using mean value theorem there exist a € (0, 4) such exist M— @)
[ @) = f0) = 4f (@) (1
Moreover, function f'is continuous on [0, 4]. So, it attains all values between its minimum and
maximum values.
f (4)+f (0)
Now, ———— € (f(0), f4))
4+ (0
". There exists some b € (0, 4) such that M = fib)
s f (@) +A0) =2 fb) )
From (1) and (2), (f (4))* = (f (0)* = 8 f (a)f(b)
k=8 Ans. : (A)
. xtan2x—2xtanx
lim _
50 (l—cos2x)2 ......
1
(A) 2 (B) -2 © 35 (D) -1
: s — lim al Zlanx - _ 2tanx
Required limit = 00 dsint x| 1o ran’x
_ i Hanx L lim % _
x—0 4x3 l_tanzx x—0 X
2
_lim LZ 1-1+tan”x lim fanx _
=0 2x 1-tan’x x>0 X
L fim (_tanx ’ lim 1 1
:2x—>0[xjxx—>01mnx25 Ans. @ (C)
Let a function f be differentiable on R. If 1) =-2 and f(x) 22,y x € [, 6],
(A) f(6) <2 (B)f(6)=8 ©)f(6)=5 (D) f(6) <5
By using Mean Value theorem,
6)—f( '
% = f(¢) where ¢ € (1, 6)
6)—(-2 '
%22 (f(x)=2, Vxe[l,6])
S f(6)=>8 Ans. : (B)
1% +2% +...+n%)
If lim = — then a = ..... (a #—1) (JEE Adv. : 2013)

n—oe (p+1)4 [(na+l)+(na+2)+...+(na+n)] 60’

A) 5 B)7 © 5 D) 5*
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S

Sol. : Given limit = lim r=|
” (n+1)a_1{n2a+—n(n+l)}
2
G
= lim r=l -
e a2 1\ 1,1
n n (1+;) {a+5+2—n}
1y L)“
_ lim " r=l(n
T n—oee a-1
(1+l) {a+l+L}
n 2 2n
1
J-xa dx
1 _ 0 _ 1
60 at— (a+1) (a+%)
S QRat )@+ 1)=120
—17
s 2a%+3a 119 =0. So, 2a+17) (a-17) = 0. Hence, a=7ora= —75
1
But if @ > -1, then only jxa dx exists.
0
soa=17 Ans. : (B)
(88)  Which of the following functions does not satisfy conditions of Mean Value theorem in [0, 1] ?
L
(A) fix) = 2 B) )=kl (©) A)y=xp DO)Ax)=1 x
(l—x) , X Zl L x=0
2 2
1
Sol. : The function defined in option (A) is not differentiable at x = —5. Therefore it does not
satisfy conditions of Mean Value theorem in [0, 1]. Ans. : (A)
. 2f(0)-3fQ2x0)+f(4x)
(89) If f"(0)=4, then M > = s
X
(A) 6 (B)-6 ©) 12 (D) -12
. 2f(0)=3fQ2x)+ [ (4x)
Sol. : il_% = (% form)
_ lim 2SS (0)-6f'2x)+4f'(4x) (Q form)
x—0 2_x 0
: 2F"(x)=12f"2x)+16f "(4x) " .
= lim > =3 £"0) =12 Ans. : (C)
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alx®—x-2I
_, x<2
24 x—x?
90) If f(x) = b , x=2 is continuous at x = 2, then (a, b) = ......
x—[x]
) , x>2
A) (1,2) B) .1 ©an (D) 2.2)
Sol. © ¥ —x—2=(c+1)(x— 2){<0 xe (71.2)
>0, x>2

If -1 <x<2 then x> —x—-2|=2+x—x?
Moreover, if x > 2, then [x] =2 (2<x<3)

a, —-1l<x<2
We can take f(x) = b, x=2

1, 2<x<3
". If f{x) is continuous at x = 2, then (a, b) = (1, 1) Ans. : (B)
lim sin(sinx)—sinx _ -l
on I 1 —ax3+bx5+c T then
A a=2,be R c=0 B)a=-2,be R, c=0
Ca=1,be R, c=0 D)ya=-1,be R, c=0
sinx+x )\ . [ sinx—x
) 2c0s( 5 )sm( > ]
Sol. : Given limit = ig‘})
3 5
ax’ +bx’ +c
[ sinx—x
) sin 3
-1 : Sinx—x lim cos(m)=1, lim - =1
= = lim - =0 2 x—=0 [ sinx—x
12 20 3 b+ 5
3 S T -1, X .
=l _lim 33U ST g0t pm 61207
12 =0 ax3 +bx5 +c x=0 a +bx2 + %
X
. f— _1 f— _1 — .
.c=0,b€eR, w12 So, a=2 Ans. : (A)
. log, (2+x)— x>" sinx
92) If fixy= Jim T , then
(A) fix) is continuous at x = 1. (B) lim f(x) = log 3.
x—=1+ ©
(C) lim fix)=—sin 1. (D) lim f{x) does not exist
x—l1+ x—l1-

Sol. : If x| <1, then lim x?=0. If |x/> I, then lim x2" =0
n—oo Nn—>o0
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log, (2+x), lxl<1

o ) = {

—sinx . [xI>1
lim f(x) =—sin 1, lim f(x) = log 3 Ans. : (C)
x—l+ x—l-
1
T (imn’] x-1 ) x* -1
mm —
93) lim te =
n 2 1 =1
(A) e (B) =z © = D) =

. (—tanflx—l) ** -1
Sol. : Required limit = 1m <e'™

x—l1

4_1
T 14x?
lim 7 1
= e*! = eT Ans. : (C)
1
94) If fix)= {aﬂm (x+b), x>l is differentiable at x = 1, then a = ...... ,b= ...
X, x<l1
(A) 1,1 (B) -1, -1 O 1,-1 (D) -1, 1
;’ x>1
Sol. : f'(x) = {V1-(x+b)
1, x<1
7+ =£(1-) (fis differentiable at x = 1)
So, —l =
J1-(+b)?
s 1= J1-(1+b)?
Sl =1-=(+b)y3
S (1+b)72=0. Hence, b = -1
Moreover, f'is continuous at x = 1 also.
lim flx) = lim fix) = A1)
x—1+ x—1-
wa+sint(1-1)=1 b=-1)
“a=1. So,a=1,b=-1 Ans. : (C)

1+x, 0<x<L2 X X . .
(95 IfAx)= 13_, ,c,<3 thenathow many points is fof not differentiable ?
(A)2 B) 1 ©3 (D)0
Sol. : The function f'is not differentiable at x = 2 as f'is not continuous at x = 2.

f(l+x), 0<x<2

Now, (fof) (x) =f (f(x)) = {f(3—x), 2<x<3
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[fO<x<l,thenl <1 +x<2
L)) =fA0+x)=1+1+x=2+x
If1<x<2,then2<1+x<3
@) =fA+x)=3-(1+x)=2-x
2<x<3=>-3<x<-2=0<3-x<1
L) =fB-x)=1+3-x=4—-x

". (fof) is not differentiable at x = 1 as well as x = 2.

fof is not differentiable at two points. Ans. : (A)
(96)  The function g(x) is the inverse of function f{x). If the function f{x) is differentiable on R, then

g" (fx)) = ......

-f"(x) £ £ (x) = (f '(x)? £ £ (0 - (f () )

A ey P £ ()’ O (o
Sol. : We have g(x) =/ (x) So, f(gx)) =g (Ix)) =x

sox =g (flx)

Differentiating,

I =g () f'x)

1
-~ g (fix) = £1(x)

Differentiating,
1
g" (fx) /'(x) = _m 1)

£(x)
(f' X))

sgl(f) =~ Ans. : (A)

97) If xlimm (\/x6 +ax’ +bx> +cx+d —Jx6 200+ —x+1) =2, then
(A) b=-=2 B)a=-=2 C)a=2 (D) b=-5

(@+2)x +(b-Dx> +(c+D)x+d -1

Sol. : Given limit = lim
X e \/x6+ax5 +hx> +ex+d +\/x6 — 20+ —x+1

(a+2)x2+(b—1)+(c—J;IJ+(d;1]
X

_ lim X

T x> e
1+i+i+L+i+ 1_2+L_L+L
X )C3 )CS )C6 X )C3 x5 )C6

. .. . b-1
Since limit exists, we have, a +2 =0, - = 2, c,deR

~a=-2,b=5 c¢,de R Ans. : (B)
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(98)

99)

lim sinx— (sin x)*"*

x%% 1-sinx+log, (sinx) B

(A) 1 B)O0 (©)2 (D) -1
Sol. : Let sinx=1¢1If x — %, thenr — 1
T lim -1 0,
Required limit = =} Toivlog, 7 (5 orm)
_ lim 1-7 (1+log, ) (Q form)
>l T 0
—14-=
t
_ —f"(1+log,n? - L -1
_ 1 t _ — .
= s =— =2 Ans. : (O)
2
2016
y (r+ x)2016
lim r=1 _
¥ 2016 L 50162016 T
(A) 2014 (B) 2015 (C) 2016 (D) limit does not exist
_ {(1+x)2016 +(2+x)2016 +...+(2016+x)2°16}
lim
X0 (2016 50162016

Sol. :

(100)

Sol. :

X X X

2016
L2016 [1+ (M) J
X

2016 2016 2016
x2016 {(lﬂ) +(2+1) +...+(—2016+1) }
_ lim

x—>oo

2016 2016 2016
_ (0+D) +(0+li +..+(0+1) 5016 [lim lzo} Aus. : (C)
+0 x—o0 X
1 dy
If5Sfix)y+3f (;)Zx +2and y =x f(x), then (E] _1= ......
(A) 14 (®) -1 © 1 D) &
5f(x)+3f(%)=x+2 (1)
s +37 () [—X%J 1 @)

Now, y =ux f(x) so, d—i = f{x) + xf(x)

dy ,
[;]Fl =)+
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Substituting x = 1 in equation (1), we get, 5 A1) + 3£f(1) = 3. So, A1) = %

Substituting x = 1 in equation (2), we get, 5 /(1) = 3£'(1) = 1. So, £'(1) = %

(& -3+4-% e ©

(101) Let a function f be twice differentiable, where f’(x) = —f(x) and f'(x) = g(x).

If h(x) = (f(ix))*> + (g(x))* and A(5) = 3, then A(10) = ......

(A) 0 (B) 1 (©)2 (D) 3
Sol. : g(x) = f (%)

L g = ) = Ax)

h(x) = () + (g(x))

2 f0) () +2 g(x) gx) = 20 f'(x) + 2 (x) (Ax)) =0

. h(x) is a constant function.

o h()

Since A(5) = 3, we have, 2 (10) =3 Ans. : (D)
. 3
(102) lim ’“"‘/;102%’ 39 .
(tan_lx/;) (esﬁ -1)
3 3
(A) % (B) 1 © 3 (D)0
3
hn})ta;’l/_\/;%/zx hn})w:ix %/;3)6
Sol. : Required limit = — > — = lim 3 = 2 Ans.: Q)
(' x . R x53x 5
a2y
(103) If xy = e — ¢, then P » = ...
1 1 4 5
(A) ¢ B) = ©) = (D) e
Sol. : xy=e—¢ (D
dy B ﬂ
X dx ty=-¢ dx 2)
d2y dy dy 2 d2y
X +2 - = [E] —e e 3)

Substituting x = 0 in (1), we get 0 = ¢ — &'

soe0=el So,y (0)=1
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(104)

Sol. :

(105)

Sol. :

Substituting x = 0 in (2), we get, y (0) = — &© [ dx)

x=0
. G &) __1
T ax o O | dx —g e
ituti =01 ﬂ =_ 0 ﬂ 2 1(0) &
Substituting x = 0 in (3), we get, 2 | ¢ P s I e A |
2 L [d %y J
= =-e Ty —e|—
¢ e ax” )
L d’y
e Ans. : (C)
X
x=0
n . 1
x" sin—=, x#0 . ) . .
Let fix) = { x If f(x) is continuous but not differentiable at x = 0, then
0 , x=0
(A)ne(0,1] (B) n €[1, ) (C) n €(—=0,0) D)yn=20

Since f'is continuous at x = 0, we have,
lim fix) =£0)=0
x—0

. .1
. lim x"sin — =0
x—0 X

~n>0 (If n > 0 then we can take 0 = 8%)

If fis differentiable at x = 0, then
lim J()—f(0)

50 -0 exists.

X" sinL—0 .
. lim X exists.
x—0 X

. lim
© x>0

“n—1>0. So, n>1

| .
x" 1 sin < exists.

If n <1, then il_r)% X" sin % does not exist and the therefore f is not differentiable at x = 0.

- If n e (0, 1], then fis continuous but not differentiable at x = 0. Ans. : (A)

If fix) = [gaak |x—1|k] where a, > 0, then f{x)

(A) not continuous at x = 1 (B) continuous on R but not differentiable at x = 0
(C) differentiable on R (D) continuous on R but not differentiable at x = 1

Ix —1|, |x —1J% ... are continuous on R. Since sum of two or more continuous functions is also

continuous, f(x) is continuous on R. Moreover, |x —1|, |x 1], ... are not differentiable at x = 1.

