THREE-DIMENSIONAL
GEOMETRY

Key Notes and Important Questions with




CHAPTER-11

THREE-DIMENSIONAL GEOMETRY

POINTS TO REMEMBER

° Distance Formula: Distance (d) between two points( x; , ¥; ,

zy)and(x;, ¥2,23)

d= \,/(1'2 =2 (Vo= 124 (2 — 2y P

. Section Formula: line segment AB is divided by P (x, y, ) in ratio m:n

(a) Internally (b) Externally

(m X; + nx; my; + ny, mz + ?121) (mx2 —Nxy My; — Ny Mz —nzl)

’ !
m+n ' m+4+n ' m+n m-—n m-—n m-n

. Direction ratio of a line through (x,,y,,2,)and (x5, y,,2;) arex, —

XY =V — 4

@ Direction cosines of a line having direction ratios as a, b, c are:
b c
=4 —2 =4 — =4 ———
=% VaZibZ4c? ' m=zx VaZibZc?’ n=zx VaZ+b?+c?

e Equation of line in space:

Vector form Cartesian form
(i) Passing through point @ and (i) Passing through  point
parallel to vector b; 7* = @ + Ab ( %1,y1,2¢ ) and having
direction ratios a, b, c;
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(ii)Passing through ftwo points

dandb; # = d + A (b — @)

(i) Passing through ftwo points
(x1,7121) and (x3,y22,);

i LR S S L5

X=Xy ¥2=¥1

Z2=2y

Angle between two lines:

Vector form Cartesian form
() For lines 7#=@ +4b; and
o . . X=X1 _ YY1 _ 2%
” o by. b i) For lines — = —— = ——and
T=az+ub7_c059— —»1 —»z () ay by C1
[b4 2]
X—Xz _ Y-V _ 223
as by ca
cos @

laia; + biby + cicyl

Ja§+b§+c§‘ja§+b§+c§

(iii) Lines are perpendicular if b, .b,

0

(i) Lines are perpendicular if

aa; + b]_bz + 0 = 0

(iv) Lines are parallel if b, = kb, ;

k+0

(i) Lines are parallel if

@ b o

ﬂz_bz_cz

Equation of plane:

If p is length of perpendicular from
origin to plane and #i is unit vector

normal to plane 7 .7i = p

If p is length of perpendicular from
origin to plane and I, m, n ared.c.s of

normal to plane [x + my+nz=p
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Passing through d and 7 is normal to

plane :(# — @).7 =0

Passing through (x;,v:.z:) and a, b, ¢

are d.r.s of normal to plane:

alx—x)+b(y—y)+c(z—2)=0

Passing through three non collinear
points &, b, :

F-a.[-a)xE-a]=0

Passing through three non collinear

pOints(xlf Yir zl)(xZJ Yz, 22)(x3J Ya, 23):

X=Xy Y=V Z—2Z
X=X Y2=Y1 L~ 7% =0
Xz—X1 YVa—V ZL3— 2%

If a, b, ¢ are intercepts on co-

ordinate axes = + 4 =+ £=1
a b c

If x1,¥1, 2, are intercepts on coordinate

X z
axes—+2 +Z=1
X1 ¥y 41

line of

'F. ﬁl = d-]_

Plane passing through
intersection of planes
and 7.7, =d, is

?. (ﬁ'l + lﬁz) = d'l + .rldz
no.)

(A=real

Plane passing through the line of
intersection of planes

ax+biy+cz+dy =0 and
Gx+by+cz+d, =0 is

(a,x+byy+ez+d,)
+ A(azx + by + 32
i dz) =(

Angle between planes:

Angle 8 between planes
F.ﬁl = dl and F.ﬁz = dz is
|7y . 7,
050 = ——
[72 |17,

Angle 8 between planes

ax + by + ¢,z =d; and
ax+by+cz=d,is

cos@

_lawaz + bib, + 165
CJaZ+bE+ 2 A+ b+ 2
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Planes are perpendicular iffii, .7, = 0

