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CHAPTER 7

INTEGRALS

POINTS TO REMEMBER

—_

N e 9 & @

Integration or anti derivative is the reverse process of Differentiation.

Let L F(x) = f(x) then we write [ f(x) dx = F(x) +c.

These integrals are called indefinite integrals and c is called constant of

integration.

From geometrical point of view, an indefinite integral is the collection of
family of curves each of which is obtained by translating one of the
curves parallel to itself upwards or downwards along y-axis.

STANDARD FORMULAE

xh+1

_['x“dxz{ o e
loge|x| +c? =1

{ax+b)"“+c
J’(ax + b)n dx = (n4+1)a n#-1
ilog]ax+ bl +¢™= -1

[sinxdx = —cosx+c.

[cosxdx =sinx+c

[tanx.dx = —log|cos x| + c = log|secx]| + c.
[ cotx dx = log|sinx| + c.

[sec’xdx= tanx+c
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10.

1.

12.

13.

14,

15,

16.

17.

18.

[ cosec? xdx = —cotx+c
[secx tanxdx = secx+c
J’CDSECK cotxdx = —Ccosecx+c

[ secx dx = log|secx + tanx| +c¢
= logltan(; + E)l +c
j'cusec x dx = log|cosec x — cotx| +c
= log |tan zi| +c
2

JeXdx= e*+c

a_x

Ja¥ &= +c
loga

fﬁ dx = sin'x+c,|x| <1

= —cos™x+¢

1 o gaend
Jogdx=tan"'x+c

= —cot™1x+c¢

fﬁ dx = sec'x+c,|x| >1

= —cosec”x+c

a+x

+c

1 1
Jaz dx= ;log

a=x
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19.

20.

21.

22.

23.

24,

25.

26.

j'; dx = %loglﬂl-ﬁc

x2—a? x+a

1

_1 X
Js '

dx = Ztan =4
a a

1 — sip X o 1%
fmdx—sm Ste=—cosT o +c

J == dx = log|x +VaZ + x| + ¢

ot
fﬁdx: log|x + Vx? —a?| + ¢

z
JaF—xFdx= VP - + —sin™ = 4
2
VaZ +x2 dx =>va? + x2 + = log|x + VaZ + xZ| + ¢
2 2
2
JVx2 —aZdx = ;#xz — a2 —a?log|x+ VxZ —a?|+c

RULES OF INTEGRATION

JIE® 5t ... 2] dx = [f,(x)dx + [ f,()dx+.. .....

S (dx
[k fG)dx = k [ f(x)dx.
[ e {f(x) + f'(x)}dx = e*f(x) + ¢
INTEGRATION BY SUBSTITUTION

0
f-f-(—;idx = log|f(x)| + ¢

H
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TGO F () dx = EI™ 4 ¢

n+1

f'(x) _ (f@)—+t
f[f(x)]“ dx = -n+1

INTEGRATION BY PARTS

+c

[fx) g () ax = (x) [g () dx =[[ F (%) [g (x) ox]

DEFINITE INTEGRALS
b
f f(x)dx = F(b) — F(a), where F(x) = f f(x) dx
DEFINITE INTEGRAL AS A LIMIT OF SUMS.
b
ff(x}dx = |l1i_t;r(1, h [f(a) + f(a+ h) + f(a + 2h) + -+ f(a+ n— 1h)]

Where h =22 or [”f(x)dx = limp_.o[h iy f(a + rh)]

PROPERTIES OF DEFINITE INTEGRAL

b

f(x)=—| f(x)dx
=]

a

=

b b

ff(x)dx:ff(t) dt.

a a

=0

w

: ff(x)dx= Jff(x)dx+ ff(x)dx.

o

b b
(i}ff(x)dx: If(a+h—x)dx.
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f(a—x)dx

O S—y

(ii) j f(x)dx =
5 ff(x)dx =2 Iaf (x)dx, if f (x)iseven function

6. ff (x)dx = 0if f (x) is an odd function

a

2a
= f (¥)dx, iff(2a—x)=f(x)
T E!’ f x)dx = [ iff(2a—x) = —f(x)
0

Very Short Answer Type Questions (1 Mark)

Evaluate the following integrals:

1. J(sin™" Vx + cos ™ vx) dx
2. J2, e dx

dx
3. J- 1-sin?x

1
4. [ xPcos*xdx

5 [ L

x logxlog(logx) dx

6. _f’ cosx[og( )dx

2

7. J’(ealogx + ex!uga) dx

I cos 2x +2sin? x

COS2 X

dx
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10.

1.

12.

13.

14,

15.

16.

A

18.

19.

20.

21,

22

23.

24,

25,

26.