.. fix) is continuous on R but not differentiable at x = 1. Ans. : (D)
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(106)

Sol. :

Let a real function f'satisfy f (x+y) = fix) —Ay) + 2xy — 1,V x, y €R.
If fis differentiable and £(0) = b, then for which value of b is the value of fx) > 0, Vx ?
(A) No such b exists B)b>0 ©)b<0 D)yb=0
Substituting x = 0 =y in the functional equation f (x+y) = fix) —Ay) + 2xy — 1, we get f(0) = —1.
Now, £'(x) = /}ino f(XHZ_f(X)
_ lim J) = f()+2xh-1-f(x)
= h—0 7
= 2y lim M=2x—f'(0)=2x—b (f0) = -1)
flx) =2x—b
- fix) = x* — bx + ¢, where c is constant
Substituting x = 0, we get ¢ = —1. So, filx) = x> —bx—1

VxeR,ifaD=5b-4ac=5b>+4<0,then ix)> 0. (a=1)

which is not possible for any real value of 5. Ans. : (A)
d
(107) If y = sin x - sin 2x - sin 3x ... - sin nx, then d_fc = e
(A) 2 ktankx B)y 3 kcorkx (©)y 3 kiankx (D) 2 kcotkx
k=1 k=1 k=1 k=1
Sol. : y = sinx - sin 2x - sin 3x ... - sin nx

- log y = log sin x + log sin 2x + ... + log sin nx

1
- 2 =cotx+2cot2x + ..+ ncot nx
Yy dx
dy L
===y Y kcotkx Ans. : (B)

k=1

(108) Iff(x+y+2)=f)f0)f().Vxy zeR f(4) =41 (0) =2 then f(4), f(4). 1(0) are

Sol. :

in ...
(A) arithmetic progression (B) geometric progression
(C) harmonic progression (D) (A), (B), (C) are true
fax+y+t2=f@f0)f@ )

Substituting x = 4, y = 0, Z = 0 in equation (1) we get,

F@®=f®H 1) 10
LA =21 (f(4)=4=0)
Again, substituting x =4, y = -2, z = -2, in equation (1) we get,

FO =@ [FP =4 [f(-2)] 2o0.

s A0) = -1 So, f10) =1
Substituting y = 4, z = 0 in equation (1), we get,
fx+4) = flx) f(4) f(0) =4 fx)
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o fle ) = 4 F (). So, f'(4)= 4£'0)=8. So,f'(4) =8.f(4)=4,1'0)=2

o f'(@), f4), £'(0) are in geometric progression. Ans. : (B)
d’r
(109) If fr = ae ® <%, then ol 4rcofo=... (a, oo €R)
(A) r (B) + © 1 (D) 0

Sol. = /y=ae 8

o= az eze cot o (1)
. % =a? cot o, - 220 cora
d%r d%r
T =4a’ co o - eP e, So, =5 —4rcofo=0 Ans. : (D)
do do
oy 1f B sin’x N cos>x th s
(110) fx) = l+cotx ' l+tanx’ enf ()= ...
(A) cos 2x (B) —cos 2x (C) sin 2x (D) —sin 2x
.2 2
Sin~x cos”x
Sol. = fix) = l+corx | 1+tanx
B sin®x.tanx . cos*x
~ l+tanx 1+tanx
. 3
SUX | cos®x
cos x
- 1+tanx
sin3x+cos3x
= Tsinxtoosx sin®x — sin x cos x + cos*x
fx) = 1- 3 sin2x. So, 7'(x) = — cos 2x Ans. : (B)

(111) If ix) = 1 — cos x, then lim e\/f(x N AT _

X—>00

(A)e ® 1 ©) Ve D) Ve




L >
w2 So, x* =

Il
o
)
“
L
——
[
|
~
/TN
= |_
(3]
)

. \/(l—cosl)\/(l—cosl) /(l—cosl)...
lim J, * * *

X—>00

Required limit =

L
2

~ lim {e\/(l—cosy)\/(l—cosy),/(l—cosy)... }y (1_ )
X

y—0

lim \/(l—cos y)\/(l—cos ¥)4/(1=cos y)...

0
e’ 2
y

- m—; (H% :x]

= e =/ Ans. : (O)
[x]
(112) At how many points is fix) = m not differentiable ?
(A0 B) 1 )2 (D) infinitely many

X

Sol. : If x <0, then fix) = —x-:;016 = %—=2016

which is differentiable for all x < 0.

If x > 0, then fix) = —5g7¢ » Which is differentiable for all x > 0.

Let us check differentiability at x = 0.

X
by LO-F© . x42016
x—0+ x—0 x—0+ X 2016
——x
. [(x0)—=f(0) . —x+2016 1
lim ————— = lim = _
x—0- x—0 x—0+ X 2016
-~ fis not differentiable at x = 0. Ans. : (B)
] dy
(113) Ify = 5« ,then = = ...
X x X 2x X
A) 287 x* log2 [2 logexloge2+7] B) 2 (1 +x log2) 2 log 2
7 xzx X
© 2* (1 +xlog2)2 (logeZ)2 D) 2° (1 —xlog2) 2 log 2
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Sol. : y=2%
. logy —x? log2
-~ log, (log,y) = 2* log x + log, (log,2)

11

dy 1
S Toz,y vy dr =2 (log, 2) (log, x) + 2 i 0

A [f(logezmogex)ﬂ—j]
= 2x2X K log 2 (2x (log, x)(log, 2%%} Ans. : (A)
(114)  f"(x) + fix) = 0, V x for function f{x) and g(x) = [fix)]*>+ [/(x)]* and g(3) = 8, then g(8) = ......
(A) 0 (B) 3 €) 5 D) 8
Sol. : g(x) = [f)] + [F(0)F
g')= 2 fx) f(x) + 2 f(x) f'(x)
=2f(x)(0)=0, Vx So, g'(x)=0, Vx

. g(x) is constant.

Since g(3) = 8, we have, g(8) =8 Ans. : (D)

(115)  If a function g(x) is the inverse of f(x) and f '(x) = = then g'(x) = ......
1
(A) gv) (B) 1 +g(x) (©) 1 + [ ) Trreor

Sol. : As g is the inverse of f. Second method :

. g(f00) = x As g is the inverse of f,

i o f (g = x

s g () fx) =1 s (k) - g'x) =1

. 1 ' —

~og (fix) = ﬁ: I+ (g0 g0

L g e =1+ [P g =1+ (g()’

g (0 =1+[g0P Ans. : (C)

(116) TF g : (~oo, ) —>(‘—2"§) gx) = 2 tan (¢)~F and fis inverse of g. then £(0) = ......
A1 (B) 2 ©)3 (D) 4
Sol. : Here, f=g. So, g7'(x) = fix)

g) =y =21an’! (-3

. —1 x:£+l
s tan () iR

T,y
~. x = log tan (4+2j
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T,y
~ogl (y) = log tan (Z+5j

nL X

oo gl (x) = log tan (Z

[\S)
~———

= f(x) = log tan (%+§)

2 £+£) l
sec ( 5 B

o f ) =
X 4
’“”(z*a)
A _ 1 > 1 _
s f(0) . sec - 5 1
4

(17 If fix) = lim [(1+2) (142%) (14x") .. 7 terms], then f (%)

A1 (B) 2 ©)3
-0 A+x) 1+ x> (1+xY)...n terms
Sol. : flx) = ,}Eﬁo{ T—x }
_ lim 1-x*" — 1_
n—e  1_x 1-—x
1 1
wfs) = — =2
f(z) l—l
2

d2
My 1fy == 2 4 k=0for y= 22 . then k= ...
X

A1 (B)2 (©) 3

Sol. : Y= 42x—x

(gx) =y

Ans. : (A)

X[ <1

(D) 4

(lim X" =0, le <1j

n—oo

Ans. : (B)

(D) 4

Ans. : (A)




(119)

Sol. :

(120)

Sol. :

(121)

Sol. :

If fix) = |x|, g(x) = sin x and h(x) = g(x) f(g(x)), then ......
(A) h(x) is continuous but not differentiable at x = 0.

(B) A(x) is continuous and differentiable

(C) h(x) is continuous and differentiable at x = 0 only

(D) h(x) is a discontinuous function

sin’x , x20 (0<x<L
h(x) = sin x |sin x| = 2
—sinzx, x<0 (—%S x<0)
Clearly A(x) is a continuous and differentiable function. Ans. : (B)
1
2 X
For a function £ R — R, fla) = 1, f(a) = 2. If Im [%] = ¢k then k= ......
A1 (B)2 ©3 D) 4
1
fim (L@n g, [S@to-f@
x—0 f(a) e x f(a)
k- @
= o [ X (f(@=1)
= e2f(a)f'(a) = e4 = ek
k= 4 Ans. : (D)
Which of the following statement is true (T) or false (F) for the function /- R — R ?
(1) If [fix) = f)] <30 [x—y|, V x, y €R, then fis a continuous function on R.
(i) If |[fix) —f)] £ 30 [x — )], V x, y €R, then f'is differentiable on R.
(iii) If [Ax) — f(y)] €21 |x —3|% V x, y €R, then fis differentiable on R.
(iv) If [fix) — f(y)] €21 |x — yP, V x, y €R, then fis a constant function.
(A) TTTT (B) TFTT (C) FTTF (D) TFTF
Statement (i) is true. By definition of limit (taking & = 3—%) it is easily proved.
Statement (ii) is false. We can verify by taking f(x) = |x|.
eon s f(x)—f(a)

For statement (iii), (iv) we can have [—————| <2I |x — g| for some a € R.
. fis a differentiable function on R.
If x > a then |[f(a)| <0
@l =0
. fis a constant function. So, Statement (iii), (iv) are true. Ans. : (B)
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(x) '
(122) fis a differentiable function such that /{%J s x#0,y#0, f(y) #0. If (1) =2, then

IOk
7@ = ...
X 2f(x
() 2 /) @) L2 (©) 2¢ ) (o) L2
x| f(x)
Sol Here,/{y} =T
£
2 r ()= o= So, f(1) =1
f'(x) :]’lli—)nB f(x+h2—f(x)
faeh
P )
S i ==

. }1113}) f(x+h)_1

h
I+=|-f(1)
o i 7 4%) FO) 0 2 () :
= — = =f) == (r'(1)=2) Ans. : (D)
x
(123) If flx) = fim (¥x-1)n, then ——, —L—, — L arcin=.....
n—ee f(2012)  f (2013) f (2014)
(A) arithmetic progression (B) geometric progression
(C) harmonic progression (D) none of these
1
. _ lim x"-1 _ P
Sol. = flx)= 10 ¥ log, x. So, 1 (x) B
n
. 1 1 1 . . . .
© T0012)° 013 T12008) are 2012, 2013, 2014 respectively and they are in arithmetic
progression. Ans. : (A)

(124) 1If a < b < ¢, f(x) is strictly increasing function on (a, ¢) and continuous on [a, c], then
(A) (b—a) fle) + (c —b) fla) > (c —a) fib)  (B) (b—a) fic) + (c — b) fla) < (c — a) fb)
©) b-a)fla)+(c-b)fb)>(c—a)flc) (D) (b—-a)fa)+ (c—b)fb)>(c—a)fc)

Sol. : Applying mean value theorem on [a, b] and [b, c] we have,

fb)-f(a) f)=fb)
s Sand ——— =/(B). ae (ab).Be (b0

Moreover, f ' is strictly increasing function. So, £'(B) > £ (c)
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(125)

Sol. :

(126)

Sol. :

(127)

Sol. :

) fle)=fb) f)-f(a)
T b~ b-a

s (b—a) flec) + (c = b) fla) > (c — a) f(b) Ans. : (A)
If for function £ (0, o) — (0, o),

(1) flab) = fla) f(b) and
(2) lim flx)=c, (where ¢ # 0), then f(4) = ......
A) 1 B)2 ©3 (D) 4

lim fix)=c, ¢ #0

xX—>0
Let a €(0, )

¢= lim flax) = lim fla) fix)

= fla) lim  x)

soc=fla)c
s fla)y=1 (a € (0, e)),c20
s =1 Ans. : (A)

Let A and B be non-empty sets. Let f: A — B and g : B — A be two functions such that
f(g(x)) =x, V x € B. Which of the following statements are true (T) or false (F) ?

(i) The function f'is one-one function (ii) The function f'is onto
(iii) The function g is one-one (iv) The function g is onto
(A) FTTF (B) FTFT (C) TTFF (D) TFTT

For x, x, € B, gx)) = g(x,) = f(g(x,)) = Ag(x,)) = x, = x, = g is one-one function.
Moreover, it is easily seen that f'is onto.

(Since fis left inverse it cannot be one-one.) Ans. : (A)

It 3 /) 2 /(L) = x. then /') = ...

(A) 2 ®) 3 ©)2 (D) £
3f(x)—zj{§) = x (1)
Replacing x by % we get, =2 flx) + 3 ](%) = % 2)
From (1) and (2) eliminate f(%) we get, flx) = % (336 +%)

Afw = (3_%2]' So./'@) = 3 Ans. : (B)
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(128)

Sol. :

(129)

If ve' = 1, then ......

d2u du dzu du
(A)vy+2d—v+3v2=0 (B)vy—2d—v+3v2=0
Oy Ll pdu 5 Dy L de g
()vdv2 dv ()dvz_dv_v
L
v.e"3 =1
logv+vi3=0. So, u+1*logv =0 (1)
Lodu 51 -
oo TV +3vlogv =0
v B3 logy =0
t U ody g
. du 3 —
Vo, TV +3(Cu)=0 (From (1))
Codludu du _
SV +3v2 -3 - =0
C A du :
V2 72dv+3v—0 Ans. : (B)
7 :R > R is a differentiable function. If f{y) Aix — ») = Ax). vx, ¥ € R and 7 '(0) = J2
7'5)=q p g # 0, then f'(=5) = ......
2
P L 4
) £ B) ¢ © 5 (D) g
Differentiate f{y) fix — y) = flx) with respect to x and we get, fy) f 'x—y) =f'(x)

Sol. :

Putting x = y we get, Ax) £'(0) = f'(x)
L f ) = pfn) 'O =p) O

S
f(x0)

dx = _[pdx +c

oo log, fix) = px + ¢ )
Putting x = 0 in equation (1) we get, '(0) = pf0). So, p=pf0). So, f0)=1

By equation (2) we get, log, f0) = ¢

log, I =c Hence, ¢ =0
" log, fix) = px
s flx) = e So, f'(x) = per*
o f(5) = pe¥ =q. So, e = %
: p_ 7
oo f(=5) = per= ar - a Ans. : (A)
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(130)  lim (3n2—n +nj= ......
n—oo

1 1 2 2
(A) 3 (B) —3 © 3 D) -3
1 1
S dlim (32 3 = li 1_)3 3
Sol nl_I:o ( n“—n +nj ngll ’{(n 1) +1 }
(1——1)+1 _ a3+ b3
- li—I>n " (1 )z (1 )l— [a+b_a2—ab+b2 ]
e —1)P - (=-1) +1
— 5 1 _ 1 .
= nh_l:; > - =3 Ans. : (A)

-

(131)  If the tangent to the curve xy + ax + by = 0 at (1, 1) makes an angle of measure tan™' 2

b
with positive X-axis, then % = e
1 -1
(A)0 B) 5 © = D)1

dy dy
Sol. : Differentiating xy + ax + by = 0, we get, xa"‘ y+a+ba =0

] dy  _ at+y
*odx b+x

dy a+l1
" (EJ(I,I) =331 ~ 2 (Given tangent makes an angle of measure tan™' 2 with positive X-axis.)
wa+2b=-3 )
Moreover, (1, 1) lies on the curve. So,1+a+b=0. Hence, a + b = -1 2

Solving (1) and (2) we get, a =1, b =2

a+b 1
ab 2

Ans. : (B)

(132) If the rate of increase of a side of a triangle inscribed in a circle of radius R, is R times the

rate of increase of the measure of opposite angle, then the measure of the angle is ....... .

