DIFFERENTIAL EQUATIONS
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CHAPTER-9

DIFFERENTIAL EQUATIONS

POINTS TO REMEMBER

Differential Equation: Equation containing derivatives of a dependent
variable with respect to an independent variable is called differential
equation.

Order of a Differential Equation: The order of a differential equation
is defined to be the order of the highest order derivative occurring in
the differential equation.

Degree of a Differential Equation: Highest power of highest order
derivative involved in the equation is called degree of differential
equation where equation is a polynomial equation in differential
coefficients.

Formation of a Differential Equation: We differentiate the family of
curves as many times as the number of arbitrary constant in the given
family of curves. Now eliminate the arbitrary constants from these
equations.

After elimination, the equation obtained is differential equation.

Solution of Differential Equation

(i) Variable Separable Method

dy

== f(xy).

dx

We Separate the variables and get

f(x)dx = g(»)dy
Then [ f (x)dx = [ g (¥)dy + c is the required solutions.
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(ii)

(i)

Homogeneous Differential Equation: A differential equation of the

dy _ fy)

St e where f(x, y) and g(x, y) are both homogeneous

form

> = 4 Q - AT
functions of the same degree in x and y i.e., of the form Srd F (x) is
called a homogeneous differential equation.

For solving this type of equations we substitute y = vx and then

d d z :
ﬁ = v+x£. The equation can be solved by variables separable

method.

A homogeneous differential equation can be of the form j—x = F[i]
¥ y

To solve this equation, we substitute x = vy and them :fx—=v +yj—v
y y
then the equation can be solved by variable separate method.

Linear Differential Equation: An equation of the from g +Py=¢Q

where P and Q are constant or functions of x only is called a linear
differential equation. For finding solution of this type of equations, we
find integrating factor (I.F.) = e/ P dx

Solution is y (I.F.) = [ Q.(L.F.)dx + ¢

Similarly, differential equations of the type % + Px = Qwhere P and Q

are constants or functions of y only can be solved.
Here, LF. = ¢" and the solution is x (LF.) = [ Qx (LF.) dy+C

Very Short Answer Type Questions (1 Mark)

Write the order and degree of the following differential equations.
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(i) %+cosy=0

(i) (ﬂ)z e

dx dx?

5

dhvrsoz ﬂZY)
(iii) ey +sinx = (ﬁ

. ds d
(iv) d—x: + log (ﬁ) =0

dy _ (dZy 1/3
M =)

(vi) [1 i (g)z]y2 —

a2

2 A T £ S
(vii) (ﬁ + (d_xf) =sinx

dy dy)
(wviii) . T tan (E) =0
Write integrating factor differential equations :

dy .

()] 3, T ycosx =sinx
0 %-{-yseczx = secx + tanx

o x*E+y=xt

(V) x%+y]ogx =xX+y
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V) xZ-3y=x3

(V1) %+ y tanx = secx

dy p—
(Vi) ax T Ty = sinx
3. Write order of the differential equation of the family of following curves.

() y=Ae"+Bexe

()  Ay=Bx?

m x-a?+@F-b2=9
(IV)  Ax+By? = Bx? — Ay

X y_
g il

(V)
(VI) y=acos (ax+b)
(VII)  y=a+be**e

Very Short Answer Type Questions [2 Marks]

4. Write the general solution of the following differential equations.

b pp
(i) dx X
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(i)
(iii)

(iv)

dy _1-cos2x

v) dx  1+cos2y
& _1-2y

(vi) dr 3x+1
Short Answer Type Questions (4 Marks)

()  Show thaty = e™sin™'% js a solution of

2
(1—x2)g—x%—m2y= 0

(n Show that y = sin (sin x) is a solution of differential equation
&y dy - .
sz T (tanx) 5 Tycostx=0

2
()  Show thaty = Ax+$is a solution of xzjx—§)+x%—y= 0

(IV)  Show thaty = a cos(logx) + b sin(logx) is a solution of

d’y dy
&t —_ =
X dx2+xdx+y 0

(V) Verify that y=Ilog(x+Vx?+a?) satisfies the differential

2
equation: (a® + XZJE £ x% _—
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(Vl)  Find the differential equation of the family of curves
y = €*(A cosx + Bsinx), where A and B are arbitrary constants.

(VIl)  Find the differential equation of an ellipse with major and minor

axes 2a and 2b respectively.

(VIIl) Form the differential equation representing the family of curves
(y—b)? =4(x—a).

Solve the following differential equations.

() (1—x2)%—xy=xz,giventhatx=l},y=2
) xZ 42y =x2logx

ax T4y g

1 TR sinx
(1) dx+xy-—c05x+ <’ x>0

(IV)  dy = cosx (2 —y cosecx)dx; given that x = g,y =2

(V)  ydx+(x—y*)dy=0

(Vl)  ye¥dx = (y3 + 2xe¥)dy

Solve each of the following differential equations:
n  y-xT=2(y*+3)

(m cosy dx+ (1 +2e*)siny dy =0
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()  xf1—y2dx+yvl—x2dy =0

(V) YA —=x)1 —yH)dy+xydx=0
(V) Gy*+x)dx+ (yx? +y)dy = 0;y(0) = 1
dy .03 3 5
(V1) 3~ ysin® x cos®x + xy e =0
(VIl) tanxtany dx + sec? xsec2ydy =0
Vi) L=x—1+
Vi) —=x—1+xy—y
Solve the following differential equations:
() *ydx—(F+y)dy=0
24y, .3 2
() x*T==x"+xy+y
(I &*—yHdx+2xydy=0, y(1)=1
« X — . E -
(V) (y sm;) dx = (x sin2 y) dy
L s 4 b4
v g=iren()

v x % =y (logy —logx+1)

(VII) L= e+ 4 x%eY
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10.