Planes are perpendicular iff

a,a; + blbz +c6;=0

Planes are parallel ifffl, = A7, ; A+ 0

Planes are parallel if

a by
a; by ¢
Angle between line and plane:
Angle © between line 7= d+ Ab |Angle 8 between line
and plane #.i=d is sinf= g
F .2 NP £ and plane
cos(90" — @) a; by
3R ax+by+tcz=dis
" ol

sin@
_ a0, + b1b2 + C1Cp
JaZ +b? + c2\/aZ + b? + c2

Distance of a point from a plane

The perpendicular distance p from
the point P with position vector d to
the plane # .7 = d is given by

ld.7i—

The perpendicular distance p from the
point P (x3,5.,z) to the plane
Ax + By + Cz+ D = 0 is given by

_ |Ax, + By, + Cz, + D|
A%+ B4 L2
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Coplanarity

Two lines # = &, + Ab, and
# = d, + ub, are coplanar iff

(d, —dy) (51 xgz) =0

Y= - Z2-Z3

and
by =

. X=X
Two lines — =
ay

xX—X: - Z=Z .
22 - Y7¥2 272 40 coplanar iff
az by (3

Xz—=X1 Ya—N 2274
a; b‘l Cyq =0
az b, Cz

Shortest distance between two skew lines

The shortest distance between lines
r= 51 +ll._b.1 and 7 = az +.u52 is

(dy —d,) - (31 X I’.z)l
by xB,| |

|
d=
|

The shortest distance between

X=X1 _Y=WV1 _ =%

a; by =

and

X=Xz _Y-V2 _ Z-Zy

g by - Ca i
Xz—=X1 Y2—=M1 22— 24
a, by Cy
a b e
& 2 2 2
VD
Where

D = {(a;b; — azby)? + (byc; — bycy)?

+ (1@, — ;0,)%}
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10.

Very Short Answer Type Questions (1 Mark)
What is the distance of point (a, b, c) from x-axis?
What is the angle between the lines2x =3y =—z and 6x =-y =
—4z?
Write the equation of a line passing through (2, -3, 5) and parallel to
x-1 _y-2 _ z+1

lin ===

3 4 -1
Write the equation of a line through (1, 2, 3) and parallel to 7. (f —j+
3k) =5.

-1
What is the value of A for which the IinesxT =—=—and—=

+1
y_—z = gare perpendicular to each other?

Write lineT = (i — j) + A (2f — k)into Cartesian form.

If the direction ratios of a line are 1, -2, 2 then what are the direction
cosines of the line?

Find the angle between the planes 2x — 3y + 6z = 9 and xy — plane.

Write equation of a line passing through (0, 1, 2) and equally inclined to
co-ordinate axes.

What is the perpendicular distance of plane 2x —y + 3z = 10 from
origin?
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1l

12.

13.

14.

15:

16.

i A

18.

19.

20.

21.

What is the y-intercept of the plane x — 5y + 7z = 107

What is the distance between the planes 2x +2y—2z+2 =0 and
4x+4y—-2z+5=0.

What is the equation of the plane which cuts off equal intercepts of unit
length on the coordinate axes?

Are the oplanes x+y—2z+4=0 and 3x+3y—-6z+5=0
intersecting?

What is the equation of the plane through the point (1, 4, -2) and
parallel to the plane—2x+y—3z=7"?

Write the vector equation of the plane which is at a distance of 8 units

from the origin and is normal to the vector (2i + j + 2k).

What is equation of the plane if the foot of perpendicular from origin to

this plane is (2, 3, 4)?

Find the angles between the planes #.(i—2j—2k) =1 and#. (31—

6] + 2k) = 0.

If O is origin OP = 3 with direction ratios proportional to -1, 2, -2 then
what are the coordinates of P?

What is the distance between the lineF = 2i — 2j + 3k + 1 (i‘ +:j+ 4&)
from the plane 7.(—i+ 5/ — k) + 5= 0.

Write the line 2x = 3y = 4z in vector form.
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22

Q.23.

Q.24.

Q.25.

Q.26.

Q.27.

Q.28.

Q.29.

Q.30.

Q.31.

-4 2y-4 k-
The IinexT = yT = —22 lies exactly in the plane 2x —4y +z=7.
Find the value of k.

SHORT ANSWER TYPE QUESTIONS (2 MAKS EACH)

. . +1 2y-1 2-
What is the angle between the line %=yT= :E and the plane 2x

+y—2z+4=0

Find the equation of a line passing though (2, 0, 5) and which is parallel to
line 6x —2=3y+1=2z-2

Find the equation of the plane passing through the points (2, 3, 4) and
(1, -1, 3) and parallel to the x — axis.