T T T T
A) ®) = ©) 3 D) 2
Sol. : Let the side of the triangle be BC = a and angle opposite to it is A.
soa=2R sin A
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(133)

Sol. :

(134)

Sol. :

(135)

da _ A dA _ A da_ pdA
% _JRcos AL So,RL =R cosA L (e dd)
. cosA = % Hence, A = % Anms. : (C)
X) =sinx + cos x, 0 <x <27 is strictly decreasing in ......... interval.
y g
T T 5T S
@ (0-5) ® (5%) ©F"  ®ew
fix) = sin x + cos x
f'(x) = cos x — Sin x
Now,f'(x)=0 = Sin X = cos X. So,x=%or%‘ (0<x<2m)
Interval f '(x) Decision about f
(0, %) Positive | f'strictly increasing
(%%t) Negative | fstrictly decreasing
Sn ) .. . . .
(T’ TC) Positive | f'strictly increasing
. . . . [m 5m .
-~ fis strictly decreasing in (ZT) Ans. : (B)

The sum of the perimeters of a circle and a square is constant. When the sum of their areas is
minimum, then the ratio of the side of the square to the radius of the circle is ...... .

A)1:2 B)2:1 ©1:3 (Dy4:1
Let the radius of the circle be » and the side of the square be x. The sum of their perimeters is

2nr + 4x = 2k, k constant

The sum of areas = /w2 + x2, call it £ (7).

2
gy oy (k=T
s fr)=nr —
' k—
f(r)=27rr—27r( 4nr) =0=>k=m +4r
2+ 4x = 21 + 8 2k = 2mr + 4x)

Hence, x =2r  So, % = %

2
Moreover, £ "(r) = 2~ 5 (0 - m) = 27+ % >0

When the ratio of side of the square to radius of the circle is 2:1 the sum of their areas is

minimum. Ans. : (B)
If tangents at some point (x, y) of the curves y = x cos x and y = SINX ore parallel to X-axis,
then x is a root of ....... equations.
(A) sinx =x, tanx = x (B) cot x =x, sec x =x
O cotx=x,tanx =x (D) tan x = x, sec x = x
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Sol. :

(136)

Sol. :

(137)

Sol. :

sSinx
X

Let f(x) = x cos x and g(x) =

! . Xcos x— Sinx
f (x) =—x sin x + cos x and g'x) = x—2

Now, if tangents are parallel to X-axis, then f'(x) =0 and g(x) = 0.
. cot x =x and tan x = x (Why sin x = 0, cos x = 0 not possible ?)  Ans. : (C)
The equation ¢¥3 +2x — 17 = 0 has ......

(A) two real roots (B) one real root

(C) eight real roots (D) infinitely many solutions

Clearly x = 8 is one of the solutions of the given equation. Let if possible o0 # 8 be another
solution of given equation. Let oe > 8. Applying Rolles' theorem in the interval [8, o], there exists
c € (8, o) such thatf'(c) = 0.

e 8+ 2=0. So, "% =-2 which is not possible. If o < 8, then also we get a similar result.
.. Given equation does not have any other solution except x = 8. Ans. : (B)
Second method :

fx)=e8+2>0, Vx

. fis an increasing function.

.. fis one-one function.

.. fdoes not have two or more zeros.

In the first method for o < 8, f'does not have two roots as f is increasing.

If the curves x?y = 1 and x* = @’y intersect at right angles, then a®= ......

(A) 2 (B) 4 ©6 (D) 8

First of all, we find points of intersection of given curves.

x’y=1and X’ = &’y

3
oox? (x—sj =1. So, x° =a’. Hence, x=a
a
: 3 1 . . . 1
Since y = =, we have y = —-. Thus, the point of intersection is P| 4= |.
& a? a
2, — 2dy _ dy _ 2y
For the curve x°y = 1, we have 2xy + x*—= = 0. So, = =_22 (x#0)
dx dx X
d
. [—yj _ 2
.| dx h=q JE =m,
dy dy 2 d
For the curve x* = a’y, we have 3x*> = &® —-. So, — = 3L. So, 2 -3 m
dx dx @ dx | . a> 2
Since given curves intersect at right angles, m, m, = -1
-6
Hence, — = —1. So, a®=6 Ans. : (O)

a6
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(138)

Sol. :

(139)

Sol. :

(140)

Sol. :

(141)

Let a function f be twice differentiable and /'(1) <0, vt e R IFf' () +x<f(y+ 1);x, y € R,
then ......

(A) fy) = x (B) fy) > x O fy) <x (D) fy) < x

fy+D-f»)

Applying mean value theorem to fin [y, y + 1], we have f '(c) = pr—

7"(6)<0. So, f'is decreasing.
Also, y<c<y+1

@< o)

LSO+ D=/ <f )

LX) <SSO D <L) B)
L x<f) Ans. : (B)

x> jx\/t3+1dt
L

ce (yt1

lim
x—0 x
J. 1% costdt

0

(A)O B) 1 ©)2 (D) 3
x? J'x\h3+1dt
lirr(} -0 (% form)

X
J 1% costdt
0

X2 \/x3 +1 + Zx]E\/t3 +1dt
0

XZCOSX

= lim

x—0

X
_ lim 1/x3 +1 j ‘/mdt 0

+2limo (5 form)
x>0 cosx =0 Xcosx
. [3
=1+2 !Clg(} AL R G Ans. : (D)

COSX — X Sinx

Let flx) be a differentiable function and G is the graph of f(x). If P(a, fla)) on G is the
point nearest to (0, 0), then fla) f (@) =

(A) a (B) —a ©1 (D) -1

Distance function D(x) = x*> + (f(x))? (For maximum/minimum no need to take square root)
s D'(x)=2x+2 fix) f'(x)

Since OP is minimum, we have D'(a) =0

satfla)f@=0

s fla) f(a)=—-a (Verify D"(x) > 0) Ans. : (B)
On the curve y? — x*> = 1 there is a point P whose x coordinate is n where n ¢ N. If d,

represents the distance from P to the line y = x, then lim (nd,) = .......
n—seo

1
)1 (B) 242 © = ©) 3
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Sol. :

(142)

Sol. :

(143)

Let P(n, y/n*+1) be any point on the curve y* — x> = 1, where n ¢ N

Vn2+l—n _ \/n2+1—n
| A

o lim nd, = %lgm” n(,/nz l—nj
- 1

- L yim n(n2+1—n2)

_ L jim 1

1
V2 noe \/1+1 L 22

d:

n

Ans. : (C)

n

(What if the point is P(n, — [n*+1 ) ?)

1 1

Fx) Y SV
Let F(x) = [1+X+TJ »¥#0 ond G(x) = (IJF N , x#0
e’ ,x=0 k , x=0

where f(x) is a real function. If F(x) is continuous at x = 0 and G(x) is continuous at x = 0,
then what is the value of log k ?

(A)0 B) 1 ©) 2 D)3

F(x) is continuous at x = 0.

- lim F(x) = F(0) = &3
x—0

1
- lim [l+x+Lx)jx =¢3

x—0 X
%(x-'—@] 1+xlf:;)f(2x)
. lim e = e So, lim e To=e
x—0 x—0
im ()
L =2 (1)

Now, G(x) is continuous at x = 0.

So, lim G(x) = k.
x—0

1 o f(x)]
,X,' lim —
lim [1 PEAC)) ECX)J =k So, U =g

° x-0

tim £
e ¥ — g So, e =k Hence, logk =2 Ans. : (C)
Let, fix) = x>~ bx + ¢, where b, ¢ are odd natural numbers and f{x) = 0 has both the roots
primes. If b + ¢ = 35, then the minimum value of f{x) is ...... .

(A) -3 ®) 2 © -8 ) &
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Sol. : Let, o, B be roots of fix) =0
Lo +B=b
o, P are primes and b is odd natural number. We have to take o = 2. f(2) = 0.
S 2b—-c=4 (1
S b+c=35 2)
Lb=13, ¢=22
Flo)y=2x—b So.f(0)= 0= x=2-2
L) =2>0
. . r(3) = _8L
. The minimum value of f'is f ( > ) 7
4ac—b*  88-169
Remark : The minimum value is maeo o S Ans. : (C)
4a 4 4
(x+ 1)3 , —2<x<-1
2
(144) At how many points does the function f(x) = <x3-1 , —1<x<1 have real maximum and
—(x—l)z, l<x<?2
minimum values ?
(A) 4 (B)3 © 2 (D) 1
3(x+ 1% ,-2< x < -1 f"1s positive in (-2, -1)
, -1 f'"1is negative in (-1, 0)
D flx)=1=x 3, -1, D-1{0 ) e
Sol. = fx) 3" rel )~ {0} fis positive in (0, 1)
2(x-1), 1<x<2 f'is negative in (1, 2)
+ - + -
/" does not exist at the points x =—1,0, 1. < ; ; t f f
2 A 0 1 2
. fhas local maximum and minimum at three points. Ans. : (B)
(145) The measure of the angle between the curves y = [ | sinx |+ | cosx | ] and x*>+31?> =5 is ...... .
where [.] is an integer part function.
i n | S
(A) 3 (B) z (C) tan™'3 (D) cos ( JEJ
Sol. : y=[|sinx| + |cosx|]=1. VxeR (1< |sinx|+|cosx|<+2)

. Given curves intersect at the points P(2, 1) and Q(-2, 1). For the first curve y = 1, we

dy ) dy X
- =(0= + )»2 = —_ ==
have 0 }'}’l1 and fOI‘ X 5, WwW¢E have y

dy
.. For point P(2, 1), (alz o -2 =m,




Let O be the measure of the angle between given curves at P.

I U

S0 =tan'2 = cos™! 2

V5
At point Q also we get 6 = cos™! [%] Ans. : (D)

2 a2
(146) If a, b> 0, then the minimum value y = -—7 + =, 0<x<ais ..... .
a+b ab 1,1 (a+b)2
() = B) 737 © 1+ o) L2220
N SO
Sol. : y= ——+ <
dy _ _=b* 4
dx (a—x)2 ( 1) 2
dy _ _ 5
== 0 = bx=+alx—a)= +(ax — a°)
2
YT 4t b
. . a2 . ab
Since 0 < x < a, we have x = "+ b and a —x = P
42 2 2 2
et e So, | 422 >0
dx x (a—x) | &
T
2
<. yis minimum atx = ——
p*(a+b) da*(a+b 2
The minimum value of y is (a )+ a(a+b) = (a+b) by = M Ans. : (D)
ab 2 a

a a
(147) If o, B and v are the roots of the equation x>+ x> — 5x — 1 = 0, then [a] + [B] + [Y] =
(A)2 B) -3 © 4 (D) 5
Sol. : Let f(x)=x3+x>—-5x—1

f(x)=3*+2x-5=(x-1) (3x +5)
Ifxe (—oo,=2) U (I, ). then f'(x) > 0

and If x e (=2, 1), then f'(x) <0
. .. . . 5 . . 5 . . .
- fis increasing in (- eo, —%), decreasing in (—5, 1) and increasing in (1, o).

Moreover, f [—%) = % ,f(1) =—4 and f(0) = —1. Rough sketch of f{x) would be like this.
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AN %/X
RNV

Figure 15.5
f0)=-1<0. f(1)=-4<0, f2)=1>0
.. One root lies in (1, 2). So, [o] =1
fED)=4>0
.. One root lies in (-1, 0). So, [B]=-1
f(2)=5>0
f(3)=-4<0
. One root lies in (-3, -2). So, [y]=-3
[o] + [B] + [v] =3 Ans. : (B)
(148)  For the curves x = a+/cos20 cos0, y= acos20 sind, the tangent at 0 = % is ...
(A) parallel to X-axis or X-axis itself. (B) parallel to Y-axis or Y-axis itself.
(C) parallel to the line y = x (D) parallel to the line x +y =1
dx ) —acosO sin20
Sol. : Jo - —a Jcos20 Sin® + W
(cos20 sin® + cosH sin20) —asin30
- a Vcos20 ~ Jcos26
dy _ o [ Z0SinOsin28 ) acos36
a0 @ Ncos26 €OSY + \cos26 ~ cos26
d
22— cono So, (d—zl =0
6
.. The tangent is parallel to X-axis or it is X-axis. Ans. : (A)
_ X _ _x P
(149) If fix)= o and g(x)= py—y 0 <x < 1, then in this interval
(A) fix) and g(x) both are increasing (B) fix) and g(x) both are decreasing
(C) fix) is increasing and g(x) is decreasing (D) g(x) is increasing and f(x) is decreasing
SINX — XCOSX tanx — xseczx
Sol. : f'(x) = — >, g)=——
sSin- X tan~x

Let u(x) = sinx — xcosx

Lou'(x) = xsinx > 0 O<x<l
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*. u is increasing on (0, 1). Also u(0) =0

So, u (x) > 0. Hence, sinx > x cos x

S fx)>0 O<x< 1
. fis increasing on (0, 1).

2

Let, v(x) = tanx — xsecx
" v'(x) = —2x sec tanx < 0. v(x) is 4. v(0) = 0. O<x<1
s g(x) <0
.. g is decreasing on (0, 1). Ans. : (O)
> log(m+ x)

(150)  Function g(x)= tanx . eX eX (x=0)is ....... ,x# (k+ l)%, ke Z

log (e + x)

(A) increasing in [0, o)

(B) decreasing in [0, o)

(C) increasing in |:0, %} and decreasing in (% OO)

(D) decreasing in [0, %:l and increasing in (%, 00)

Sol. : tanx, e*, X’ are increasing in [0, o). (fan whenever defined)
log (7 + x)
log(e + x)
(e + x)log (e + x)— (7 + x) log(7 + x)
(7[ + x)(e + x) (log(e + x))2

log function is increasing.

Let f(x) =

fx)=

we<m = log (e +x)<log (m+x)
“(etx)logetx)<(etx)log(m+x)<(m+x)log(m+x),Vx=>0
L) <0, Vx=20

. fis decreasing in [0, o).