1.

12.

13.

dy _ ’_1'3'2
(VIII) dx ~ A 1-x2

(1X)

0

(In

()

)

Bxy + y2)dx+ (x% + xy)dy =0

Form the differential equation of the family of circles touching
y-axis at (0, 0).
Form the differential equation of family of parabolas having

vertex at (0,0) and axis along the (i) positive y-axis (ii) positive
X-axis.

Form differential equation of family of circles passing through
origin and whose centres lie on x-axis.

Form the differential equation of the family of circles in the first
quadrant and touching the coordinate axes.

Show that the differential equation% = % is homogeneous and solve it.

Show that the differential equation:

(x% + 2xy — y2)dx + (y2 + 2xy — x2)dy = 0is homogeneous and solve it.

Solve the following differential equations:

()

(1)

any

-
- 2y = cos3x

nx? Dt if y(E) =
smxdx+y cosx = 2sin“x cosx Lfy(z) 1

log (%) =px+qy

Solve the following differential equations:

(1)

3 +y?) dx = (x%y + xy?)dy
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(1) xdy—ydx= /x2+y2dx
(1) y{x cos (%) +y sin G)} dx
-x{ysin G) — X COoS ({)} dy =10

(IV)  x%dy +y(x +y) dx = 0 given that y=1 when x=1.
(V)  xex—y+xZ=0ify(e)=0

(VD) & =3xy?)dx = (y* — 3x%y)dy

g—§+r.'ose-c (§)=Ogiventhaty=0whenx=1

viy 2

Solve the following differential equations:
2z, 4y _ =
(n cos” x - = tanx —y
(n X cosxg+y(x sinx +cosx) =1
X x s
(i (1+er) dx+ev(1-X)dy =0
(IV) (y—sinx)dx+tanxdy=0, y(0) =0

Long Answer Type Questions (6 Marks)

Solve the following differential equations:
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1] (xdy — y dx)y sin G) = (ydx+ xdy) xcos ({)
(1) 3e*tany dx + (1 — e*)sec? ydy = 0 given thaty = E. when x = 1

() =+ ycotx = 2x+x* cotx given that y(0) = 0.

Show that the differential equation

2y ev dx + (y - 2x ei) dy =0 is homogenous. Find the particular

solution of this differential equation given that x = 0 when y = 1.

ANSWERS
(i) order = 1, degree is not defined
(ii) order = 2,degree = 1
(iii) order = 4,degree = 1
(iv)  order = 5,degree is not defined.
(v) order = 2, degree = 2
(vi)  order = 2,degree = 2
(vii)  order = 3,degree = 2

(viii) order = 1,degree is not defined

(” esjn x (”) em“ -

e v
w x_1’ (VI) secx
(V||) etan"’-x
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(1)) 1 (1) 1
ay 2 vy 1
v) 1 vy 2
vy 2
£ X _ —x
() y==gt5 ~2loglz|te () y=log|e+e|+c
wx‘i 5 xe-i-l " S
) y=tse+Iose (V) 5 +57=c¢
v) 2(y—x)+sin2y+sin2x=c
(V1) 2Iog|3x+1l+3log|1—2y|=c
V) Z-2Ztay=0
vy x(E ) +xy ——ydx
(VIII) z§+("”) =0
0 T—xf+ 28 i x )
_ x*(4loge x-1)
i IEs==as
()  y=sinx+:,x>0
(IV) 2y sinx =3 —cos2x
V) xy=¥+c
V) x=-y’e+cy?
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0 ey=&+2(1-2y)
(1N (e*+2)secy =c
(m  Vi—-x*+41-y2=c

1=y3=1
1-y2+1

=vV1l-x2—y1-y%+c

(V) log

V) GE+1)E*+D=2
(V1) logy= —icns“x + %cos"x —xeX+e¥+c

1 [cos® 2x

e — p— s X
6l 3 costl (x—1e*+c

(VIl) logltany| — g =

x2

(Vi) logly + 1|=?—x+c
e
() y—’;+310g|y| =c

(I  tan”! G) = log|x| + ¢
() x*+y?*=2x

(V) y=cecostx/y

W sn()=o

(V1) logly/x| = cx

3
(Vi) —eV=e"+5+c
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10.

11;

12.

13.

(VIll) sin"ty=sin"lx+¢

(X) Qry+y?) ==

) xz—y2+2xyg=0

(mn 2y=x%. y= 2x:—i

mn -y +ayE=0
(V) -y A+y?)=(x+yy)

X+2y

2 2| — -1 (x+2y
log|x? + xy + y?| = 2+/3tan (v,_)+c

3x
x+yt=c(x+y)

_ 3sin3x  2cos3 2%
(1 Y = o+ Ce

2 . 1
m y= ;smz x + cosecx

™ T
—4—=c
my
() —y = xlog{c(x — y)}

() cx?2=y+/x2+y?

()  xycos (’—D &g
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14.

15.

16.

(V)

W)

(Vi)

(VII)

)

()

(1
(Iv)
U
(In

(1)

3x%y =y + 2x

y = —xlog(log|x]), x # 0

c(x? +y?) = x2 —y?
cos% =log|x| + 1
y=tanx— 1+ ce~tanx

_ sinx COSX

y=- tey
x

X+yevy=c¢

2y = sinx

cxy = sec(%)
(1—-e)Ptany = (1 —e*)3

y=x?

e*l” = —%loglyl +1
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