21 Three Dimensional Geometry

A Line in Space

Any two distinct points in space determine a unique line. Lines in space are generally denoted
by L, M, N.,...

Direction of a Line

— —
If A and B are two distinct points on a line L in R’, then AB and BA are two vectors in

. . . % . . % . . % . % . . H
opposite directions. If AB has direction [ , then the direction of BA is —/ . The direction of AB

%
(i.e. line L) is taken as *1 .

If the direction cosines of line L i.e. direction cosines of any vector on line L are [, m, n, then

2

—1, —m, —n are also direction cosines of line L. Here, {2 +m2 +n% =1.

The equation of a line passing through A(Z) and having the same direction as a non-zero
—

vector | :

® The vector equation :

e The parametric equations : If ¥ = (x,y,2), d = (%, ¥, z1) and [ = (i, 1, 13), then

the parametric equations of a line are x=x +kl}, y=y +kly, 2=z +kl; (keR).

® The cartesian equation (Symmetric form) :

X=X _ y—n — <—Z (Zk)

h h I
. . - 72—z
If =0, 1, #0,15#0, then the equations of a line are, x = xp, N ] L or
2 3
X=X _ Y= _ 271 ) )
0 L = A (Here, denominator of x—x; is 0 means the first component

of 7 ie. [;=0. So, x=x;. Similarly if [;=0,l, =0, then the equations of line are

X=X _ Y=Y _ 2% '
o o I clex=xy=ye arbitrary.)

If the direction cosines of a line are [, m,n, then the equations of the line are

X=X _ Y= _ 277
;] m n , where 12+ m? +n?% =1.

e Forsome keR, (x +klj, y +kly, 7y +kl3) is any point on line.

The equations of coordinate axes in R :
The equations of X-axis : y=0,z=0
The equations of Y-axis : z=0,x=0

The equations of Z-axis : x=0, y=0

1135




® The equation of a line passing through two distinct points :

° The vector equation of the line passing through two distinct points A(z) and B(Z) is:

- >
r=a

+k(b — a), keR
. . - - -
®  The parametric equations : If ' =(x, y,z), a=(x,y,z) and b =(x,, y;,2,), then

x=x+k(x—x

the parametric equations are : ¥ =Y +K (yv2=n) ke R
=27 +k(Z2 —Zl)

° The cartesian equation :
X=X _ V=N _ 7%
Xop=% =N 22774
If then the equations b e e
x| = Xy, then the equations become Vo—yi  22-7

If Xy =xy,y1=yy,then x=x, y=y,z is arbitrary..
® Collinear points :
- - - . . . . 3
Let A(a), B(b) and C(c) be distinct points in R”.
° If A, B, C are collinear, then [Z Z) Z)] =0

e A, B, C are collinear & (Z)_ Z) % (Z_ Z) = 6

5
° Result : If A(z), B(b) and C(?) are three distinct points in space, then a necessary and
sufficient condition for A, B, C to be collinear is that there exist three non-zero real
- - - >
numbers [, m,n suchthat [+m+n=0 and [g+mb+nc=0.
® The measure of the angle between two lines in space

— - - - . :
Suppose L:r=a+kl, keR and M: r = b + km, keR are two lines in space.

- - - I .
=m or [ =—m,then | x m= (0. Then the measure of the angle between the lines

is defined to be zero. Since direction of lines are same, they are coincident or parallel.

N
@ If 1L Z ie. 7 . Z =0, then the lines are mutually perpendicular. Then the measure of the

.
angle between them is ER

— —
i) If I =% m and [ -m#0 and if o, is the measure of the acute angle between the lines
L and M, then
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1 - ml
-m
cosa, = ,0<a<
- - 2
L1 1ml
- -
This also holds good for oo =0 and o= Thus, cosot = ——-, O<acs PR
11 Iml
® The angle bisector of two lines :
BN
Let the point of intersection of two intersecting lines L : r=a+kl , keR and

M:7=d+ kz, keR be A(a). The bisector of the angle formed by the intersection of two
- -

linesis r=a+t x +
- —
[ Iml

For the bisector of the acute angle (internal bisector) '+' sign is taken and for the

|

bisector of the obtuse angle (external bisector) '-' sign is taken.

e If two distinct lines 7 = Z + k?, keR and ? = Z + k;;, keR intersect, then
%
(@d=D)+(I xm) = 0.
- -
If a= (x, yoz)s b=(%.92.2), L =(l,, 1, 3) and m= (my, my, my). then the condition

X1—=X2 N—Y2 3{—22
ll 12 l3 = 0

my ) ms

in cartesian form for two lines to intersect is

- — d d
I, keR and r =b +km, keR

® The necessary condition for two distinct lines +k

to be coplanar is (Z - ?) . (7 X ﬁ) = 0.

e If there is no plane that contains both the lines L and M, then L and M are called
non-coplanar or skew lines.
- - el — . 4 - d -
e If (a—5b)-(I xm)#0 for two lines [, keR and r=b+km, keR, then
the two lines are skew lines.

® Relation between two lines :
For line L:7=Z+kf, keR and M:?:Z+klz, keR,
- -
(1) If [xm=0 and (b—a)x [ #0,then L||M.

2 If 7 xm=0 and (Z —4d) x 7 — 0, then L and M are coincident lines.
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B) If [xm=0 and (b —a) - (1 xm)+0-then lines L and M are skew lines.