- g is decreasing in [0, oo). Ans. : (B)

(151)  In which interval does a lie, it f(x) = sinx — asin2x — %sin3x + 2ax is increasing on R ?

(A) [0, ) (B) (0, =) © [% °°) (D) [1, =)
Sol. : f(x) = cosx —2acos2x — cos3x + 2a
= cosx — 2a(2cos*x — 1) — (4cos’x — 3cosx) + 2a
= 4a + 4cosx — 4acos®x — dcos’x

2x

= 4asin’x + 4cosxsin
= 4sin’x (a + cosx)
—l<cosx<l =a—-1<a+cosx <a+ 1. Ifa=1, then f'(x) 0.

= If a € [1, ), then fis increasing on R. Ans. : (D)
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(152)

Sol. :

(153)

Sol. :

Which point is the farthest point from (0, —2) lying on the curve 4x> + a*? =4a*> 1 4 <a* < 8
(A) (0, 1) B) (0, -1) © (0,2) (D) (0, -2)

)2
For the curve x—2+y—:1 a parametric point is P(acos6, 2sin®). The square of the distance
a

from point (0, —2) is > = (acos® — 0)* + (2sin® + 2)*> = a*cos*® + 4(1 + sinB)>.

a(r)
d_re = 2a*sinOcosO + 8(1 + sind) cosO
= cos0{(8 — 2a?) sind + 8}
d(r)’ _ - 0 =
— 0 = cos6=0 or sind 2 .4
Since 4 < a*>< 8, we have 24 > 1. i.e. sin® > 1 is not possible.
-
. — & =
. 0= > as cos® =0
2 2
Also, 162 r = (4 — a*)2cos29 — 8sing =2a>-8—-8<0

==L
2

. For 0 = %, 72 is maximum.
. Required point is (0, 2).. Ans. : (C)

2 2
Let an ellipse have centre at O. Let P be a point on x—2+Z—2 = 1. Let N be the foot of
a

perpendicular drawn from O to the tangent at P. Let A__ be the largest area of AOPN. The

a2 _
value of = ......

(A)1 (B) 2 ©) 4 (D) 8
Let the coordinates of P be (acos6, bsin®).

d bcosO _
(d—zl: cosv__ —bcote

—a sin a

The equation of the tangent at P,

X
=]
P
bxcosO + aysin® = ab / R
IS
ab
ON = \/

a’sin’0 + b’cos>0

pa

In right AONP,
PN? = OP? - ON?

Figure 15.6

a*b?

= d*cos*0 + b%sin*0 —

a’sin’0 + b*cos>0

2
a’*sin?0cos?0+b*sin*0cos0+ a*b> (sin49 + cos49)— a’b? (sin29 + cosze)

a’sin*0+b>cos>0
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B (a2 - b? )2 sin’0cos>0

a’sin®0 + b*cos?0

a® - bz) sin®cosO

" PN= (
- ]

a’sin’0 + bcos>0

ab <a2 e ) sin®cosO

1
A== PN xON =
2 Z(azsinze + bzcoszﬂ)

ab(a2 - bz)

- Z(aztane + bzcotﬂ)

(D

For A to be maximum, A0) = a® tan® + b*cot® should be minimum.

d(f(9))

doe

d(£(9))

de

:O:>tan9=:t%

d*(f(8))

402 tan® = 2 = 0
a

.. When tanb = %, then £(8) is minimum.

A ab(a2 —b2) > — b2
Cmax T 2 2gb T T 4
a’ - b? _4
Arnax
xedX x<0
(154) f(x):{x+ax2—x3, x>0

Let L(a) be the length of the interval in which f'(x) is strictly increasing.

(A) 3 B) 6

o 0+ anett | x <0
Sol. & f'(x) = 1+2ax-3x2, x>0

2+ax)ae™, x <0

J') = {Za — 6x ,

x>0

= & sec®® — b2cosec®0, f(0) = 2a>sec’a tan® + 2b*coseca cot®

So, minimum value of /' (0) = a* % +b? % =2ab

Ans. : (O)

where a > 0.

1 _
L,(3) = eeeene

()9 D) 12

If £'(x) is strictly increasing function, then we should have f"(x) > 0

L2+ax>0(x<0)and 2a—6x>0 (x> 0)
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(155)

Sol. :

(156)

Sol. :

(157)

Sol. :

x> 2 @<0andr< € (x>0)

3
=2 y<4 ,x#0
a 3
. —a 2 I
. L(a) 3 T So, L'(a) 37
' 1 1
e L(3) = 3 SO, L'(3) =9 Ans. :
Function 2tan’x — 3tan’x + 12tanx + 3 is ......
(A) increasing
(B) decreasing
(C) increasing in (0, %) and decreasing in (%, %)
(D) decreasing in (0, %) and increasing in (%, %
Let fix) = 2tan*x — 3tan*x + 12tanx + 3
f(x) = (6tan’x — 6tanx + 12) sec’x
1\, 7
= 6sec’x (tan’x — tanx + 2) = 6sec’x {(m" x‘g) +Z} >0
- f(x) is increasing. Ans. :
2015 )
For which value of x is fx) = >, (x=k)" minimum ?
k=1
(A) 0 (B) 1008 (C) 1000 (D) 2015
' 2015
Fla= Y 2x—k) =2[(x = 1) + (x = 2) + oo + (x — 2015)]
k=1
£l =0 = 2015¢ — GUDE0) _
x =1008. Moreover f"(x) = 4030 > 0
-~ fis minimum for x = 1008. Ans. :

What is the set of values of a for which

Ja+ 4

fAx) = [ﬁ _IJ x° — 3x + log5 is decreasing on R ?

(A) [—3’ : _zm ]U 2=)  ® [—4’

3-421
2 }U(l’m) (©) (o) (D) (I, =2)

Ja+4
1) = [ﬁ‘l] 5xt =3

f'(x) < 0 is necessary for f(x) to be decreasing, V x € R

. [m _IJ :

x4<§,‘v’x (1)

Ja+4

l1-—a

If

—1 <0, then only (1) is possible.

. For a > 1, this inequality is true.

(©)

(A)

(B)
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nae (1,

Moreover, +Ja +4 to be real a > 4. Let us consider a < 1.

[a+ 4
N So, Ja+4 <l-a

ca+4 <1+a*-2a

5 0<a*—3a-3. So,aS3_2‘/ﬁ
3-+21
dae {—4, ;l_}u (1, ) Ans. : (B)
(158) The maximum value of the slope of tangent to the curve y = x* —6x> + 9x + 4,0 < x < 5
is
(A) 2 B)3 ©) 4 (D) 24

d
Sol. : m=-=2 =32_12x+9
dx

For the extreme value of m, d—’: =0

d*m

12 } =6 So, for x =2 we get local minimum value.
X dx=2

Sox—12=0 So, x = 2. {

Now, m (0) =9, m(2) = -3 and m(5) = 24

.. Global maximum value of m is 24. Ans. : (D)
(159) Let fbe differentiable on R. If A(x) = f{x) — (f{x))* + (Ax))*. x €R then,

(A) if fis a decreasing function, then / is also decreasing

(B) if fis an increasing function, then / is decreasing

(C) if fis either increasing or decreasing function, then accordingly 4 is also increasing or

decreasing

(D) can't say anything about 4.

Sol. = A(x) =f'(x) = 2/ '(x) + 3 (A f'(x)
=) [1 = 2/) + 3 ()]

2
=3/'() [(f m—%) %}

If f'(x) = 0, then A'(x) = 0 and if f'(x) < 0, then A'(x) < 0.
.. If the function f'is increasing then /4 is increasing and if f'is decreasing then / is decreasing.
Ans. : (C)

(160)  Let the tangent at the point (a, @) of the curve 2)* = ax* + x* have intercepts o, B on axes.

If o2 + B2 =61, then |a| = ......

(A) 16 (B) 28 (©) 30 (D) 31
dy 2ax+3x> [ﬂ] 5
Sol. : The slope of the tangent = _6y2 . So, | %x ey 6

*. The equation of the tangent at (a, a) is
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5
y-a=<¢ (x —a).

s 6y — 6a=5x - 5a. So,5x —6y=—a

X-intercept o0 = —%, Y-intercept B = %

2
o2+ B2 =6l. e+ L =61

. a* =25 x 36. So, a = % 30. Hence, |a| = 30 Ans. :

(161)  The difference between the maximum value and the minimum value of the function

1 .
fix) =cos x + S cos 2x — %cos 3x 1S ...... .

3 2 8 9
) 3 (B) % © 3 D) 3
Sol. : The function f(x) has principal period 2r so we find the required difference in [0, 27].

J)

—(sin x + sin 2x — sin 3x)

— sin x + sin 3x — sin 2x

X X S5 . x
e _ — — + — —
2 sin > cos 5 2 cos 5 sin 5

2 sin = coss—x— cos>
Sin ) ) )

= 4sinxsin3—x sin =
2 2

. x=0, 2?“ ’43_75 , T and 2w are critical points.

Moreover,f(O)Z%,f(%)z_l—?’ Am) = ,ﬂzn):%’f(“}_ﬂ):—l_?.

=1
6
-13y _ 9
_(12)_4

o=

The required difference =

1 1
(162) 1 g0) = e = ¥ > 0, then

(A) 1 <glx)<2 (B) -1 <g(x) <0 (©)0<g <1 (D) =0 <g(x) <0

Sol. : For x >0, let f{x) =log (1 + x).

Applying Mean Value theorem to f(x) in the interval [0, x], we get ¢ € (0, x) such that,

log(1+x)—log (1+0) ' 1
x—=0 - (c) - 1+c¢
log (1+x) 1
T T 1+ <1
1 1
log (1 +x)<x. So, log(l+x) ¥ > 0. Hence, g(x) > 0
Moreover, ¢ € (0, x). So, ¢ <x
1 1 log (1+x) 1
“l+e T Tvxe So, % I+x

Ans. :

©)

(D)
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X
wlog (1 +x)> 15

S S 1+ 1 1
" Togrm) < xx_ S0.8) = Togarm —x < I Hence, g(x) < 1 Ans. : (C)

(163)  If the tangent at the point (1, 1) of the curve y? = x (2 — x)? meets the curve again at the point
P, then Pis ...... .
(A) (4. 4) B) 1.2 © (23 O®cL-

Sol. : > =x(2-x)

d
Zyd—z =Q-xP +x-2Q2-x)(-1) =3x> -8 +4

[ﬂ) 1
dx (L, 2

.. The equation of the tangent at (1, 1)isy—1 = —% x—1

- L3
..y——zx )

Let us find the points of intersection of this tangent with the given curve.

(-3+3) =xe-»

SoxX2—6x+9=16x + 4x° — 16x°

AP - 17+ 22x -9 =0. So,(x-1D@x-9 x-1)=0

Cx=1 2 ~ 9 and y= 3 ired point is (2.2 :
.x =1, i 1. So, x T and y : Hence, required point is (4’8)' Ans. : (C)

(164) The maximum volume of the cylinder inscribed in a right circular cone having height # and
semi-vertical angle o is ...... .
4 L 4
(A) 4nh’ tan* o (B) 27 mh’ tan® o (C) 27 whdtan*>o. (D) 27 wh* tan® o

X
Sol. : If the radius of the cylinder is x and semi vertical angle of the cone is o, then fan o = YN

. VN = x cot o

V
*. The height of the cylinder, MN = VM — VN = /h —x cot o
*. The volume of the cylinder, fx) = mx* (h — x cotor) R o S
= nx’h — x> coto. —
, x [N
“ f(x)=0 = 2nhx — 3mx? coto. = 0
SoX= %h tan o
£"(x) = 2mh — 61 x cot o p VD Q
o f (%htan a) =-2nh <0 Figure 15.7

.. The volume of the cylinder is maximum for x = %h tan o.
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(165)

Sol. :

(166)

Sol. :

Maximum volume f{x) = T’MN T %hz tan® o (h—%h)

= 20 tar’ o Ans. : (B)
Which of the following lines passes through the point (1, 2) and forms a triangle of minimum
area in the first quadrant ?
A)2x+y=0 B)2x+y=2 ) 2x+y=4 D)yx+2y=4

Let the given line be £ + % =1.
a

. 1
. The area of the triangle A = 7 ab
| ) 2a
Since the line passes through (1, 2), we have = + = =1. So,b="7_1
a
2
2
A=~ _ oa—1+1 _ 1
1 — a+1+ =
s - -1 __ = a=2ora=0
da (a-1)°
But a = 0 is not possible. So, a=2
2 2
Moreover, A _ ;3 So, d?] =2>0
da* (a—l) da” )=
. The area A is minimum, when a = 2.
. 2a . ..X y
Now, if a =2, then b = P 4. Hence, the required line is St T= 1.
L 2x+y=4 Ans. : (O)

Note : From the options only one line 2x + y = 4 passes through (1, 2). i.e. the required line.

Let P(x) = a, + a,x* + ax* + ... + a x*" be a polynomial in x where 0 < a,< a,... < a,. P(x) has,
(A) no maximum or minimum value (B) only one maximum value

(C) only one minimum value (D) n maximum values and #» minimum values

P'(x) = 2ax + 4ax® + ... + 2na x*" !

For maximum or minimum values, the necessary condition is P'(x) = 0.

so2x(ap+2axr + L+ nax) =0
n

wx=0 (a,> 0)
Moreover, P"(x) = 2a, + 12ax* + ... + 2n (2n — 1)a x** 2
- P'(0)=2a,> 0

. P(x) has a minimum value at x = 0.

Note : All terms of P(x) other than constant term are non-negative. So, clearly a, is

the only minimum value. Ans. : (O)
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(167)  The minimum value of fix) = |3 —x|+|2 + x| +|5 — x| is ...... .