Yo 7
[ d
) 7, sinx dx
JV10 — 4x + x2 dx
J2 %31 dx
1

Isinzx cosZx

2 dx
IZ 1+|x—1]

J‘e—lngx dx

_f:—: dx

J' X_dx
jx+1

X

J-(x+1)1'- dx
eVx

J 7 ax

f cos? adx

I

[ secxlog(secx + tanx) dx

xcosa+1

J-secﬂ(,llogx) dx
f\{% dx
ey

1-sinx
I dx
x+cosx

75
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27.

28.

29,

30.

31.

32.

33.

34,

35.

36.

37.

38.

39.

40.

41.

42,

J- 1-cosx
COSX

* 4%
I x® et

(x+1)
IT(X + logx) dx
j;‘lcos x| dx

fnz [x] dx where [x]is greatest integers function.

1
I Vo—ax? dx

2 e &
(g

2% Ix] dx
[xvx+2dx

J2600 dx+ [ (x) dx
[ dx

=
Jlsinx| dx
4

1
-rser:x+tanx
in2
sin“x
I dx
1+cosx

J- 1-tanx
1+tanx
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43.

45.

46.

47.

48.

49.

50.

51,

VERY SHORT ANSWER TYPE QUESTIONS [2 MARKS]

Evaluate :

| og(x+1)—log xlae

j x+1+4x+2

J sinxsin 2xdx

|
5’ +3C08X
[lsmsle

J‘a“+bx dx

W |x

+

x |

+X* + a‘]dx

[e2¥ax

Short Answer Type Questions (4 Marks)

Evaluate :

) Iw o

1+x*

—z-1
w

iy f————————dx

sin(x—a) sin(x—b)

77 [Class XII : Maths]




52.

dx [Hint: Put a?sin?x + b?cos2x = t or t?

cos(x+a)
(IV) Icos(x—a)
(V) [ cos2x cos4x cos6x dx
(VI) [ tan2xtan3xtan5xdx
(Vi) [ sin?x cos*x dx
(Vi) [ cot®x cosec*x dx
sinxcosx
{|X) J- a?sin?x+b2cos?x
1
X) J- Jcos3x cos(x+a) dx
sin®x+ cos®x
(xn f sin2x cos?x
sinx+ cosx
LN -
Evaluate :
" X
0 Jmes
- pit
(“) fx[ﬁ(logx)3+'?logx+2] dx
oy 1
(III) ‘rv'slrﬁx cos5x oz
. x2+1
(iv) Jogdx
1
U by oy = L
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53.

) S soe

Vi) [

i) f 2 dx

() [xVI+x—x dx

0 f i dx

(i) J+/secx—1 dx [Hint: Multiply and divided by
Vsecx + 1]

Evaluate :

0 S

n [

am f ﬁ

™ J m

v (,fz?((:—zﬂ o

i) fEe
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iy dx
(vii) f (2x+1)(x2+4)

x*—1
G ey

(x) [+tanxdx

W ==

sin x-sin 2x

54. Evaluate:

) J %% sinx® dx
()  [secdxdx

() fe* cos(bx + c) dx

V) [sin(5=) dx [Hint: Put 3x=tan 0]

1+9x2

V)  [cosvxdx
(V1)  [x3tan~'xdx

oy [1+sin2x
(V”) _|'e ¥ (1+c052x) dx

1 1
Vi f [==- (Iogx)z] dx

(X) [+2ax—xZdx
x) [ e &840 4y

(x+1)?

80 [Class XII : Maths]




55.

o) sin~ (1) dx

an) S {logQlogx) + m;x)z} dx [Hint: Put

Xy  f(6x+5)V6 +x —x? dx

1
®¥+1

KIV) [ =—dx

®v)  ftant(22) dx

1+5x

dx
S5+4co

xvn) [

Evaluate the following definite integrals:

. /4 sinx+cosx
L it sl
(I) IIJ 9+16 sin2x

(ii) f:)‘z cos 2x logsinx dx

(i) frx [2Xax

1+x2?

1 / =y
. vz sinT'x
vy J, e o

V) J-"‘/z sin 2x dx

0 sin*x + cos*x

(vi) _fulsin(Ztan'1 =) dx

» L + si
(Vi) fy/2EnE gy

logx =
X:

et:

]

t
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56.

57.

(vii)  f; xlog(1+3) dx

0 72 cosme] dx

(x) ST (cosax—sinbx)?dx
Evaluate:

() Slx—2]+x—3] + x - 4[] dx
(i) Jy o dx

(i) 2 et [HE gy

14+x2

(iv) J-‘rr x sinx dx

0 1+cos?x

v fx*dx

- T/, xsinx cosx
bRt bt sl
(vi) -r() sin*x+ cos*x

i) ) oo dx [Hint:use [) f(x)dx = [} f(a — x)dx

0 a? cos?x+ b?sin?x

Evaluate the following integrals:;

@ -F'::’/:1+:t%
/2
(i) [ (sinx|+cos|x|)dx

%

Rl

pCosX

(lll) gCOSX 4 a—COSX dx
0
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58.