4 If 7 X m £ 8 and (Z - 2) . (7 % ,71) = (), then lines L and M are intersecting lines.
The perpendicular distance of a point from a line :

- >
r=a

The perpendicular distance of point P(;) from the line +k

A
I(p—a) x 11-

The perpendicular distance between two parallel lines :

Let L:F=a+ k7, keR and M: 7= Z +k 7, keR be two parallel lines. Perpendicular
- —>
distance between L and M is w.
A

The perpendicular distance between two skew lines (The shortest distance) :

Let L;7=Z+k7, keR and ?=Z+kn7, keR be skew lines. The shortest distance between
- = 7>
l(b—a)- (I xm)l
L and M is ( _)> ( )
1 % ml

Foot of the perpendicular from a point on a line, perpendicular line and image of line :

(1)  Coordinates of the foot of perpendicular M from point P to line L: x;xl =2 l_ AL ; 4
1 2 3

are (x; +kly, y +kly, 7 +kl3).

N

%
Find £ to find the coordinates of the foot of perpendicular from PM L [ .

(2)  The equation of the line perpendicular to L through point P( l—;) is 7= 1_; + km, keR.

(3) IfQ is the image of point P in L, then M is the midpoint of ﬁ and coordinates of Q can be
found using coordinates of P and M.

The point of intersection of intersecting lines :

I

. - - 7 — . . . .
Twolines L:r=a+kl, keR and M: r = b + km, keR intersect each other in a unique point.

b

Take any point (x; +kly, y, +kily, 2 +kl3) on line L:x;x1 SR Z;Zl and take any

: . X—X - z2—2Z
point (xy +kymy, yy +kymy, 2o +komy) on line M: 2 _ Y70 2
ml m2 m3
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By comparing the x, y and z coordinates of both the points, obtain the values of k; and k, and then
substituting these values in any of two equations for points gives the coordinates of the required
point of intersection.

Plane
Postulates :
(1) Three distinct non-collinear points determine a unique plane.
(2) A point and a line not passing through it, determine a unique plane.
(3) There is a unique plane containing two parallel lines.
(4) There is a unique plane containing two intersecting lines.
® The plane passing through three distinct non-collinear points :
® The vector equation of the plane passing through three distinct non-collinear points
A(@), B(b) and C(¢) is r=ld+mb+nc, ,mneR and [+m+n=1,
'Y (?_ Z) . [(Z_ 2) X (?_ Z)] = ( is the vector equation of a plane.
® The parametric equations of a plane : Taking 7= (x, y, 2), A(xl, Y Z1)s B(xz, Y2 23)
and C(x3, y3, Z3),
The parametric equations of a plane are :
X =lx) +mxy +nx;
y=Iy,+my, +ny; where ,m,neR and [+m+n=1.
z=lz; +mz,y +nzz
X=X y=yn Iz
® The cartesian equation : |[X2~X Y2~V 2272 = 0.
BT Y3 374
® The equation of XY — plane is z =0

The equation of YZ — plane is x =0
The equation of ZX — plane is y = 0

The condition for four distinct points of R? to be coplanar :

Let A(xp, y1» 21)> B(x25 ¥2, 22), C(%3, ¥3- 23) and D (x4, ¥4, 24) be points of R?,

Xl X2 .X3 X4
Y Y2 Y3 Y4 _

i1 2 3 %4
I 1 1 1

=X MmN 2274
A, B, C,Dare coplanar < |x3—x; y3—y zz—z|=0. Ile

X=X Ya—1 U—4

0

The equation of a plane making intercepts on the coordinates axes :

If a plane T intersects three coordinates axes at points A(a,0,0), B(0,b,0) and C(0,0, ¢), then
a, b, c are called the X-intercept, the Y-intercept and the Z-intercept of the plane T respectively.
e Suppose intercepts made by a plane T on X-axis, Y-axis and Z-axis are respectively,

a, bandc (a #0,b20, c 7&0) , then the equation of the plane is 2+ % +§ =1
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Normal to a plane :

There exists a line which is perpendicular to every line in a plane. It is called a normal to the

plane. Usually a normal is denoted by n or ’Z , n—;, n_;,

The equation of a plane having normal n o

7.7 = 2.7 is the vector equation of the plane passing through A(g) and having

N
normal 7 .

If ¢-7n = d,then the vector equation of the plane is ron=d.

° The cartesian equation : Taking 7= (x, v, 2), n= (a, b, c), a= (x;, 1, g;), cartesian
equation of plane becomes ax+by+cz=d, where d=ax +by +cz or
a(x—x)+b(y—y)+c(z=2)=0, a®> +b>+c> #0.

° The equation of the plane parallel to X-axis is by + cz =d
The equation of the plane parallel to Y-axis is ax + cz =d
The equation of the plane parallel to Z-axis is ax + by = d

° xcosa + ycos B+ zcosy = p is the equation of the plane having «, 8,7 as the direction

angles of the normal and p is the length of the normal from origin.

° If the equation of the plane is ax+by+cz =d, then to convert such an equation into the

form of xcoso + ycos B + zcosy = d , we divide the given equation by |7 .

. a b c d . .
That is — x + — y + — z = — form of equation obtained.
[nl [nl [nl [nl

d
e Ifd>0.thenlet = (q,b,c) so that Ij = p is positive,
n

n a b ¢

N —_— —_— —_—

n=— S50 50 5 :(cosa,cosﬁ,cosy)
17l Inl Inl Inl

° If d <0, then let ﬁ:(—a,—b,—c) and

Py -a —-b —c —d
n=—=|>" 5" "1 = (cosa,cosf,cosy) and = =p.
17l Inl Inl Inl 7]
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° The equation of the plane parallel to plane ax+by+cz+d=01is ax+by+cz+k=0.

where k € R —{d}.

° The equation of the plane perpendicular to line al = = s

Ix+my+nz+d=0.
Intersection of a line and a plane :

= >

- . - = - —
[, keR representalineand mw: r « n =d representaplane. ([ #0, n#0).

Let L:?:2+k

Taking 7= (ll’ 12, 13), Z = (a, b, C), Z = (xl, Yis Zl),

(1) If 7.2:0 and ax;+by, +czy #d, then the line and the plane do not intersect

ie, Lnx = 0.