(A)O (B)7 (©) 8 (D) 10
6—3x, x<-2
Sol ) 10—x, —2<x<3
ol. : X) =
x+4, 3<x<5
3x—6, x5
-3, x<-2
) -1, —2<x<3
x =
1, 3<x<5
3, x>5
fis decreasing on (—ee, 3) and increasing on (3, ). So, f has minimum value at x = 3 and
minimum value is A3) = 7. Ans. : (B)
V3 L2 v dvw
= ~1 _ A — — =
(168) If y(x) = cos (3 cos'x), x€[-1, 1], x #x —5, then ) (x* =1 2 X T e
(A) 1 (B) 2 €8 (D)9
Sol. : y = cos (3 cos" x)
ﬂ _ 3sin(3cos_1x)
dx 2
-2 2= 34in (3 cos!
-x7 sin (3 cos'x)
. o2 =2 _ -1
— 5 & I-x 12 3 cos (3 cos'x) W
2
S RS R A A
So=X — (1 —x°) > 'y
NN & + i )
; X - 2 A =9 Ans. : (D)

: Questions Having More Than One Correct Answers :
(169)  Let f{x) be a polynomial of degree 3, where f0) + 2 =0 and f"'(0) = 6. If all three roots of
flx) = 0 are positive integers, then
A) f'(1)=0 (B) 2f(n) + f(0) =0 (©) 2/(0) + f(0) =2 D) f2)=0
Sol. : Let fix) = x> + ax*> + bx — 2 because f"'(0)=6, f(0)=-2

Let o, B, Y € N be the roots of f{x) = 0. So, apy = -5 =

Any two numbers out of o, B, Y would be 1 while the remaining number is 2.

Leta=1,B=1,7y=2,

f"(0)
a=—(o+Bry=—4="75 So, 1(0) = -8
b=op +PBy+oay=5=r0). So,£'(0) =5
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LX) =342+ 5x -2

S 200+ 70y =2
Also, 1 is a root of Ax) = 0 with multiplicity 2, so, '(1) =0 Ans. : (A), (C)
(170)  If f'(sin x) < 0 and f"(sin x) > 0, Vx € R, then g(x) = f(sin x) + ficos x), x € [0%} is

(A) decreasing in (0%)
(B) increasing in (% %)

(C) the function g has local minimum at x =

INFERL

(D) the function g has local maximum at x =
Sol. : g'(x) =f (sin x) cos x — f (cos x) sin x

gx)=0 = f (sinx)cosx =f (cos x) sin x
! ' (T T
=f (sinx)cosx =f {s’n(z—xncos(a—xj

—x [xe[o, gD (f'(sz'n x) cos x T in [Oﬂ)

=
Il

Al N

R

Now, g"(x) =f" (sin x) cos’x +f" (cos x) sin® x — {f' (sin x) sin x +f' (cos x) cos x} (1)
Given, f' (sinx)<0, Vxe R

f' (cos x) <0

Using (1),g" (x) >0, VxeR

.. The function g has local minimum at x = %
. . . . i . . . l E :
. g is decreasing in (0, 4) and increasing in (4 , 2). Anms. : (A), (B), (C)
(171)  For which value of a, does fix) = x> + 3 (a — 7)x*> + 3 (a*> — 9) x — | have positive local
maximum ?
(A)a<-3 B)-1<a<1 C)3<a<4 D)5<a<b6

Sol. : f'(x)=3x2+6(a—Tx+3 (@ -9)
For f{x) to be maximum 7 '(x) = 0
L3P+ 6(@-Tx+3(@-9=0
LxX+H2@-Nx+@-9=0

x=—(a—7)+ I8-14a Q)

x is real. So, 58 —14a >0

29
<l @)

Moreover, f(x) =6x+ 6 (a—7)=6 (x+a—7)
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(172)

Sol. :

(173)

Sol. :

(174)

If x, == (a—7) + y58-14a, then f'(x) = 6,/58-14a >0
If x,=—(a—7)— {58~14a, then f'(x) = - 6,/58-14a <0
- f has local maximum at x, = —(a —7) - \J58-14a -

If this is positive then — (a — 7) — /58—14a >0

7 —a> 1[58—14aA So,a2—9>0

a<-3 or a>3

Using (2) and (3) we have, a<-3or3<a< % ie.3<a<4
i 3t ED )
n—oo 4n_(_1)ﬂ T eeeeen
(A) _73 (B) _73 if niseven. (C) _73 is n is odd. D) 1
If n € N, then
(G
n -3+ —
fim —=AHED” o e 3
R O A el G Vi 4
n
3x2+12x-1, -1<x<2
If oy = o0 T =% then
37 —x, 2<x<L3
(A) fis increasing in (-1, 2) (B) fis continuous in [-1, 3].
(C) 7'(2) does not exist (D) f'has local maximum at x = 2.

fis polynomial. lim fix)= lim flix)=f(2) =35
x—2- X2+

.. fis continuous on [-I, 3].

6x+12, —-1<x<2
Fe =12, 2< x<3
') =24, f'@+) =-1. So, £'(2) does not exist.
f)=6x+12=6(x+2)>0 (-l <x<2)

-~ f is an increasing function in (-1, 2).
Also, fis decreasing in (2, 3).

. fhas a maximum at x = 2. An

7]

_ lim cosTx—x>" sin(x—1)
S = n5e L4 20t 2n

(A) fis continuous at x = 1. (B) 1im fix)=1
x—1
COSTTX O<x<l
) -1, x=1
(©) lim flx) =-1 (D) fx) =
x>
in(x—1
sm(x ), o1
1-x

3)
Ans. : (A), (O)

imit does not exist

Ans. : (A), (B), (C)

-+ (A), (B), (C), (D)
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Sol. : For0<x<1,

}=cosnx (nli_?;x =0)

_im cosTx—x>" sin(x—1)
AxX) = 1 5e 14 2+l 2n

lim {cosn— sin(1-1)

Forx=1, Ax)= ,5. T+ 1-1 }=cos7‘t——l

2n .
_ lim Jcosmx—x"" sin(x-1)
Forx>1, fx)= n—»eo { 14 2n+l_ 2n

COSTX ]

_Lsin(x-1
_ lim P 5 S0 - si?l(x—)l)
n—eo 1 1 -X
x2n+1 +1- X
CcoOSTTX O<x<l
-1, x=1
Ax) =
in(x—1
)y
1- = =
Now, m f(x) = cosmx 1
li ~ _ lim SinG=D o
xlﬁnl1+ Jx) xg?+ (x=1 I
and f(1)=-I. So, h_il fx) = A1)

Ans. : (A), (O), (D)

. fis continuous at x = 1.
(degree n > 2)

(175) Iff: R — R is a polynomial function such that f2x) = f(x) f"(x), then ......

(B) fis one-one but not onto

(A)f3) =12

(C) fix) = x has three distinct real roots (D) fis one-one and onto

Sol. : Let, f{x) be a polynomial of degree n > 2. f(x) =ax" + a_x"'+a_x"2+ ..+ aq,
- f'is a polynomial of degree at most n — 1 and f " is of degree at most n — 2.
Since 2x) = f'(x) f"(x), we have n=n— 1 + n—2. But n> 2. So, n = 3.

. fis a polynomial of degree three.
Let fix) = ax® + bx> + cx + d
Since A2x) = f(x) f(x), we have, 8ax+ 4bx*> + 2¢cx +d = (3ax?*+ 2bx + ¢) (6ax + 2b)
o 8ax? + 4bx? + 2ex + d = 18a’ + 18 abx* + (4b* + 6ac)x + 2bc
- 8a=18a% 4b =18 ab, 2c = 4b* + 6ac, d = 2bc
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. a=%,b=0,c=0,d=0

s f(x) = %x3

~. f(3) =12, fis one-one and onto.
and if fix) = x, then 437 =x

wox =0, i%
f(x) = x has three distinct real solutions. Ans. : (A), (C), (D)

n

L4 . -
[tan(ysinx)dx and Q = lim J(l—%) e3 dx, then
0

n—soo
0

(176) 1fp=m %

(A) 3Q =4P (B) 3P =4Q OC)P+2Q=5 D)2P+Q)=7

T
jsindx =2
0

tan(y sinx) de _
ysinx B

T
Sol. : P = lim J.sinx
y—0 5

n
i J NN
o= Jm J (1] &
0

n
_ lim Je"[lf‘l} 5 ”
0

n—oo

n
lim J'

I e ]
0

n
lim _2,
= n—)ooj e 3 dx
0

_= 2 n—eo

3 2
lim |£ -3 1 -3 3
= e > _ =2 lim [e 3 _1} = 3

“P=2,Q=13

~3P=4Q,P+2Q=52(P+Q) =7 Ans. : (B), (C), (D)

(177)  If the curves ax®> + by?> = 1 and ax® + by? = | are orthogonal to each other, then

-1
a

1 1 L
(D)a_b bs

~~
™
p—
Q |~

1 _ 1 1 1 1 _1 1
tr==-= O=--7==+=
b b ()a b b

d
Differentiate with respect to x and we get, 2ax + 2by d_ic) =0
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_dy  —ax

T T by

Similarly for the curve ax?+ 5)? = 1 we have, m, =

If the given curves are orthogonal, then m, m, = —1.

(5 (3 -

Soaax? + bby? =0

Now, ax? + bhy? = 1

ax’+ by =1
e
b'—b a_a ab-a’b
(b’-b) . (a-a’)
ab'-a'b bb ab'-a'b =0
b-b N a-a ~0
bb’ aa’
l 1,1 1_

b b T a0
1 _1 1

“a b a b

er 0<x<1

>

(178) If fix) =

x—e,

2—6x_1, 1<x<2 and g(x):
2<x<3

(ab' #db)

Second method : (a —a')x*> + (b —b)?> =0
and aax* + bby* =0

2

Y _a-a’_aa’
2 b-b b’
a-a’_b-b’
aa’ bb’

Ans. :

ff (t) dt, then
0

(A) g has a local minimum at x = e and a local maximum at x = 1 + log 2.

(B) g has a local maximum at x = 1 and a local minimum at x = 2.

(C) g has no maximum value.

(D) g has no minimum value.

e” 0<x<1

>

Sol. : g'(x) = 12-€"", 1<x<2

x—e , 2<x<3

For maximum or minimum value, g'(x) = 0.

For 0 <x < 1, we have ¢* > 0. Also let 2 — e¥! = 0 for some x such that, | <x <?2.

(D)
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. x=1+log2

and for 2 <x <3, we havex = e if g'(x) =0

" M 1<x<2
Nowg(x):{ 1, 2<x<3
g (1+log2)=—l®=-2<0
g (@=1>0
*. g has a local minimum at x = e and a local maximum value at x = 1 + log2 Ans.
" n
(179)  If the curve (5) + (%) = 2 touches the line % + % =2 at (a, b), then n has ......
(A) only 2 values (B) only 3 values
(C) only 4 values (D) any non-zero real number as value
" n
Sol. : (i) + (%j =2 Clearly (a, b) lies on the curve

Differentiating with respect to x,

n
a

-1
@Yuﬁ;ﬂ Ly
a b b dx
n—1
_n(x
dy a(a) (dy] b
- o — So, d_ - =
X Jab) a

*. The equation of the tangent at (a, b) is y — b = —§ (x — a).

“ay—ab=—bx + ab

. _ x X
. bx + ay=2ab So,a+b 2
*. For n eR — {0} the line % + % = 2 touches the curve. Ans. :

(180)

X+y 2 +2 -4
Let a real function f be such thatf{ 3 j _ 2/ 6f(y)

(A) increasing on R (B) decreasing on R

(C) increasing on (0, =) and decreasing on (— <= ,0) (D) no decision about f

Sol. : Substituting x =y = 0 in the given equation.

A0y = 2182 So, f(0) = -2 (1)

Substituting y = 0 in the given equation.

3

y f(l)zzzf(0+2fan—4 _2f@-4-4 _ f(n-4

6 6 3

: (A)

(D)

(x, y € R). If f(0) =2, then f'is
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. f(ﬁ) _ -4

3

3

So, f(Bx)=3f(x)+4

_ L h)—
Now, ' (x) = lim fx+ 2 S (x)
| f[3x+3h )—f(x)

— lim 3

h—0 h

2f(3x)+2 f(3h)—4

_ lim 3 —f)

h—0 A
Cm 2FB0+2fB-4-6f(x)
T >0 6h
Cim 6 ()+8+2f(3h)—4-6 f(x)
T >0 6h
_ 1im SGM+2
T >0 3h
_1im S G - f(0)
T h>0 3h
= f(0)=2

fx)=2x+c

(181)

fis increasing in R.

If the tangent at P (af?, af’) to the curve ay? = x

(B) -1 © £

3

)

(From (2))

(From (1))

(f'(0)=2)

Ans. : (A)

meets the curve again at Q(z"), then

The equation of the tangent at P (af?, af’) is y — at®> = % (x —a®)

This tangent meets the curve again at O(¢') = Q (at”, at®).

s From (1), a (1° - ) =

ﬁ 12 42
> a(“— )

S+ P) 2 =38 (D)
S2°—1t-12 =0

=D QI+ H=0

Ca— L
ol >

(D) -3
)
" #1)
()] Ans. : (D)
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(182) If y = alogx + bx? + x has its extrema at x = —1 and x = 2, then
(A) a=2,b=—1 B)a=2,b=5 ©) a=-2.b=7% (D) None of these

Sol. :y = alogx + bx? + x has extrema at x = —1 and x = 2.

dy
' — =0,atx=-landx=2
dx

. %+2bx+1=0,atx=—1 and x =2

., —a—2b+1=0and%+4b+1=0

'.a=2ar1db=_71 Ans. : (B)

(183)  For the curve y = x° the tangent at any point P (P, # (0, 0)) meets the curve again at P,, the
tangent at P, meets the curve again at P, and so on. X-coordinates of points P,, P,, P,, ... P,

are in ......
(A) arithmetic progression (B) geometric progression
(C) harmonic progression (D) arithmetico - geometric progression
Sol. :y=x*
dy .
i 3x2. Let a point on the curve be P, (h, /°).

o )
I e b =3h

The equation of the tangent at P, is y — #* = 3h* (x — h)

S(x—h) (X2 +xh+ W) =31 (x—h) (For intersection with the curve.)
SxP+xh—-20*=0 or x =h

Cx-hx+2n)=0 (x # h)

. x=-2h. So, y = -8

. P, (-2h, —81?)

*. X-coordinate of P, is —2(~2h) = 4h and y-coordinate 64 h*

Py =(4h 64h%)

Proceeding similarly, we can see that X-coordinates of P,, P, P,, ... P, are h, —2h, 4h,... forming a

geometric progression. Ans. : (B)

(184) If the tangent at P (%) to the curve x = sec? 0, y = cot 0 intersects the curve again at Q, then

PQ = ...
3 1
(A) V15 B) 35 ©) 515 (D) 2415
dy —cosec” O 1 dy 1
Sol. : — =—"—"—=-= co’ 0 So, | == = -3
dx  2s5ec?® tan® 2 (dx =z 2

4
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F0r9=%wehavex=secz%=2,y=cot%=l

The point on the curve P(%) isP (2, 1).