X tan x
(iv) j dx
secx + cosec X

(V)f arz’

Evaluate

1 it -1
(s)fs"‘ Vr=eos R o x€[0,1]

sin~14/x + cos~1v/x

o [ 1=V
(“)j 1+v’§dx

2

) f (xsinx + cosx)? dx

W) f sin™t JE dx

e
i) J‘smx+cosx
v vsin 2
[

I sinx
(vii) f e dx
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59.

3/2
(viii) I |x sinmx| dx

sin(x — a)
(x) f sin(x + a)

XZ
(")f i+ &

( J‘ cos 5% + cos 4x
i) 1-—2cos3x

Long Answer Type Questions (6 Marks)

Evaluate the following integrals:

(}J‘x5+4

(ii) 7 dt
= Ie“ —6e?t + 11et—6

2x
("')j GrDE=E ™

()I 1 + sinx

sinx (1 + cosx)

Tz

W) [ (Vtanx + v/cotx) dx
0

1
. '1—x2
(V])J’X mdx
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60.

61.

/2

(vii) j COSX

1+cosx+sinx

Evaluate the following integrals as limit of sums:

4
(i) | 2x+1)dx
|

2
(i) [(x®+3)dx
/

3
(iii) I (3x? — 2x + 4) dx
1

4
(iv) f (3x% + ™) dx
0
1
) | e23* dx
l

(vi) _”(3;(2 +2x+1) dx
i}

Evaluate:

. dx
M f (sinx — 2cosx)(2sinx + cosx)

]ug(1+x)
()I 1+x?

2

(iii]j (2logsinx — logsin 2x) dx
0

85
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1
62.J17c(1:an‘1 x)? dx
D

/s

63.f logsinx dx
0

1

1
1
64. Prove that f tan~! (—2) dx =2 J’t:m'1 xdx
1—-x+x
(1] ]

Hence or otherwise evaluate the integral _[tan" (1-x+x2) dx.

M sty
65. Evaluate fo zsmﬁmx
Answers
1. Zx s 8 % 0
2
2. 2e-2 10. @ ¥
3. fanx+c 3log|(x = 2) +
i o X2 —4x+ 10| + ¢
5 log|log|log x|| + ¢ 1. 0
6. 0
12. tanx —cotx+c
xa-i-l a*
7 +c
a+1l  loga
13.  3log.2
8. tanx + c

14.  loglx| + ¢
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15,

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

ey X
15L-!-c

ox(3)
g(x+1)% —2{x+1)}/2 +c

1
loglx+1|+m+c

2eﬁ+c

xcos?a + ¢

log|x cosa+1]
cosa

(log|secx+tan x|)?

2 =6

log|cos a+xsin af
it +c

sina

tan|logx| + ¢

log|e* + V4 + e2X| + ¢
§10g|2 +3logx|+c
log|x + cosx| + ¢
210g|sec§| +c

éloglxIE +e*|+c¢

29.

30.

31.

32.

33.

35.

36.

37.

38.

39.

40.

41.

42.

43.

(x+log )?

S +c

%loglsecx + tanx| + ¢

2-V2

log|1 + sinx| + ¢
Xx—sinx+c
log|cosx + sinx| + ¢

Xx+logx+c

87
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45.

46.

47.

48.

49.

50.

51

%[{x+2)% —(x+1)%]+c

= Sinsx—:?.inx +c

2 3
1X—zwvealc::»g|x|+xw+ 2 +c
az2 a+1 loga

GG

+ +C

Ic;gé log|—

c c

2
£+M_2x+c
2
2o’ +c
log(2e)

) %Iog [cosec(tan“1 x%) - X—IZ] +ic

(I -;-(xz-xv‘xz~1)+~:—log[x+vx2-1|+c

1 | sin(x—a)|
sin(a=b) 08 lsin(x—b)l

() +c

(IV)  xcos2a—sin2a log|sec(x —a)| +c

V) gx—3

= 1 .
4sn‘12x+325m4-x+f:
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52.