) If 7 en=0 and ax; +by; + cz; = d , then the line lies in the plane and so, LNz = L

3) If 7. P 0, then the line intersects the plane in exactly one point. In order to obtain

the point of intersection, consider any point P(x;+kl, y;+kly, zj+kl3) of the line

-z . . .
= = and substitute in the equation of the plane to get the value of £.

Substitute the value of & in the coordinates of the point P and hence point of intersection is

obtained.

The measure of the angle between two planes :

- - - - .
Suppose the measure of the angle between the planes 7, : r en =d, and 7, : r *n, =d, is 0.

(1) The measure of the angle between planes m; and m, is % = n? . Iz =0.

. 4
(2) The measure of the angle between 7; and m, is zero < ”?1 X ;z =0.

n - n . i ln - n
() cos®=—L1—20<0<= je 0=cos —L—2.

= > 2 - >

In ln, | In; ln, |

o Ifgx+by+cz=d; and ayx+byy+cyz=d,, are given planes, then

Ialaz + blb2 + C1C2|

\/a12+b12+c12 \/a%+b22+c%

cos@ =

1 |(11(12 + b1b2 + C1C2|

\/a12+b12+c12 \/a%+b22+c%

ie. @ = cos
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® The angle between a line and a plane :

Suppose F=a+ k7 , k € R is the equation of a line and Fen=d isthe equation of a plane.

If the measure of the angle between the line and the plane is ¢,

11«7l

. en T

then o = sin™! , O<o<—.
- 2
[/11nl

® The equation of the plane passing through two parallel lines :
° The vector equation of the plane passing through two parallel lines 7 = ¢ 7

+kl, keR and

%
l

b4kl keRis (F—a)+[(b—a)x1]=0.

o If Z:(xl, Y 21)s Z}:(xz’ybzz) and 7:(11,12,13), then cartesian equation of the

X=X Yy—2 1=
planeis [xp—x; Yo=Yy 22—z |=0.
U ) ly

® The equation of the plane containing two intersecting lines :

%
° Let l

+kl.keR and 7=b + km, k € R be two intersecting lines. The vector

b

5
equation of the plane containing given intersecting lines is (7 - 2) e (I x %) = 0.

-
| =

° If a= (xl, Vs zl), (ll, Ly, 13) and m = (ml, m,, m3) , then the cartesian equation of the

X=X Y= =3
planeis | 4 h i |=0.

nmy my m3

® The perpendicular distance from a point outside a plane to the plane :

Let 7-n=d be the equation of a given plane and P(?g) be a given point, p & T.
-
. . N n—dl
Perpendicular distance of P(p) from the plane T = = .
Inl

If equation of plane is ax+by+cz+d =0 and p = (x1, ¥, 7 ) » then

lax; + by, +czy +d|

perpendicular distance =
Va? +b* +c?
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Distance Between Two Parallel Planes :

dy—-d
Perpendicular distance between two parallel planes 7 « 5 = d, and L d, is p = M
Inl
e Ifplanes aix + by +cjz+d; =0 and ayx+ b,y +cyz+d, =0 are parallel to each other,
by

a C
then LBy g
a b &

Intersection of two planes :
-
o If ;71 X né # 0, then the planes re ’71) =d, and 7. 772 =d, intersect each other. Intersection

— -
of two planes is a line, whose equationis 7 =a + kI , k € R, where [ = n X né
In order to find intersection of two planes i.e. in order to find a point on the line of
intersection of two planes, take z=0 (or x = 0 or y=0) and solve the equations in

x and y to obtain x and y.
e Ifplanes aqx+by+cz+d; =0 and a,x+ b,y +cyz+d, =0 intersect each other, then
equation of any plane through their line of intersection is
ax+by+cz+d +A(ax+byy+cz+dy)=0, LeR.
or Alax+by+cz+d)tayx+byy+cyz+dy=0
The image of a point in the plane :

Let Q(xy, y2, 2p) be the image of point P(x;, y|, z) in the plane ax+by+cz+d =0.

Xy — X Yo—V 20— 71 ax; +by, +cz +d
Now, = = =_2

a b C a?+b>+c?
Coordinates of image Q are (x; +ar, y; +br, z +cr).
The foot of the perpendicular from a point outside the plane to a plane :

Suppose P(x;, y;, z1) is not a point in the plane ax+by +cz+d =0. If M(x,, y5, zp) is the foot

of the perpendicular from point P to the plane, then x, = x; + ar, y, =y + br, zp =z + br

ax; +by, +cz +d

where, r = — 3

a’+b% +c
The equation of the plane bisecting the angle between given two planes :
The equation of the plane bisecting the angle between given two planes a;x + bjy + ¢jz + d; =0
and ayx +byy + cpz+dy, =0 is

axtbhyteztd) _ N ayx+byy+cyz+d,

a12+b12+c12 a%+b22+c§

Image of a line in a plane :

X=X _Y=n _27%
I ) I

Line L : and plane T : ax +by +cz+d = 0 are given.
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(1)

(2)

(3)

e Obtain point of the point of intersection P of line and plane.

e  Obtain image Q of point (xl, Vs zl) of line in plane.

“
e Obtain equation of PQ.

1% is image of the given line in the plane.

: Multiple Choice Questions :

. . . . 1 1 1
If the direction cosines of a line in space are &, &, . then .....

(A) O0<c<lS5 (B) ¢>2 (C) <=5 (D) ¢=3

Sol. : Taking direction cosines of the line as cosa, cos 3, cosy,

c0s2a+cos2ﬂ +cos27/=1
L2+L2+L2=1
¢ & ¢
3=c?
c=+/3 Ans. : (D)

The equation of the line passing through (3, 2, 1) and perpendicular to 5x -2y —-z-9=0is ......