The equation of the tangent at P is, y — | = —% (x—2)

x+2y—-4=0 (D)
Now, x = sec® 0, y = cot 0 for the curve
0 can be eliminated by using the formula sec?> 6 — tan* 6 = 1. So, x — Lz: 1
y
The equation of the curve is y? = xl—l )
4-
By (1), y = 5=
2
For the point of intersection, substitute y = 4% in (2). So (4;“ ) = xl—l

(>-8x+16)(x—-1)=4
X —9x?+24x-20=0
(x=2) (P=Tx+10)=0
(x 20 (x-5)=0

. x=2o0r5
If x=2then y=1.If x=75, then yZ—%
. We get P(2, 1) (which is given) So, 0= (5, —%)
2
* = — 2 l = ﬁ M
. PQ J(s 2) +(1+2) ; Ans. : (B)
(185) If the tangent to the curve y = ax®> + bx + % at (1, 2) is parallel to the normal to the curve
y=x*+6x+10at(-2,2),thena=.....,b=....
5 5
A)-1, 3 (B)3.-1 ©) 1.-3 D)-3. 1
Sol. :y=ax? + bx + < So. 2~ o+ b
ol. :y=ax x + 3 0, oo = 2ax
d
So (d—yj =2a+b
*J2)
Also, since the point (1, 2) lies on the curve, we have, 2 =a + b + % So, a+ b= —% (1)
Now, y = x> + 6x + 10
dy
T 2x + 6
. [ﬂ) =2
dx (~2.2)
So, Slope of normal = —%. By given condition, 2a + b = —% )
Solving (1) and (2) we have,a = 1,b = -3 Ans. : (O)
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(186) If p, and p, are the lengths of the perpendiculars from origin to the tangent and normal to the

2 2
3:

2
2 2 2 2 —
curve 3+ Y3 =43 then 4p*> +p,> = ...

(A) 42 (B) 22 €) & (D) 32
Sol. : Parametric equations of given curve are x = a sin®> 0, y = a cos> 0

dy _ —3acos>Bsind _—cosH

dx  34s5in*0cos0 sin®

—cos0
sin®

The equation of the tangent is y — acos® 0 = (x — asin® 0)

. X cosO + y sin® = asin @ coso

The equation of the normal is y — acos® 6 = jlo’;g (x — asin’® 0)
. x sin® — y sin® = — a(cos*0 — sin*0)
. x 5in® — y cosO = — acos20

*. The equation of the tangent is x cos0 + y sin@ = 2 in 20

2
—Qsin29| a
= 2 = Esin29|
cos*0+sin’0
. p, = la cos 20|
. 4p12+p22 - & Ans. : (C)

3 2
(187) F(x) = XT + % + ax + b. If F(-2) = 0, then how many ordered pairs (a, b) are possible

for which F becomes minimum at P(-2, 0) ?

(A)0 B) 1 (€)2 (D)3

3 2
Sol. : F(x) = & +%+ax+b

F(-2)=0=2a-b= 2
Fx)=x*+3x+a
F(-2)=0=a=2
TP =X +3x+2=(x+1)(x+2)
“F(x) =0 = x=-1 or 2
“F'(x)=2x+3
For x = -2 we have F"(x) = -1
. We want F to have minimum value at x = -2. But F"(-2) = —1.

*. No ordered pair (a, b) exists such that F has a minimum value at (-2, 0). Ans. : (A)
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: 'Match the Following' Type Questions :

(188) Section 1 Section 2

(P) The area of the largest rectangle inscribed (i) 23

in an equilateral triangle of side 4.
(Q) If the largest distance between points on @) 0O
curves x> +3? —2x —2y + 1 =0 and

x>+ 37— 10x + 4y + 20 = 0 is 31, then

(R) Ifx*-3x>—x +3, x e [0, 4] has (i) 9
maximum value 5k, then k= ......

(S) The minimum value of cos*x — 6 cos*> x +5 | (iv) 3

(P) Q (R) (S)
(A) (iv) (iif) (i) (1)
(B) (@ (i) (iif) (iv)
©) (@ (iif) (iv) (i)
(D) (@) (iif) (i) (iv)
Sol. : (P) Let PQ=x

. _4-x
. BP = 3
In A BPS, we have PS = 4;6 tan 60° = % 4 —x)
A
.. The area of the rectangle PQRS
s = Bu-nx
R
- B oo S
2
LdA B,
i N CER)
5 B P Q
. dA _ _ d*A .
LB -0 x=2 - V3 <0 Figure 15.8

*. A is maximum at x = 2. Maximum A = %(4 —-2)2 = 2\/5 P) = ()

Q) S, :x*+)*—2x—2y+1=0isacircle. Centre C, (1, 1), radius r, = 1.

S,:x*+)*—10x + 4y + 20 = 0 is a circle. Centre C, (5, -2), radius r, =3
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2

Figure 15.9

Maximum distance, AD =C, C,+r, +r,=5+3+1=9 (Q) — (iii)
R) y=x-3x>-x+3, x e [0, 4]

d _

D)= 3 —ex_1-0= x= 8B 64

dx 6 6

Y'=6x-6=-4./3<0, (taking x = 6_2‘/5)

Now, global extreme value of y can be obtained at x = 0 or x = 4.

A0) =3, f(4) = 15, local maximum is smaller as 6-43 <0

. The maximum value 15 = 5k = k=3 (R) = (iv)
(S) y=cos*x—6cos*’x+5
Let cos?x =t then 0 <r<1
Soy=£-6r+5 0<r<1 So, % = 2t — 6 < 0. y is decreasing function.
For t € [0, 1], y has minimum value at ¢ = 1.
p— () — (i)
Shorter method : In (S) and (R) two options are the same
Solving (S), we get (S) — (ii).
(S) = (ii) in only (C). Ans. : (C)

X
(189) For the curve y = I2It|dt, the equation of the tangent parallel to the bisector of the first

quadrant ......

3 3 1 1
A)y=xtl B)y=xt5 (Oy=x+3.y=x—7 D)y=x+=

X
Sol. : y = [2Itldr
0

. .. . d
Differentiating with respect to x, d—z =2 |x|

=1

Required tangent is parallel to the line which is a bisector of the first quadrant that is y = x. So, ay

s 20 =1 So.x=+ 7

).

ENg IS

.. The point on the curve is (i%
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The equation of the tangent y — % =1 (x—(+%)).
Ans. : (C)

. y=x+i andy=x—%

(190)
If the area of A OAB is minimum, then P is ...... .
() (. 0) (B) (0. i3) (©@2.3) o)1, 382,
X2 y2
Sol. : The equation of the tangent at any point P(acos®, bsin®) on the ellipse =5 + T I is
a
xcos9 N ysin® .
a b
This tangent intersects axes at A (L,O), B (OL) :
cos0 sin®
‘. The area of AOAB = + o = i
’ 2 sinBcosO sin20
If this area is minimum, then sin 20 is maximum.
.q=- L
s.0= 4
. V8 18
. P(acos©, bsind)= (ﬁf =(2,3) (a=J§,b=J§) Ans. : (O)
(191)  If the line (3 — a)x + ay + a®> = 1 is a normal at some point of the curve xy = 1, then a €......
(A) (0, 3) (B) (0, =) ©) (. 1 (D) (o=, 0) U (3, =)
A dy _ _L
Sol.-y—x. So,a— 2
The slope of the normal x> > 0
The line 3 — a)x + ay + a*> — 1 =0 is a normal.
B S A
a a
v a€(—e, 0) U (3, «) Ans. : (D)
(192) The curve y = ax® + bx> + cx + 5 touches X-axis at a point P (-2, 0), Y-axis at a point Q
and slope of tangent at Q is 3. Then a, b, c are ...... respectively.
1l 3 L3 231 L3
@A) -1.-3.3 ®)3. -1, -2 ©-2.-13 (D) 5. 3.
Sol. : The curve y = ax® + bx*> + cx + 5 intersects Y-axis at Q (0, 5).
(&)
dx 0.5)

4

2
The tangent at any point to the ellipse % + f—g = 1 intersects coordinate axes at A and B.
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2
. [3ax +2bx+c]x=0 =3 So, ¢ =3 (1)

dy
Also, (51 o) 0 (The curve touches X-axis at the point P(-2, 0))

“12a—-4b+c=0 So, 12a-4b+3=0 (2)

Also, P(-2, 0) lies on the curve.
So8a+4b—-2¢+5=0. So, 8a+4b—-1=0 3)

Solving (2) and (3) we get a = —%, b= —% Ans. : (A)

(193) At which point of the curve in the first quadrant @y = x3, @ > 0, the normal makes intercepts of
equal length ?
a 8a 8a 4a 8a 4a —8a
@ (%) ®) (4. %) © (5-%) ® (537
Sol. : Let the requird point be (x, y,).

2 3 X
ay=xp. So,y, =% %

.. Differentiate ay? = x> with respect to x

dy
2ay = = 3x?
ay e X
2
o | dx (x1,y1) 2ay, - x13 ) o
2a4|—
a
_2 |a
.. The slope of the normal = 3

We know that the slope of a line which makes intercepts of equal length on axes =+ 1.

2 |a 4 4 4a

. i_ — :+ — = T e—

- 13 ‘/)ﬁ +1. So, 9 X 1. So, x, 9
64 o> 8a
. =+ =+ 2£
"N 9 - 27

4a 8a

*. The required point in the first quadrant is (? 27). Ans. : (C)

(194) Let a triangle be formed in the first quadrant by a tangent to the curve fix) = x>+ bx — b at
(1, 1) and coordinate axes. If the area of this triangle is 2 square units, then b = ......
(A)-1 B)3 ©)-3 D)1
Sol. : fix) =x>+bx—b So, fi(x) =2x+ b
We have f(x) =2+ b at (1, 1).
The equation of the tangent at (1, 1) isy—1 =2 +5b) (x - 1)
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b+1
This tangent intersects X-axis at A (moj and Y-axis at B(0, —b—1).

The area of A OAB =2

.1 (b+1) 5 B
S 2(b+l)b+2 =2 So, b*+2b+ 1= —4b-8
S bP+6b+9=0 Hence, (b +3)> =0
Sob=-3 Ans. : (C)
1
(195) The equation of the tangent to the curve at y = x3 (1 —cos x) at x = 0 is ...... .
(A)y=0 B)x=0 ©y=1 D)x=1
p 1 _2
. _ay 3 . B 1 3
Sol. : f(x) == X7 sinx + (1 — cos x) 3 x
The function is continuous and differentiable at x = 0.
1
. . 1l . hgsinﬁsinﬁ
| 0+h)—f(0 1 3(1— 1 2 2
£ = 5y LEEEIO = I B dcos) = 1 —2—2 =0
2
Also, since x =0,y =10
The equation of the tangent is y = 0. Ans. : (A)

(196)  If the line joining points (0, 3) and (5, —2) is a tangent to the curve y = ﬁ, then ¢ = .......

(A1 (B) -2 ©4 (D)8

342
Sol. : The line joining (0, 3) and (5, -2) is y—3 = 0+T5 x-0)=—x

. x +y—3=0 is a tangent to the curve at some point.

For point of contact (o, B), o+ —-3=0 (D
_ < dy _ _—c
Now, y = 717- So, — i1
(ﬂj - —= =1 The slope of the line x +y — 3 =0 is -1 2
g T @r)? (The slope of the line x + y — is —1) #))
¢ = (u+1)? and B = ozi—l ((ot, B) lies on the curve)
¢ =1
2
<
5)
“B? =c or B-a)Y=c=(a+ 1)
S3-a=x(a+1)
“3-oa=0+1 So, o =1
Ans. : (C)

Le=(+1P =4
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tanzx—cot2x+l

?
tan2x+cot2x— 1

(197)  Which of the following statement/s is/are true for the function f'(x) =

(A) f(x) has a local maximum value % (B) f(x) has a local minimum value —1I

(C) fix) does not have global maximum value. (D) f(x) does not have global minimum value

2 2 4 2

tan“x—cot“x+1 tan x+tan”x—1
Sol. = f(x) = tan®*x+cot’x—1  tan*x—tan*x+1
AR |
Let tan x = t. 2(t) = A2
, 4 + 815 48 (2-1%)
g = =

2 2
(t4 —t2 +1) (t4 —t2 +1)

For maximum or minimum, g'(¢) = 0
Sor=2 (t = 0 is not possible.)
In the neighbourhood of 2 = 2, g'(f) changes sign from positive to negative.

.. g(1) has local maximum value when 2 = 2

5
g(J2)=3
.. The function f has a local maximum value as %
Also, f'has no minimum value. Ans. : (A), (D)

(198)  f(x) = ax® + bx*> + cx + d is an increasing function where a, b, ¢, d € R and 3b*> < 2.
X

Let g (x) = af" (x) + bf" (x) + 2. If G(x) = Jg(f)dt, o € R, then for o <x < o +1
o
(A) G(x) is a decreasing function (B) G(x) is an increasing function
(C) G(x) is neither increasing nor decreasing (D) G(x) is a one-one function
Sol. : f(x)=ax®+bx>+cx+d

f(x) =3ax*> + 2bx + ¢ >0 ( f (%) an increasing function)
. a>0and 4b> - 12ac <0

. a>0and b* < 3ac
Moreover, g(x) =a f(x) + b f'(x) + ¢?
Sog(x) = a@Bax? +2bx + ) + b (6ax + 2b) + 2
= 3a’? + 8abx + 2b*> + >+ ac
A = 64a’h* — 4 (3d®) b + & + ac)
= 4a® (106% — 3¢? — 3ac) < 4a* (10h> — 3¢ — b?) (b < 3ac)
A < 4a (9 — 3 = 124> (3B* — 2) < 0 (b2 < 2)
g(x)>0,VxeR
x
G(x) = _[g(t ) dt is an increasing function.

o
G(x) is a one-one function. Ans. : (B), (D)
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(199)

The tangent at P to the curve y = x tan o0 — % zx—z o e (0,

(Y]

2
y =x + 5. If y-coordinate of P is MT’ then o = ......