Find the distance between the planes 2x + 3y -4z + 5 = 0 and
F(4i+67-8k)=11

The equation of a line are 5x — 3 = 15y + 7 = 3 — 10 z. Write the direction
cosines of the line

If a line makes angle a, B, y with Co-ordinate axis then what is the value of
sin? a + sin® B + sin?y

Find the equation of a line passing through the point (2, 0, 1) and parallel
to the line whose equation is 7= (2 +3)i+ (TA—1)j+ (3A +2)k

The plane 2x — 3y + 6 z— 11 = 0 makes an angle sin™" o with x — axis. Find

the value of o .

If 4x + 4y — cz = 0 is the equation of the plane passing through the origin

. . xt5 y z—7
that contains the line — ===
' e T3 g

, then find the value of c.
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Q.32.

Q.33.

34.

35.

36.

37.

38.

39.

Find the equation of the plane passing through the point (-2, 1, -3) and
making equal intercept on the coordinate axes.

Write the sum of intercepts cut off by the plane ».(2i+ j—k)—5=0 on the

three axis.

Short Answer Type Questions (4 Marks)

Find the equation of a plane containing the points (0, —1, —1), (-4, 4, 4)
and (4, 5, 1). Also show that (3, 9, 4) lies on that plane.

Find the equation of the plane which is perpendicular to the plane
7.(51 4 3f + 6k) + 8 = 0 and which is containing the line of intersection
of the planes 7. (i + 2j + 3k) =4 and 7.(2i+ j— k) + 5 = 0.

Find the distance of the point (3, 4, 5) from the plane x + y+z =2

measured parallel to the line 2x =y = z.

Find the equation of the plane passing through the intersection of two
planes x + 2y + 3z—5=0and 3x — 2y — Z + 1 = 0 and cutting equal
intercepts on x-axis and z-axis.

Find vector and Cartesian equation of a line passing through a point
with position vector 2i — j + k and which is parallel to the line joining
the points with position vectors—i + 4 + k and t + 2 + 2k.

Find the equation of the plane passing through the point (3, 4, 2) and
(7, 0, 6) and is perpendicular to the plane 2x — 5y = 15.
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40.

41.

42,

43.

45,

46.

47.

48.

Find equation of plane through line of intersection of planes 7. (2f +
6j)+12=0and¥. (33 R o 41?) = 0 which is at a unit distance from
origin.

Find the image of point (3, -2, 1) in the plane 3x — y + 4z = 2.

-1
Find image (reflection) of the point (7, 4, —3) in the |ine§ = ”T =

z-2
3 .

Find equation of a plane passing through the points (2, —1, 0) and (3,—
4, 5) and parallel to the line 2x = 3y = 4z.

Find the distance of the point (-1, -5, —10) from the point of

x=2 +1 z—2
intersection of line = = :-V:— = —2~and the planex —y +z = 5.

Find the distance of the point (1, -2, 3) from the plane x —y +2z =5,

measured parallel to the line == i.

2 3 -6
Find the equation of the plane passing through the intersection of two
plane 3x — 4y + 5z = 10,2x + 2y — 3z = 4 and parallel to the linex =
2y = 3z.

Find the equation of the planes parallel to the plane x — 2y +2z—-3 =

0 whose perpendicular distance from the point (1, 2, 3) is 1 unit.

x+1 +3  z+45 x-2
Show that the lines line— = i R and line— =—=
3 5 7 1 3

-6
ZTimers:ect each other. Find the point of intersection.
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49,

50.

51.

52.

53.

Find the shortest distance between the lines:
7 = i+ 2f + 3k + p(2t + 37 + 4k) and

7 = (21 +4f + 5k) + A(3t + 4f + 5k).

+2 _ 2y+3 _

Find the distance of the point (-2, 3, -4) from the IinexT = .

3z+4
Tmeasured parallel to the plane 4x + 12y —3z+1 = 0.

Find the equation of plane passing through the point (-1, -1, 2) and

perpendicular to each of the plane

7.(2t+3j—3k)=2and7.(5i—4j+k) =6

Find the equation of a plane passing through (-1, 3, 2) and parallel to

X z xX+2 -1 Z+1
each of the line— = Y= —an e B
1 2 3 -3 2 5

Show that the plane 7. (i — 3j + 5k) = 7 contains the line

7= (i+3j+3k)+23@i+)).
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54,

535.