(A) XxX—5 _ y+2 _ Z+1 (B) XxX+3 — y+2 _ Z+1
3 2 1 5 -2 -1

x=3 2-y 1-z X+3 _ y+2  z+1

(©) 5 2 1 B) = ="=7

Sol. : The normal to the plane 5x—-2y—-z-9=0 is n=5i- 2}' —k. As the line is
perpendicular to the plane, its direction vector is 7 . Also the line is passing through (3, 2, 1).

. . X=X _Y=n _ 273
The equation of the line : L
1 2 3

= = Ans. : (C)

The perpendicular distance of the point (1, 2, —3) from the line 2 t2 _ Y+l _z=3

—1 2 3
() B ® (2 © = (o)
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()

X+2 +1 -3 .
=X - 23 4

Sol. : The perpendicular distance of the point P(1, 2, —3) from the line

-1 2 3
- . -
|AP x [1, where A(-2,-1,3) and [ =(-1,2,3)
(3.3.-6)x(-1.2,3),
p =
(-1.2.3)

_Jer-39) 531
- T - H Ans. : (B)

If the points (—3, -1, 2), (1, 4, x) and (5, v, 8) are collinear, then x and y are respectively ......
(A) 9and5 (B) —5and 9 (C) 5and 9 (D) 5and -9

A A

Sol. : The points 2:—3?—j+2k, Z:§+4f+xl€ and ?:5§+y}'+8]2 are collinear.
(b-ad)x(c—d) = 0.
Gi+57+(x=2F)x B+ (y+1)j+6k) = 0

(—xy+2y—x+32)1 + (8x—40) } + (4y—=36)k = 0
8x—40=0 and 4y-36=0
x=5and y=9
See that —xy+2y—x+32=0 Ans. : (C)
Another method :

-
BC =k AB

(4,5, x-2)k=(4, y—4,8-x)
4k =4

k=1

" (4,5,x—2) = (4,y—4,8—x)
“y—4=5= y=9
“x—=2=8-x = x=5
sx=5 y=9

The direction cosines of the line making angles of equal measure with the coordinate axes are ...... .

(A) B AEE B o (© L (D) 3. V3. -3

w
w




Sol. : If direction cosines of line are I, m, n,then I =m =n and |2 + m? + n? =1.

312 =1
I=t ) =m=n.
V3
. . . . 1 1 1
. Direction cosines of line are * N T N T NS Ans. : (B)

Note : There is only one unit vector i.e. in (B).
(6) If the line makes angles of measure o, B,y with the positive direction of axes, then

20 + sinZB + sinzy = e

sin
(A) 2 (B) 1 (Cc) o (D) 3
Sol. : The direction angles of the line are o, 3, y.

cos’a + cos2B + coszy =1

1-sino +1- sinZB +1- sinzy =1

2 = sin’a + sinZB + sinzy Ans. : (A)

(7)  The distance of point (1, 2, 3) from X-axis is ......

(A) 1 B) 4 (€) V13 (D) 5

Sol. : The distance of A(x;, y;, z) from % ====1s

I0A x fl=|(x1, vz )% (1, 0,0)| =|(0, 2 y1)|=\/y12 +7°
The distance of the point (1, 2, 3) from X-axis = \/yz +72 = J4+9 = 13.

Ans. : (C)

(8) Ifa vector of magnitude 6+/3 makes angles of equal measures with the coordinate axes, then the

vector is ...... .
(A) BG+j+k) (B) —6@G+j+k (C) 2BG+j+k (D) =2BG+j+k
Sol. : Vector r makes angles of equal measure with the coordinate axes. Let direction

cosinesbe I, m,n. Then I=m=n and %2 + ;2 + % =1.
32=1. So, I=%
. y \/g

- A A A A A A
AsIFl=63, T=1rl di+mi+nk) = 60 +]+k) Ans. : (B)
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-7 _ z-17 - +5
y z and X=4 = Y z+3

(9) Direction ratios of a line perpendicular to il R = = are
1 2 -3 =2 1 2
(A) 73 _43 -5 (B) _7a 49 5 (C) 79 45 5 (D) 79 _43 5
Sol. : Suppose direction ratios of a line perpendicular to given lines are a, b, c.
. . . . . . . - -7 -
Now, a line having direction ratios a, b, ¢ is perpendicular to <l N 6 _ 2 S = Z_ 317 .

a+2b—-3c=0. Similarly, 2a+b+2c=0
a _ b ¢
443 246  1+4
.. Direction ratios : 7, 4, 5.

Second method :
Required direction ratio = (1,2, -3) X (-2, 1,2) = (7,4,5) Ans. : (C)

(10) The measure of the angle between the lines 7= (4JA' - lg) + t(—3zA' + 2]A' + lg), teR and

F=@it B +s@i+ ] =38, seR is

i - P 57
(a) % B) 5 @ % e
%
Sol. 1 =(-3,21), n7=(2, 1,-3)
0om |
-m —6+ 2 — 3 _ 7 _ 1
0= = T4 T2
Now, cos S \/a 14 14 2
[111ml
o T Ans. : (A)

3

-1 1 -11 r r
(A) cos™ % (B) cos™' () Z o) %
Y
H
B (0, a, 0) N (@ a, 0)
L (05 a, a) P ((1, a a
>» X
0 (0, 0, 0) A (a,0,0)
C (0, 0, a) M (a 0, a)
Z Figure 21.1

Sol. : The cube has 4 digaonals : ﬁ, ﬂ, BM and CN.

- — A
I =(a,a.a) for OP.  So, ZZ(L € L)




m=(-a,a,a) for AL.  So, m = (—

A= A
cos (OP , AL) =1l - ml

—> A=

(OP , AL) = cos™' 1.