(A) 15 B) ¢ © 7 D) 5

Sol. 1y =xtan o — % = 5

dy X

Jo=— =lan O —

dx u* cos’ a

The tangent is parallel to the line y = x + 5. So, - = 1

= =1

tan o0 — ——— =

(200)

Sol. : If the radius of the cylinder is 7 and the height 4, then

. (x:_

The volume of cylinder V = m2h

u COS2 a

u2

. x=(tan 0. — 1) 1? cos* o, and y = %~ (given)

4

2
Substituting in y = x fan 0. —= ———— ,
g y 2 MZ COS2 o

2
. MT = (tan oo — 1) u? cos® o, [tan a—%(tan OC—l)}

tano+1
= (tan o. — 1) cos* o [ > }

ENJIE

= cos® o (tan* o. — 1) = sin®> o, — cos> .= — cos 20,

0=

. _ 1 _ 2t I
. cos200= — 7. So,20= 3 (06(0,2))

’3‘ Ans. : (D)

The height of the cylinder inscribed in a sphere of radius R and having maximum volume is ..... .

2R
3

) 7 ®) 5 © 3 (D) R

2
(%) +r =R (R = the radius of the sphere)

. W2 _ p2
s 4 =
7 7 R

ZZszﬁ

4 4

Figure 15.10
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2 3

_ 2 h - 2, h
=n|R°——=—h = mW|R“h——
[ 4] ( 4]

2 2
av _ 2_3h" | _ 2_3h" | _ 2 = 32 _ 2
dh—ﬂ:[R 4] —0:>TC[R 4]—0. SO,R—4h. So,h—ﬁR
v _ (0_@) — _3 14 Since h :LR h dz—V<0
o 2 5 mh. Since V3 Rwehave ~ 5
2
. When 7 = = R, the volume of the cylinder is maximum. ns. :
When A 5 R, the vol f the cylinder i i A A)

(201) How many solutions does the equation x> + 2x> + 5x + 2 cos x = 0 have in [0, 2rt] ?
(A)0 (B) 1 ©) 2 D)3
Sol. : fix)= x*+ 2x> + 5x + 2 cos x

SSf(x) = 3 +H4x+5-2sinx

2
3 (x+%) +1—31 -2 sinx

11

Now, 3 —2sinx>0,Vx -1 <sinx<1)

Sf(x) >0, Vx So, f'is an increasing function.

Moreover, f0) = 2. Also, fix) > f0)

S fi)>2

. fix) = 0 has no solution in [0, 27]. Ans. : (A)

3 = |

(202) The minimum value of the function flx) = x2+ x2 —4 (X+;) is ... .

(A)O (B) 10 (C) -10 (D) does not exist

3, L 1
Sol. : fix) = 3 +—5 —4 (w+1)
X
1
Substituting 7= [y we get 1) = £+ 3 -4 [tz +t%] (t>0)

10 = o -2 1] -2 (o8

~—~—
+
<]

Substituting t+% =aq,

fla)=a® —4a*> -~ 3a + 8, where a>2 (t>0)
fl@)=3a*>-8a—-3=QBa+1)(a-3)

f@=0=a=-3or3

But a = 2. So,a=3

In [2, 3), f'(a) <0 and in (3, o), f'(a) > 0

The minimum value A3)=3>-4-3>-3-3+8=-10 Ans. : (C)
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(203)

If the function f{x) = 2x* — 9ax?> + 12a’x +1 has a local maximum at x = x, and a local

1
minimum at x = x, where x, = x,?, then a = ......

(A)0 (B) § © 2 (D) (A) or (C)

L : f(x) = 6x> — 18ax + 12a°

For the maximum or minimum values, 7(x) =0
Sox?-3ax +2a* =0
Sx—a)(x—2a) =0

Sox=a or 2a

Now, x, = x 2, so a < 0 is not possible. So,a >0

2

If a =0, then f(x) = 6x>=0

.. fis increasing function which is not possible. So, a > 0

f'(x) =12x - 18a

(204)

Sol. :

(205)

dy _ T o_
We have — tan

=6 (2x — 3a)

*. The function f'has a local minimum at x = 2a and a local maximum at x = a.
. x,=aand x, = 2a

SL2a=a*=>a=2 (a#0) Ans. : (0O

If a tangent to the curve y = f(x) at the point whose x-coordinate is 1 makes an angle of

T . . .
measure =, makes an angle of measure Z at the point whose x-coordinate is 2, and makes an

6’ 3
angle of measure % at the point whose x-coordinate is 3 with positive direction of X-axis, then
3 3
[roofmad 4 [froode-
1 2
4 4 3 4-343
) 2L () 2 () &2 (D) 4243

6 atx=1. So, f(1)= % Similarly, £(2) = /3. /() = 1

al~

f13)
jf (x) f"(x)dx + J.f"(x)dx = J tdt + [f (x)] (taking f'(x) = t, we have f"(x)dx = df)
£

- L[e] s
~Llirer-tror|vi- 3

- % [1—%] +1-3 = 4_3‘/5 Ans. : (D)

If the tangent to the curve x> — )? = 0 at the point P (4m?, 8m°) is a normal to the curve at

some other point Q, then 9m? = ......
A1 (B)2 ©)3 (D) 4
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Sol. :y? = x3 1))

2 % - 32, So, &

dy 3.16m*
(ij:4m2 YT 3m
The equation of the tangent at P is y — 8m* = 3m (x — 4m?)
Sy =3mx — 4m?® #))
This tanget meets the curve at some other point Q.
.. By using (1) and (2), (x — m?)(x — 4m*)? =0.  So, x = 4m* or m*
If x = 4m?, then y = 8m* which are coordinates of P.
o x =m?and y = -m? (From (2)). So, Q is (m?, —m?)

.. The slope of the tangent at Q is

L)~ 3, So. slope of th ==
dx |_, = ~7m So,slope of the normal = -
It tangent at P is normal at Q, then

2 =3y Hence, 9m? = 2 Ans. : (B)

3m

(206) The measure of the angle between the curves y = [x*> —1| and y = |x? 3| is ......

(A) tan™ [#] (B) tan™! [#] ©) tan™! [#] (D) tan-! [TJ

x? -1, le >1

Sol. : Given curve y = { and (1)

1-x* |4<1
2-3, W23
y= {3_)52 i< V3 @
First we find points of intersection of the two curves.
2 = 1] = |x* - 3]
Cxt-1=%(x*-3)
“x=%2 and y=1
.. The points of intersection are A (\/5 , 1)and B (—\/5 , 1).
We find the measure of the angle at A(\/E , ).

dy d
By using (1) we have, 7= 2x So, (d_)ych =22 =m,. Similarly, m, = — 242

1
42

7

m —my
tan 6 =

1+m1m2

. @ = tan” L&]

At point B also, we get the same measure. Ans. : (A)
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(207) Let f(x) exist for the function f, for all x € R. Let h(x) = fix) — (f(x))> + (f(x))’, x € R. Then
(A) If fis increasing, then 4 is also increasing.
(B) If fis increasing, then /4 is decreasing.

(C) If fis decreasing, then # is increasing.
(D) Nothing can be said about 4.

Sol. : h'(x) = fi(x) — 2fix) f(x) + 3 fix)* f(x)
=370 |F@?-2rwd]

=370 | (Fe0-1)+2]
If f(x) > 0, then A'(x) > 0
If fis increasing then /4 is also increasing. Ans. : (A)
(208) If fix) = x*> + 2bx + 2¢? and g(x) = — x> — 2¢cx +b? are functions such that min f(x) > max g(x),
then what is the relation between b and ¢ ?

(A) norelation (B)0<c<% (©)lcl<|b] 2 (D) lc|> 6] 2
Sol. : Here, fix) = x>+ 2bx +2¢*> = (x + b)> +2c2 - b?

somin fix) = 2¢* — b?

and g(x) =—x*—2cx +b> = b*+ *—(x +c)?

comax g(x) = b> + 2

Now, min fx) > max g(x)

S22 b > b+ P So, ¢ > 2b? So, || > /2 |b] Ans. : (D)
(209) The angle between the curves y = [ |sin x| + |cos x|] and x> + )? = 10, has measure ......

where [x] is an integer part function.

(A) tan! 3 (B) tan™t (-3) (© tan' B (D) tan [%]

Sol. : [sin x| + |cos x| = \/(|Sinx|+|cosx|)2

= 1/1+Isin2x|

Now, 0 < [sin 2x| < 1

sl [Jelsin2xl € 2

s [lsin x|] + Jcos x|] =1

Soy=1 (1) and ¥ +3y2=10 (2)
Solving (1) and (2) we get points of intersection as (3, 1), (=3, 1).

Now, x*> + 32 =10

dy _x

" odx y

&) &)
-\ dx ) =-3and | gy . =3
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dy

Also, fory =1, T =0=m,
.. The angle between the curves at (3, 1) has measure

-3-0

T 30| — tan' 3

tan

The angle between curves at (-3, 1) has also measure fan' 3. Ans. : (A)

2
(210) A tangent is drawn to the ellipse % + y* =1 at the point (3 3 cos 8, sin 0). For which value of

0, is the sum of the intercepts made by this tangent minimum ? (96 (0, %))

(A) (B) £ © § D) 7

2
Sol. : The equation of the tangent to the ellipse % +y =1lat(3 \/g cos 0, sin 0) is

xcos0
33

The sum of the intercepts s = 3 \/5 sec O + cosec O

E]
SN—
SN —

+ysin®=1 (96(0’2

ds =3\/§secetan97cosececot9

~ 48
.. 3+/3 sin0 cos©
For s to be minimum 4 - 0. So, J_Szln -— =
de cos“ 0 sin“ 0
1 3
—— =tarm’ ©
33
x fefe3)
tan 0 7 So, 6 c I

2
Moreover, % = 33sec 0 tan? © + 3+/3 sec® O + cosecOd cor?© + cosec® O

gy
“ldx p_n >0

6

*. § is minimum at © = % Ans. : (B)

211)  Let fix) = (1 +x)" — (1 + nx), x €[—1, ). f has ........
(A) global maximum at x = 0.
(B) no global maximum or global minimum at x = 0.

(C) global minimum atx =0
(D) we can't say anything about maximum or minimum at x = 0

Sol. : fix) = (1 +x)"— (1 + nx)
s ') =n(1 +x) - So, f(0) =0

Also for x>0, f(x)>0

~. f is increasing on [0, o).

s fix) 2 0)=0 V x € [0, o)
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Now, for -1 <x<0,0<1+x <1
S+ -1<0

.. fis decreasing on [, 0].

S )2 £f0)=0 Vxe [-1,0)
S )2 £/0)=0 V x € [-1, «)
.. fhas global minimum at x = 0. Ans. : (C)

(212) A tangent and normal drawn to the curve )? = 4ax at the point P(af?, 2af) intersect X-axis at T
and N respectively. The angle between the tangents drawn at the point P of parabola and the
tangent drawn at the point P of the circle passing through T, P, N has measure .....

(A) tan™ ¢ (B) cor! 2 (C) tan™ 1| (D) cor™ |t
Sol. : The equation of the tangent to the curve y* = 4ax at the point (x,, y,) is yy, = 2a (x + x)).
.. The equation of the tangent at P (ar%, 2ar) is
ty =x + ar )
The slope of the tangent = %

This tangent intersects the X-axis at T (—ar?, 0). )
The equation of the normal at this point is y = —x + 2at + af®

It intersects X-axis at N (2a + ar?, 0). The circle passing through the points T, P, N has end

points of diameter as T and N because TP and NP are perpendicular to each other.

.. The equation of the circle is (x + ar) (x — 2a — a?) +3? = 0.
xr+y? - 2ax —af Qa+at*) =0

Differentiating with respect to x we get,

Y

a—Xx
2x+2y%=2a SO,%:T P

dy ) 2 2
= a—at 1—t¢ . .

= = — which is the
(dx (ar® ,2at) 2at 2t

—
z

slope of the tangent at P for circle. 3)
From (2) and (3),

A
\ 4
>~

1 1-12

2 | | 2U—t+1 | |t+t3|

2 =
1+1_—t2 |2t2+1—t2
2t

tan 6 =

" 0 = tan | Figure 1511 ope @ (0
x3+x2—10x, -1<x<0
(213) Let fx) =1 sinx, OSx<§, then f

1+ cos x, I <x<n

(A) has a local maximum at x = = (B) has a local minimum at x =

ja wla

(C) has global minimum at x = 0 (D) has global maximum at x =
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3x2 +2x-10, ~1<x<0

Sol. :  f(x) =qcosx, 0<x<%

—sinx, L cx<n

The function f'is not differentiable at x = 0 and x = %

because £(0-) = ~10, /(0+) = 1 £ '(Z-) = 0.7 (Z+) = -1
b b 2 b 2

.. Critical points of fare x = 0, %

For 0 <x < %, we have f(x) > 0 and for % <x<m, f(x) <0.

.. fhas local maximum at x = %
Also, for —1 <x <0, we have f(x) <0 (=12 <f'(x) <-7) and for 0 < x < %, we have f(x) > 0.
.. fhas local minimum at x = 0. Also f'has global minimum at x = 0. Ans. : (A), (C)

(214)  If the triangle formed by a tangent at any point of the curve x”y = @” and coordinate axes has

constant area, then n = ......

@A) 1 (B) 2 © 3 (D) 1

Sol. : x"y = a"

- dy dy _—hx 'y _ -ny
"y +x"—= =0 So, = =
Y dx > dx X x
. d Yo
Let (x,, y,) be any point on the curve. So, | 7x = -
(%0, 0) X0
The equation of the tangent at this point is y —y, = I (x —x,)
X0

If this tangent intersects X-axis and Y-axis at A and B respectively, then

1+n
A (xo (Tjoj and B (0, (1 + n) y,). O is the origin.