56.

57.

58.

Long Answer Type Questions (6 Marks)
Check the co planarity of lines
7= (-3t +j+ 5k) + A(=31 + j + 5k).
7 = (=t + 2] + 5k) + p(—i + 2f + 5k)
If they are coplanar, find equation of the plane containing the lines.

Find shortest distance between the lines:

e = —and

X+l _ y+1 _ z+1 x-3
7~ -6 1 1

5-y Z=7
2 1

Find the shortest distance between the lines:
F=1-Di+Q-2)]+ B -2k

F=@+1Di+Qu-1)j-Q@u+ 1Dk

A variable plane is at a constant distance 3 p from the origin and meets
the coordinates axes in A, B and C. If the centroid of A ABC is (a, 8,7),
then show that a2 + B2 + 2 = p~2

A vector 7i of magnitude 8 units is inclined to x-axis at 45°, y axis at 60°
and an acute angle with z-axis. If a plane passes through a point

(v2,-1,1)and is normal to 7, find its equation in vector form.
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59.

60.

61.

62.

63.

Q.23.

Q.24.

Q.25.

Find the foot of perpendicular from the point 2i — j + 5k on the line
7 = (11i — 2j — 8k) + A(10i — 4f — 11k). Also find the length of the

perpendicular.

A line makes angles a, B,y, 6 with the four diagonal of a cube. Prove
that cos’a + cos?f + cos?y + cos?8 = g

Find the equation of the plane passing through the intersection of
planes 2x+ 3y —z=-1and x+y—2z+3 =0 and perpendicular to
the plane 3x —y — 2z = 4. Also find the inclination of this plane with

xy-plane.

Find the length and the equations of the line of shortest distance

x—8 +9 z-10 x—15 -29 z—5
between the lines *— = 2= = and =72 ==
3 -16 7 3 8 -

x—1 +1 1 -2
Show thatT = yT = zand%— = yT,z = 2. do not intersect each

other.

ANSWERS

3 DIMENSIONAL GEOMETRY 2 MARKS EACH

0° (line is parallel to plane ) Q.26 21

units

b2
5
k=]

x-2_y_z-5
1@ 3

w

27. =
Q.27 7

~1| o

A
571

Ty+4z=5
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Q.28.

Q.29.

Q.30.

10.

4 Qa31.
T=@i+k+ri+7i-k) Q.32
=2 Q.33.
=3
Answers
Vb% + ¢ 1,
90° 12.
Xx-2 _y+3 _z-5
T_ 4 - -1 13.
F=(1+2+3k)+ 14,
A(i—j+ 3k)
15,
K22
16.
x1_yHl_ 2z
(1] - 2 __1
17.
1 2 ¥4
+-,45, %
T 18.
cos~1(6/7)
19,
£ _y-1_z2
a_'_ a - Pk
20.
a € R—{0}
10 21.
Vit

C=5

X+y+z=_4

=

x+y+z=1

No
—2x+y—3z=8
7.(20+j+2k) =24

2x+3y+4z=29

7 =0+ A(61 + 4] + 3k).
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22.

34.

35.

36.

37.

38

39.

40.

41.
42.
43.
44.
45.
46.

47.

48.

k=7

6 units

Sx—7y+11z+4=10

S5x+2y+5z-9=0

7.(~511 — 15] + 50k) = 173

TF=2i-j+k)+a(20-2]+k)

x-2
and =

(

1

=2 ¥¥l

(0, -1,-3)

3

7!

1 unit

2z=6

1

(_ 2

2!

1
2!

3

2

)

=2

18 43)
747

29x —27y-222=85

1
1

S5x+2y-=3z-17=10

r.(2i+j+2k)+3=0
F(-i+2j—2k)+3=0

x—20y+27z=14

x—2y+2z=0andx -2y +

or

49,

50.

51.

52.

54,

55.

56,

58.

59,

61.

62.

1

V6

gunits
7.(91+ 177 + 23k) = 20
2x—T7y+4z+15=0
x—2y+z=0

2+/29 units

gl
0o

r.(VZi+j+k)=2

(1,2,3),V14

Tx+13y+ 4z =
= 4
5,57 (i)

SD = 14 units,

x—-5 y—-7 z-3

2 3 6
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