Similarly the angle between any two diagonals of the cube has measure cos™! Ans. : (B)

1
3-
(12) A line passes through A(l, 3, 2) and B(3, 9, 5). The coordinates of a point on this line at a

distance of 7 units from the midpoint of AB is ...... .
(A) (4,12,13) ®) (0.0.1) (€) (4.12.1) D) (0,0,4)
o
Sol. : The equation of AB is 7 = 4 + k
7=(1,3,2)+k(2,6,3), keR
o
- Any point on AB is P(1+ 2k, 3+6k, 2+3k) (i)
The distance of point P from mid-point M(2, 6, %) is 7.
PM=7. So, PM* =49
2 2 2
(2k+1-2) +(6k+3-6)" + (3k+2-1) =49
(2k-1) + (6k-3)° + (3k —%)2 = 49
(2k-1)* (1+9+32)=49

(2k—1)* =4
2%k-1=2 or 2k—1=-2

k=% or k=—

0=

The required points on the line are (4, 12, %) and (0, 0, %) (From (i)) Ans. : (B)

. . -2 =3 —1
(13) Find the shortest distance between X =2 =2 and
3 4 2 4 5 3

x—4 y—=5 z-2

(A) V6 B) © (D) 6




(14)

5
Sol. : @ =(2,3,1), 1 =(3.4,2), b=(4,5,2), m=(4.5,3)
%
b-a=(221) [ xm=(2,-1-1)
- = A
*. The shortest distance = (b=—a) - (1 xm)
A
[l x ml
_ 12(2) +2(=1) +1(=D)I
J6
1
= Ans. : (C)
Lines 7:(2,—5,1)+k(3,2,6),keR andXT_7=%=ZT+6 are ...... .
(A) intersecting lines (B) parallel lines
(C) coincident lines (D) skew lines

Sol. : G =(2,-5.1), 1 =(3,2.6) and 5 =(7,0,-6), m=(1,2,2).

I'xm=(-804)%0

. Given lines are neither parallel nor coincident lines.

Now, (6 —a)+ (I xm) = (55-7)+(-8,0,4) = —40-28 = 0

. The lines are skew lines. Ans. : (D)
If the line passing through (4, 1, 2) and (5, y,0) is parallel to the line passing through (2, 1,1)
and (3,3, z), then (y,2) = ......
(A) (-1,3) (B) (3.-1) (€) (-3.1) (D) (-3,-1)
Sol. : Direction ratios of given lines are 1, y—1,—2 and 1,2, z—1.

Lines are parallel to each other.

y=3and z=-1 Ans. : (B)
The foot of the perpendicular from the point (4,8,1) to the line joining the points (-1, -3, 2)

and (3,-1,0) is ....... )

W (333) ® ($3)  © B3P

W |

) ® (5:3.5)

1149



P48, 1)

. i

A(-1,-3,2) M B (3,-1,0)
Figure 21.2

»H
v

Sol. :  The equation of AHB passing through A(—l, -3, 2) and B(3, -1, 0) is
F=(-1,-3,2)+k'(4,2,-2), KR

F=(-1,-3,2)+k(2,1,-1), k=2k'e R

TN
Suppose the point M (—1+ 2k, —3+k, 2—k) isthe foot of the perpendicular from P(4, 8,1) to AB.

Now, p?/[J_? So,IX&-?:o
(2k=5,k-11,-k+1)+(2,1,-1) =0
4k-10+k—-11+k-1=10
6k = 22. So, k = 1?1
The foot of perpendicular is M(%%_—;) Ans. :

(17) Which of the following points is not on the line 7 = (2,0, 1) +k(2,1,-3), ke R ?

(A) (6,2,-7) (B) (2,0,-1) (C) (-2,1,3) (D) (4,1,-4)

Sol. : The equation of the line is 7 — (2,0,-1)+k(2,1,-3), ke R

For the point (6,2, —7), if (6,2, -7)=(2+2k, k, —1-3k), then
6=2+2k, k=2, —-1-3k=-7
k =2 satisfies all the three equations.
(6, 2, — 7) lies on the line.
(2,0,-1) is also a point on line.
Let (-2,1,3) =(2+2k, k, —1-3k) for some &, if possible.,
—2=24+2k, 1=k, 3=-1-3%k

Here, k =1 does not satisfy the remaining equations.

(—2,1,3) does not lie on the line.

k=1 gives (4,1,—4) lies on the line. Ans. :

(A)

©)
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(18) The two lines x=ay+b, z=cy+d and x=d'y+b’, z=c'y+d’ will be perpendicular, if

and only if ......
(A) ad’ +bb' +cc’ =0 (B) (a+d)(b+b)(c+c’)=0
(C) ad +cc’+1=0 (D) ad’ +bb’+c’+1=0 (AIEEE:2003)
Sol. :  x=ay+b and z=cy+d and x=da'y+b’, z=c"y+d’
x—b _z—d
;Y and y=—]
x=b 'y _z-d Similard x=b _y _z-d
a | c imilarly, — ) -
7:((1, 1,¢) and 17z>=(a’, L ¢)
Two lines are mutually perpendicular < 7 m=0 & aa+l+cc’=0 Ans. : (C)
(19) If the lines =2 _ Y73 _zod g X YT IS e coplanar, then ......
1 1 -k k 2 1
(A) k=1or-I (B) k=0 or-3 (C) k=3 o0r-3 (D) k=0 or -1

(AIEEE : 2003)

Sol.: ¢ =(2,3,4), T =(1,1,—k) and b =(1,4,5), m = (k, 2, 1)

Lines are coplanar.

X=X 27V 2271
4 I, I =0
m my s
-1 1 1
1 —k|=0
kK 2 1

11+ 26) =11+ k%) +1(2 - k) =0

1-2k—-1-k*+2-k=0

k> +3k=0
k(k+3)=0
k=0 or _3 Ans. : (B)

(20) If the three edges of a cube are the coordinate axes, then direction ratios of the diagonal joining

the origin and the vertex opposite to it is ........ .