Area of A OAB (lzn)

1
5 x0(1+n)y0

2 an
A+n? 4

_ 1 .
-3 & 0 ((x, v,) lies on the curve)
- L +n)’ 1
n x(’)l—l
If this area is constant, then xo’"1 =1
n—1=0. So,n=1 Ans. : (D)
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215)

2

X +x+2

- <

245016 = 0, then the parameter a € ...... .
A) 6 B)(343.245)

Sol. :y=1+a%—x°

dy _ » 2 dy _
m a-—3x°. Let — 0
d’y S B
d_2 = — 6x. So, y is minimum at x = —
X

Now, forany x € R, x*+x+2>0

X +x+2
YT o <0+ +6<0
x“+5x+6

2
. Ifx = —=%&, we should have, [—%] — 54

NG
“a-5Ba+18<0

“(@-2)@-3B)<0
wae3,33)

2
(216)  For which value of a is f(x) = _{_bz—ab—Z
b> —3b+4
onR?
A) (-1,2) (B) (0,7)
- bz—ab—2+1 ;
Sol. 2 /) =~ 37 3pra ¢ 3% 083
- bz—ab—2+1 \
SOV =2 apra | X 73

If fis a decreasing function on R, then f(x) < 0,

bz—ab—2+l <0
| b2 -3b+4 =

bz—ab—2+1 -
“ | b2 -3b+4 =

2b% —b(3+a)+2
b2 —3b+4

The point at which the function y = 1 + a?x — x*

(©) 243.34B3)

is minimum with x satisfying the inequality

(D) (33, 23) U (243, 3+3)

So, a*> — 3x>= 0. Hence x = J—r%

%

L 4+ 6<0
V3

Ans. : (C)

+1]x5 —3x + log 5, b € R a decreasing function

© [-7.1] D) 2. 7)

Vxe R
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B -3b+4>0@sA<0,a>0)and26> - b (B +a)+220

@17)

= B+a)X-42)2)<0 A<0)

=9+a*+6a-16<0

= a+6a-7<0

= @+7@-1)<0

= a€ [-7,1] Ans. : (C)
Composite function £, (£, (; (...(f, (x))))) is a decreasing function. Among given » functions r
functions are decreasing functions and remaining functions are increasing functions. Maximum

value of r(n—r) is ........ .

(A) n24_4 ,n=4k, ke N (B) %, n even number
©) ”24‘1 . n odd number (D) é n=4ak+2 keN
Sol. : Let g(x) = f, (f, (f; (...(f, (X))
2(x) is a decreasing function. So, g'(x) <0
Now, g'tx) =1 (f, (f; (..(f, M) * 1, (f; (.(f, ()-..) * (F,, (£,(x)) * [, (x)

Since g'(x) <0, among » terms above an odd number of terms must have negative values.

r functions are given to be decreasing.

*. ris odd. We have to find maximum value of  (n — r).
Let P)=m—-r,0<r<n

P'() = n - 2r, and P"(r) = -2

. . n
P(r) is maximum when » = 3

We note that 7 is odd. Let us we think of different cases.

Ca

sel: (@) n=4m+2, meN

In this case » = £ is odd.

Ca

2
2

P(r) = 2L

sel:(b) n=4m, m eN

In this case £ is not odd.

V=

In both cases P (r) =

2
We think values before % and after %

n
— -1 orr=

2 1

n|3

n® -4

4
Now, (F+n—r)2+[r—m-nr?=4r(n—r)

r(n

— r) is maximum because » + n — r = n is given.

For minimum, » —(n —7) =2r —n =10, &1, 12,...

V=

V=

V=

% is not odd.

n+1 . .
- 1S not Integer.

2
”fz.SO,P(r)zn“‘
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Case 2 : nis odd.
r(n — r) is maximum if 27 — n is minimum.

r is odd.
2r—n=*l
—ntl
T
n+l)(n-1 n?-1
Pr)=rn-r=\—"||—75 | = 2 Anms. : (A), (C), (D)
(218) If a point (u, v) on the curve 4x?> + a®? = 4%, 4 < a* < 8 is farthest from the point (0, —2), then
u+tv=a.
(A) 2 B) 3 © 5 (D) 8
Sol. : Here, 4x> + a*? = 4a?
2 2
A
a? 4 3
Let (4, v) = (a cos 0, 2 sin 0) be a point on the curve. The square of the distance from point
(0, -2) is

f(0) =a’cos®>0 + (2 sin 0 + 2)°
f'(0) =0 = 2a’cosO(— sin 0) + 8(sin O + 1) cos® =0
. cosO {(8—-2a°)sin®+ 8} =0

0= > or sin 0 24

Now, 4 <a*>< 8

2
S0<a—4<4, So,0< =%
N . iy
. 2_4 > 1. Butsin6<1 SO,G—E
.. The point on the curve is (0, 2) So, u+v=0+2=2 Ans. : (A)

(219) Let f: [0, 1] be twice differentiable function. Also, / (0) = /(1) = 0 and /" (x) — 2 f(x) + fix) = €*.
If the function e™ f{x) has minimum value in the interval [0, 1] at x = %, then which of the

following statement is true ?
(A) f(x) <flx), 7 <x < 3 (B) f(x) > fix), 0 <x < %
(C) f(x) <fix), 0 <x< 7 (D) f(x) <fx), 2 <x <1

Sol. : Let, g (x) = e fix)

Sog () = e (fi(x) - fix)

Sogt () = e (f(x) - 2 () + fix)

Since (7"(x) — 2f(x) + Ax)) = €. xe [0, 1]

S () = 2f(x) + Aix) = 1

Sg')21>0

~. 2'(x) is increasing.
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O<x<% =g <g (%) (g has minimum at x = %)
= e (f(x) - fx)) <0
= f(x) <fx)

S0 <fx), 0<x< g Ans. : (O)

(220)  For which value of the x function f (x) = 2|x| + |x + 2| — |Ix + 2 - 2le| has local maximum or

local minimum ?
(A) -2 (B) -2 C)2 (D) %

Sol. :y=2[x| + v + 2| - ||x+2|-2[4|

Casel: x<-2. So, x < 2. So,x —2< 0

Sy =20 -x-2—-|x-2+2=2x-x-2-|x-2[=-3x-2-2+x

vy =-2x—4 (H
Case2: y=-2x+x+2—|x+2+2x| 2 <x<0

y=-x+2-3x+2]

If 2<x< -2, theny=2x+4 )
and If —% < x <0, then y = 4x 3
Case3:y=2x+x+2—|x+2-2x| x20
y=3x+2—|x—2
If 0 £ x <2, then y = 4x “)
If x22,theny=2x+4 (3.10) 3)
Y
! (2,8)
28
(_ 3’ 3)
|
< ' > X
3
Figure 15.12
From the graph we see that f has a local minimum at x = -2, 0 and a local maximum at x = —%.
Ans. : (A), (B)

(221)  For the curve )? = 8x and xy = —1, the equation of the common tangent is ...... .
(A)3y=9x+2 B)yy=2x+1 ©C)2y=x+38 D)yy=x+2

Sol. : Any point of the curve xy = —1 is of the form (t , —%) .

1

PE

Now, y= -




) (dy] 1
. -5 = 2
dx (t,—%) t

For the curve xy = —1, the equation of the tangent at the point (l - %) is

1 _ L . )
yrt=T -0 ie y=Trx -t (1)
If this line is a tangent to the curve )? = 8x, then it is of the form, y = mx + % (a=2)
. 1 1
Since m = =5, 2 =—2. So, m = —t. Hence, =75 = r=-1
=7 m t t
By using (1) the equation of common tangent to both the curves is y = x + 2 Ans. : (D)
- b* 2 :
(222)  The minimum value of y = ——— + ‘17,0<x<a, a,b>0is ... .
*) a+b ®) ab ©) 1 . 1 (D) (a+b)2
a a+b a b a
2 2
) dy _ =~ _a°
Sol. : T (a—x)° -1 Z
Taking % =0, we get, bx = a®>— ax or a*>— ax=— bx (0<x<a ab>0)
a? ab
X=7T0 (0<x<a) So, a—x= 7
2 2 2 2
d ; _ 2(13 " 2b So, d’y >0
dx X (a-x)° dx? &
" a+b
a2
S Y 1S minimum at x = b
2 2a+b 2
= et Ly L] = @t Ans. : (D)
min ab a a a

P

et P(x) be a polynomial of degree four and lim | 2. If P(x) has maximum or
223) Let P(x) be a pol 1 of d fi d1 1+(2
X

x—0

minimum at x = 1, 2, then the value of P(2) = ......

A0 B) 1 <) 2 (D) 3
. P(x) : P(x)
. 1 — | 1 — _
Sol. xl—r>r(1) [1+ X2 j_ 2. So, xl—r>% 2 =1

— 4 3 2
Let P(x) = ax* + ax’ +ax* +ax+a,

lim P&

0 2 =1. So,a;,=a,=0and a, =1

Since
S P =axt +axd + X7
Also, P(x) has maximum or minimum atx=1,2. So, P'(1)=P'(2)=0

P'x) = 4apx® + 3ax* + 2x
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S day+ 3a, =2 and 32a,+ 12a,= 4

. . _ 1 . _
Solving these two equations, we get, a, = 7, a, =-1

SoP() = gt -+ 2 So.P(2)=% 16-8+4=0 Ans. : (A)

(224)  If gx) =2f (%) + f{1 — x) and we have f"(x) <0 for 0 < x < 1, then g(x) is

(A) decreasing in |:0, %) (B) decreasing in (% 1)
(C) increasing in (0, %) (D) increasing in (% 1}

Sol. : f"(x) <O0. So, f'(x) is a decreasing function.

Now, g(x) = 2f (%) + /(1 —x)

fgw=fE) - ra v
If g(x) is increasing function, then g'(x) > 0

ffE) s -n. So E<lox sox<2 Ans. : (B), (C)

(225)  For the function f: R — R, we have fix)y) — fixy) =x + y and f{(1) > 0. Also,

h(x) = fix) f~'(x). The length of largest interval in which & (sinx + cosx) is strictly inceasing

iS .. .
(A § B) T © 7 (D) 7

Sol. : fx)fy)—fixy)=x+) Vx yeR

Takingx = 1,y =1, (A2 -A1)-2=0 (1)
() -2 (A +1)=0
Also, A1) > 0. So, A1) =2

Substituting, y =1 in (1) we get, fix)-2— fix)y=x+1

Sl =x+ 1 So, fl(x)=x—1

Sohx) = Ax) i) =x2 -1

h(sin x + cos x) = (sin x + cos x)> — 1 = sin 2x

We know that the length of largest interval in which sinx is strictly increasing is 7.

. Forsin 2x it is % Ans. : (C)
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: Assertion and Reason Type Questions :

Explanation : Each of these questions contains statement 1 (Assertion) and statement 2 (Reason).
Each question has four choices, option (A), (B), (C) and (D), which are as follows. You have to
select the correct choice.

(A) Statement 1 is true, statement 2 is true. Statement 2 is the correct explanation for statement 1.

(B) Statement 1 is true, statement 2 is true. Statement 2 is not a correct explanation for

statement 1.
(C) Statement 1 is true, statement 2 is false.
(D) Statement 1 is false, statement 2 is true.

2x+2 ,—4<x<1

(226) Statement 1 : fix) = {4x2 16x+16, 1<x<4

has no maximum or minimum value.

Statement 2 : Even if a function is not differentiable at some point, then also the function may

have maximum or minimum value at that point. Y "
2(x+1); —-4<x<1 (1,4)
Sol. : flx) = ) T
4(x =2)7; 15x<4
(4,0)
From the figure it is clearly seen that f(x) 0 ! X
has local maximum at x = 1 but it has global x=1
maximum at x = 4 which is 16. -4.-6)
Statement 1 : is not true. Fi 1513 x=4
Statement 2 : is true. f is not differentiable at x = 1. gure 5> Ans. : (D)

(227) Statement 1 : One root of the equation x* — 2x*> — 1 = 0 lies between 2 and 3.

Statement 2 : If for a continuous function f, f(a) and f{(b) are of opposite sign, then there is at

least one root of f{x) = 0 between a and b.
Sol. : Statement 1: f{x) =x>-2x>-1, f2)=-1<0,/3)=8>0
~. fi2) and f(3) are of opposite signs.
Also, f(x) is continuous.
.. fhas at least one root between 2 and 3.
Statement 1 is true.
Statement 2 is true.

Statement 2 gives the correct explanation of statement 1. Ans. : (A)
2 +1, —-1<x<0
228) fix) =12°, x=0

2" -1, O<x<l1

Statement 1 : Function f'is bounded but it has no maximum or minimum.
Statement 2 : f'is discountinuous at x = 0.
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Sol. : In the interval [-1, 0), the value of function f increases from % to 2 and on (0, 1] the value of

function increases from 0 to 1.
The function f does not take the value 0 or 2.
The function fis bounded but does not have maximum or minimum.

This happens because function f'is discontinuous at x = 0.
Statement | and statement 2 are true. Statement | does not depend on statement 2. Ans. : (B)
3
(229) Let fix) =tan' x and g(x) = x —%
Statement 1 : f(x) < g(x) 0<x<1l

3
Statement 2 : h(x) = fan™' x — x + % is a decreasing function on [0, 1].

3
Sol. : Let h(x)=tan" x —x + %

2,.2
1+ X2 2-2(1+x2)+(1+x%)x> G
2

2(1+x2) 2(1+x2)

k() =

1+x2
If xe [0, 1], then x> -1 <0
s hx) <0

‘. his decreasing in [0, 1]. Statement 2 is true.

Also, 0 <x <1
. h(0) > h(x). So, h(x) <0
3 3
. Ian’lx—x+%<0. So,tan’1x<x—%
S flx) < g(x)
Statement 1 is true. Statement 2 gives the correct explanation of 1. Ans. : (A)

(230) Statement 1 : e™ > 1t°
Statement 2 : Function x% (x > 0) has local maximum at x = e.

log x

Sol. : Let flx) = x% So, log fx) =

X

J %) x.%—logx _ I-logx

fx) — 2 - 2

X

X

1 —10g X
S () = x [1 12g j
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If x > e, then f(x) <0 and if 0 <x <e, then f(x) >0
.. fhas local maximum at x = e.
.. Statement 2 is true.

Also, m> e and f'is a decreasing function on (e, o).

1 1
o Am) < fle) ie. 77 < ef je. m <em

.. Statement 1 is true.

Statement 2 does not give correct explanation of statement 1. Ans. : (B)

(231) Statement 1 : |[tanx —tany| <|x -y, V x, y € (—%%)

Statement 2 : If a function f'is differentiable in some open interval and [f(x)| < M, then

fx) = f)l <M |x -y

Sol. : Applying mean value theorem on [x, y] to £, there exists some ¢ € (x, y) such that

f(yy):f(x) o
) = fl =)l by —x <My x| ([F()l = M)

Statement 2 is true.
If [f(x)| = M, then |[f(y) — fix)| 2 M |y —x |

. If Aix) = tan x, we have f(x) = sec* x.  So, [f(x)| =1
S ltan x —tan y| 2 |y — x|

. Statement 1 is not true. Ans. : (D)
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