(V1) éloglsec 5x| — %logisec 2x| — %luglsec 3x|+c
(Vi) = [2x+ 2 sin2x — Ssin4x — 2sin6x] + c

5] 4.
(Vi — (X495 4 ¢

(IX) ﬁ\fazsinzx + b2cos?x + ¢

(X) —2cosec a+y/cosa — tanxsina + ¢
(Xl) tanx—cotx—3x+c

(XI) sin~*[sinx — cosx] + ¢

1 g 241
(N 1ﬁtan (\G )+c

2logx

() log +c

3logx

-2

() —

T Etanmx +c

(V) Ztan{L(x-3)}+c

(V)  2loglVx—a+Vx—b|+c

(V1) 210g|3x2 +2x+1]| +;—:,;tan‘1 (321) +c

- 2 -1 (%43
(VIl) x— 3log|x? + 6x + 12| + 2v3 tan (ﬁ)+c
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53.

(v

(1IX)

(X)

(XD

U

(1)

()

(V)

(V)

(V)

(VI1)

WD)

(1X)

—V4x — x2 + 4sin™! (’:—z) +c
—;(l +x — x2)3/2 +§(2x— V1 + x--xz-i-l—sésin'1 (

tan®x  tan’x
5 7

L

—loglcosx +%+ cos?x + cos xl +iC

1 x7

?log o +c

1 x+1 4
-log|—|—-—+c¢
2 g x=-1 x-1 &

_?zloglcose - 2| —§10g|1 +cosB| +c

1 x2+3

14 08 (2—x)2

£ ?iﬁtan‘l (%) +c

x+4log]%| +c

2 tan-1 (L) - -1 (E)
X+ Vritan 7 3 tan = +¢c
ilog|2x +1| - iIr.rglx2 +4|+=tan1X4 ¢
17 17 34 2

x2—x+1
X2+x+1

1
2

|+c

tanx—y2tan x+1

—tan™? (—ta“_l) +—lo
g tan x++2tanx+1

VzZ JZtanx/ @ 22

z’v‘;) +c
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(X) —%loglcosx -1| - %luglcosx +1| + Elogll —2cosx|+c¢
54. (i) i-[—x3 cosx® +sinx®] + ¢
(ii) i [secxtanx + log|secx + tanx|] + ¢
(i) ——acos(bx +c) +bsin(bx + )] +¢
(iv) 2xtan"'3x-— %]og [1 +9x%|+c

(v)  2[vxsinvx +cosvx] +¢

; x*—1 1 x* X
(VI) (T)tan X—E+;+C
(vii) %ez"tanxi- c

aan X
(viii) an Fic

(ix) (ﬂ)m + gsin"1 (xa;a) +c

2

x-1
(X) eX (m i

2
(xi) %sin'1 1) +x1—:2sz —-1+c¢

X

e X
(xii) xlog|logx| — eE 4+

3 _ -
(xiii) —2(6+x—x%)2+8 [Lﬁ-v’ﬁ +x— x? +28—5'sin‘1 (2 1)] +c

5
2x-1
V3

i 1 —2 2 _ A1
(xiv) 3]oglx +1| 6logix x+ 1|+ Ztan ( ) +c
(xv) xtan“ix—élog|1+x2| —xtan"15+¢

(xvi) ;fcan'1 G tan E) +c
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55.

56.

U
(1)
(1)
(IV)
(V)
(Vi)
)
WD)
(IX)
X)

()
()
()
(V)
V)

(V1)

(Vi)

NA

3 3 2
3 t3zlogs

3 1

2n =2

1 s 12w
211-1-55111 2am — 75 Sin 2bm
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57.

58.

)

(1)

()

(V)

(V)

(1)

(I

()

(V)

V)

(V1)

(Vin)

(VIll)
(IX)
(X)

(X1)

D in 1 VX + 2 —xtc

m

—2J1—x+cos 1yx+Vx—x2+¢

sinx—xcosx
%sinx+cosx

(x+a)tan“1J§—x/§+c

. _1V3-1
2sin"1—
1 1-sinx 1 1+y2Zsinx
=] —| —— log
8 1+sinx 42 1-Zsinx
3.3
™ kLS

(cos 2a)(x + a) — (sin 2a) log|sin(x + a)| + ¢

—-;loglx2 + 4| +§loglx2 +9|+¢c

- @sian + sinx) +c
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50. (I) x — 4 loglx| + %loglx —1|+ ;loglx + 1| + log|x? +
1l _z—ll:an'1 X+c
(e'-1)(e*-3)
R e
1 81 27
() 2x—Zloglx + 1| +—log|x — 3| B
1 |1—cosx 1 b'd
(V) 4 o8 l1+cos 2(1+cos ) + ta“i tc
T
V) 7z
m-2
vy =
T 1
60. () 14
26
am =
m 2
V) 3027 +e%)
1 1
v 5(e-3)
V) 3
i tanx—2
61. () FloglmXZl4+c
m
(mn glog2
T 4,
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62.

63.

64.

65.

log2

%log|\f§+ 1]
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