A) (2, -2, 2) (B) <—j%,j%,§%> © (11,1) (D) (3,2,1)




- - —
Sol. : Suppose a cube having side of length a has edges OA, OB, OC along X-axis, Y-axis,

Z-axis respectively.

One end point is origin (0, 0, 0) and the other endpoint is P(a, a, a).

— _
The direction ratios of QP containing the diagonal OP are < a—-0,a-0,a-0 ) i.e. < 1,1, 1 > .

Ans. : (C)
(21) The magnitude of the projection of the line segment joining A(2,1, —2) and B(3, -4, —1) on the

x—4 _ y+9 z-1 .

line is ... .

3 2 —6

26 19 16 13
(A) = (B) = (C) F (D) -
Sol. : The magnitude of the projection of AB on line 7 = 4 + k?, keR is

‘(xz—xl)l + (yo—yi)m + (zz—zl)n‘ where I, m,n are direction cosines of vector 7 .

For AB,
. . . . 3 2 -6
Xy —x1 =1, yo —y; =-5, 25 —z; =1 and the direction cosines of the line are [ = e m= e n= -
. The magnitude of projection = ‘ (1)(%) +(=5) (%) + (1)(_76)‘
= L|3-10-¢6|
7
= g Ans. : (D)

(22) The perpendicular distance of the line {(4+3k, 2+4k,4-5k) | ke R} from origin is
(A) 2 (B) 6 (C©) 542 (D) 245
Sol. : Origin O(0, 0, 0) and line 7 = (4,2,4)+k(3,4,-5), ke R are given.
- -
"~ A(a) = (4,2,4) and | = (3,4,-5)
- .
Perpendicular distance = [QA x /|

C1(-26,32,1001 _ 3042
= 5h —5\/5—6 Ans. : (B)
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(23) If the lines x=-1+4s, y=3—As, z=1+As and x= % y=1+t,z=2-t, (s, t are
parameters) are coplanar, then A = ......
A) =2 (B) -1 (c) -= (D) 0 (AIEEE : 2004)
Sol. : Cartesian equations of lines :

x+1_y=3_z-1
) y) and

a=(-1.31), [=(L,-n2) and b =(0,1,2), m= (;,1,—1)

Lines are coplanar.

X=X Yr2—= V1 271
ll 12 l3 = 0
my my ms

1 -2 1

1 -4 A|=0

1

3 1 -1

1(/1—/1)+2(—1—j)+1(1+§) =0

—2—/1+1+§ =0
A==-2 Ans. : (A)
(24) If the lines —1_ y;—l = le and xl—s = y;k =% intersect each other, then f = ......
(A) 3 B) 2 ) 2 (D) 3 (UT:2004)

Sol. : For lines 7 = (1, =1,1)+A(2,3,4),Ae R and F=0.k0)+u(l,2.1), ueR;

d=(1,-1,1),7=(2,3,4) and b =(3,k,0), m=(L2.1).

Given lines are intersecting lines and hence coplanar :

2 k+1 -1
2 3 41=0
1 2 1

2(5)-(k+DH(-2)-1 (1) =0
-10+2k+2-1=0

- - . . . .
k= %. But [ x m=# 0 . Hence lines are intersecting lines for k = %. Ans. : (B)
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(A)

(A) % (B) 0 (C) % (D) % (AIEEE: 2005)
Sol. : The lines are ~=2 =2 and ﬁzl:i,
-6 2 -12 -3
[=(3,2,-6); m=(2,-12,-3)
—
cosO = Ii-ml
| 11m]
|6 -24 +18]
= = 0
JO+4+36-\J4+144+ 9
[ Lm
. The lines are mutually perpendicular.
*. The measure of the angle between them is % Ans. :

(26) The equation of the line passing through A(1,1,1) and perpendicular ]3<.—()j joining B(1, 4, 6) and

C(5.4,4) is ......

(A) x—1 _ y_l _ Z—1 (B) x—1 _ y_4 _ Z—6
2 3 4 3 4 5

(C) xX—5 _ y_4 _ Z—4 (D) x—1 _ y_l _ zZ—1
3 4 5 -2 -3 4

Sol. : The equation of BC is 7 = a + k(h—a). keR =(.4,6)+k(4,0-2) ke R
Let M(l +4k, 4, 6 - 2k) be the foot of the perpendicular from A to BHC.
CAMLT
o (4k,3,5-2k)+(4,0,-2)=0
w16k —-10+4k =0

=1
k=5

%
AM = (4k,3,5-2k) = (2,3,4)
%
". The equation of the required perpendicular line is r= (1, 1 1) +k (AM), keR

=L, D) +k(2,3,4), keR

x—1 _y—1 _ z-1

2 3 4

Note : BC = (4, 0, —2) is perpendicular to only the line given in option (A). Ans. :

(A)
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- o o o N
(27) If the projection of AB on OX, OY and OZ are 3, 4 and 12 respectively, then |AB| = ......

(A) 169 (B) 144 (c) 19 (D) 13

% A A A % < % A
Sol. : If AB = X1+ x jtxks then projections of AB on OX =AB-i.

* x; =3 . Similarly x, =4, x3 =12

4 [2, 2, 2
. JABI = (Jx; +x, + x5 =13 Ans. : (D)

(28) If the direction ratios of two lines satisfy the equations 3/m — 4ln + mn=0 and [ + 2m +3n =0,

then the measure of the angle between those two lines is ....... .
()3 (B) % © % (D) £
Sol. :Substituting / =—2m —3n in 3im—4ln+mn=0,
3m(—2m - 3n) - 4(—2m - 3n)n +mn=0
. —6m> —9mn +8mn +12n> + mn =0
. m?=2n®
om= J_r\/En
For m=+/2n, [ = —2J2n—3n and for m = —2n, 1=22n-3n

- The direction ratios of both the lines are —2+/2 —3, /2,1 and 242 -3, —/2, 1

Let the angle between the two lines have measure ¢ .

(-2v2-3,v2,1)+ (2v2-3, -V2,1) = ~(8-9)-2+1 = 0

0= % Anms. : (A)

(29) If the shortest distance between the lines 7:(1, —1,0)+k(2,0,1), keR and XIZ = ylH - Z—_la

(A) 0Oor-I (B) Oorl (C) 1lor-1 (D) 2or—2

T X—Z_y+1_z—a . .
Sol. : r=(1,-10)+k(2,0,1), ke R and == are given lines.

a=(1-1,0), 7 =(201) and 5 =(2,-1,4), m=(1,1,-1)
—

Txm=(201)x(L1-1) =(-1,3,2) - Thus, 17 x ml= /14

(b-a) (I xm)=(1,0,a)(-1,3,2) =-1+2a
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BN
: -

Now, the shortest distance = - . N Jia
m

w 2a—1=1 or 2a-1=-1

wa=1 or a=0 Ans. : (B)
(30) If a line makes an angle of measure % with the positive direction of X-axis and Y-axis, then the
line makes an angle of measure ....... with the positive direction of Z-axis.
(A) % (B) & c) & (D) £ (AIEEE : 2007)

6
Sol. : If a line has direction angles e, f3, 7. then cos?a + cos?p + cos?y =1

s2Z 4+ cos* Z + coszy =1

. Co 4 4

1,1 2, _
. 2+2+cos7/—l

" coszy =0. Thus, cosy=0

. yz% Ans. : (C)
— -2 _ — — _

If lines =1 = 2 =223 gpg 22222 3 = 2! are intersecting lines, then the integral
k 2 3 3 k 2

value of kis ......

(A) =2 (B) -5 (Cc) s (D) 2 (AIEEE : 2008)

Sol. : For lines - = y-2 _z-3 and 222 = y=3 _z-l

k 2 3 3 k 2’

a=(123), [=(k.2,3) and 5 =(2,3,1), m = (3. 2)

The lines are intersecting and hence coplanar.

X=X 2N 2274
L Iy I3 =0
m ny ms

1 1 =2

kK 2 3]=0

3 k 2

. 1(4-3k)— 12k —9)—2(k* —6) =0

. 2k%+5k—25=0
. (2k—=5)(k+5)=0

A _
. k= 5 or k=-5
*. Integral value of k is —5. See that (-5, 2, 3) X (3, -5, 2) # 6 Ans. : (B)

e
Note : [ xm=# 0. So, lines are neither coincident nor parallel.
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©
(32) A line AB in three dimensional space makes angles of measures 7 and Tﬂ with the positive

“
direction of X-axis and the positive direction of Y-axis respectively. [f AB makes an acute angle

of measure 6 with the positive direction of Z-axis, then 6 = ......

(AIEEE: 2010)
(A) Z B) Z c Z (D) 3%

2

“
Sol. :If direction angles of AB are a, P, v, then cos“o + coszB + coszy =1

. cosz% + cosz%” +cos?0=1

Lyl cos?e=1

2 4
. cos?0 :%
. cosO =% (6 is an acute angle)
0= % Ans. : (C)
. . . . X y—2 z—3 .
The perpendicular distance of the point P (3, —1,11) from the line ST T s
A) B) 33 (C) 53 (D) Je5  (AIEEE :2011)
%
Sol. : PA=(0,2,3)-(3,-1,11)=(-3,3,-8) (A=1(0,2,3))

The perpendicular distance of point P(3, -1, 11) from the line 7 = (0, 2, 3) +k (2, 3, 4), keR is

|(-3.3,-8)x(2.3.4)|

J4+9+16

36,—4,~15
I( )| _ 1296+16+225 _ 1537 _ N

V29 V29 V29

Ans. : (C)

(34) f [+ m+n= 0, 2+m?2—n%2 =0 and [, m, n are direction cosines of two lines, then the angle

between them has measure ......

(A)

NI

B) % © % (D)

oY
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Sol. : [, m, n are direction cosines of lines.
o P+m?+n® =1 and 12 +m? = n? (Given)
. 2”2 — 1' SO n= i L
. D) \/5

Now from /+m+n=0, substitute n=—I—m in Z+m?—n? =0,

12+m2—(l+m)2 =0

v =2lm=0
~I=0o0or m=0
_ — ——p=F_L
If I=0,then m+n=0. So, m=—n +\/5
Direction cosines of one line : 0, + %, + %
and if m=0, then [+n=0. So, [=—n=F-L
V2

.. Direction cosines of the other line : f, 0, Lz

Taking @ as the measure of the angle between these two lines,

w045 -
0=3 Ans. : (C)

(35) The point which is equidistant from distinct pooints (x, 0, 0), (0, v, 0), (O, 0, z) and (0, 0, 0)

(A) (x..2) ® %3  © %%3  ® Grniv3n)
Sol. : Suppose P(a, b, ¢) is equidistant from the given points.
Let A(x, 0,0), B(0, y,0), C(0,0,z), 0(0,0,0),
PA* = PO?
o (x—a) +b?+cr =d? +b> + ¢
" x*=2ax=0

oa= (as points are distinct, x #0)

=

Similarly, from PB? = PO? and PC? = PO? respectively, b =% and c=7%

.. Required point is (%, %, é‘) Ans. : (B)
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(36) If a line makes angles of measure o, 3, 7 with the positive direction of X-axis, Y-axis and Z-axis

respectively, then cos2a + cos2f + cos2y = ...

(A) -1 (B) 1 (c) =2 (D) 2
Sol. :Here, cos’a + cos’ B + cos’y =1

Now cos2a + cos2f3 + cos2y = 2coso—1+ 2cos>B—1+ 2cos’y—1

2(cos205 + coszﬁ + coszy) -3

=21-3 = -1 Ans. : (A)
(37) Theequation ofthe line passing through (4, 2, 3) and parallel to line x;4 = y_—;l = Z'glo is.......
(A) XxX—4 _ y+1 _ Z+10 (B) xX—4 _ y_2 _ Z—3
4 2 3 —4 1 10
(C) XxX—4 _ y_2 _ Z—3 (D) xX—4 _ y_2 _ Z—3
2 -3 8 4 2 3

Sol. : The direction vector of the given line is 7 = (2, —13. 8) = the direction vector of the line

parallel to the given line.

The equation of the line passing through (4, 2, 3) and having direction vector

—

I = (2,-3,8) is

x—4 y—2 -3

5 pra Ans. : (C)
(38) The image of point (3, 0, 2) relative to the line xta y5+3 = 12—1 is ......
(A) (-1,2,3) (B) (-3,0,-2) (C) (4,21 (D) (-5.4,4)
P @3,0,2)
< _I Ed
N -
r=(-4,-3,1)+k(3,5,2), keR

Q
Figure 21.3

Sol. : Let, (-4 +3k, —3+5k, 1+2k) be any point on the line 7= (—4,-3,1)+k(3,5,2), keR.

Also, let N be the foot of the perpendicular from P(3, 0, 2),
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—> —
PN 1/

. (3k—4-3,5k—=3-0,2k+1-2)~(3,5,2)=0
© 9%k —21+25k-15+4k-2=0

. 38k —-38=0

k=1

. The foot of perpendicular is N(-1, 2, 3)

If Q(a, b, c) is the image of P(3, 0, 2) relative to the given line, then N is the midpoint

of PQ.
(_1 2 3) — a+3 b+0 c+2
T 27 27 2
o Q(-5.4,4) Ans. : (D)
(39) The length of the segment cut off by the lines lerz = y—_17 =% ;5 and

7 =(6,3,-3)+k (4,2,-3), k € R by a line having direction vector —57 + 7J/'\+ 2k iS e

(A) 86 (B) 12 (€) 718 (D) V131
Sol. : Suppose the line having direction vector 57 +7 JA +2Fk intersects ler 2 = y_—17 =Z ;5 .

ie. 7=(=2,7,5)+k(1,-1,3), ke R at point P(-2+k;,7—k,5+3k) and the line
7 =(6,3,-3)+k (4,2,-3), ke R at point 0(6+4ky, 3+2ky, —3-3k,).
%
PQ = (8 + 4k, —k;, —4+2k, +k;, —8—3k, —3k;)
> . .
But pQ has direction (-5,7, 2).

8+4k, —k, _ —4+2k,+k _ —8-3k, —3k
=5 7 2

8+4k, —k  —4+2k, +k

=5 7
" 38k, —2k; =-36 (1
and —4+2k, +k _ —8-3k, —3k
7 2
" 25k, +23k; =—48 @)
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Solving equations (1) and (2),
874k, —46k; = —828 and 50k, + 46k; =—-96

" 924k, = —924. So, ky =—1 and k; =—1

~ P(-3,8,2) and Q(2,1,0)

E is cut off on P% by the given two lines.
PO = \/(2+3)2 +(1-82+(0-2)* = J25+49+4 = J78  Ans.: (C)

(40) The distance between the lines ¥ =27 37 +4k + A(i -2} + k), Le R and

F=31+4]—k+pn(-21+4)-2k), peR is .
(A) 314 (B) 21 (©) 32 (D) o
Sol. :For given lines, 22(2, -3,4), 7:(1, -2,1) and Z=(3’ 4,-1), n_{z(_z, 4,-2).

Here, ?: kn_1>, k = —%

Given lines are either parallel or coincident.
(2,-3, 4) = (3.4, -1)+ u(-2, 4, -2) = (-1-7, 5)= u(-2, 4, -2)
which is not possible. So, (2, -3, 4) does not lie on L,.

Lines are parallel.

The perpendicular distance between them = |(Z —a)x Il
_ (1,7, -5) X (1, =2, 1)|
Jo
(=3, -6, -9)| 126
= = = /21 Ans. : (B
T NG V21 (B)
(41) The direction cosines of two lines satisfy the equations al+bm+cn=0 and
fmn + gnl + him = 0. If these lines are mutually perpendicular, then ...... (a#0,b#0,c#0)
f .8 «¢ f,.8_ h
(A) Tttt 0 (B) g+5+¢=0
a> | b* a b c _
(C) 7+?+7 0 (D) f+g+h—()

Sol. :al+bm+cn=0

. Substituting n = w in fmn+ gnl+ him=0,

+ him=0

—al->b —al-b
fm( ac m)+gl( ac m)
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.. —aflm— bfm* — agl® — bglm + chim =0
2
2 b vag[ L) vmg[ Ll-cn[ L] =0
Dividing by —m~, af mlT f +ag m 8lm |~ "Mm =
1Y ! !
ag(ﬁ) + (af + bg —ch)(ﬁ)+ bf = 0. A quadratic equation in w whose

[ L . .
roots are & = —— and B =—2 is obtained.
m m

_ b _of bl _ mmy

The product of roots o3 = mmy ~ ag - So, ( 7 ) (%)
a

mny _ Ll _ mmy

Similarly if / or m is eliminated, then ( h)

C

ROk
a b
Let the direction cosines of the line be [, my,n; and I, my, n,. If the lines are
mutually perpendicular, then
lllz + m1m2 + n1n2 = 0

h
-=0 Ans. : (B)

A |
. E+E+

(42) If a line makes angles of measures ¢, B,y and § with the four diagonals of a cube, then

sin®a + sin® B + sin’y + sin®>8 = .
(A) 3 B) & (€) 1 (D) 2

zZ
H

€009 L0, 4 a)

M (a, 0, a) o, o a)
3 Y
0 B (0, 4, 0)
A (a, 0, 0) N (a, a 0)
X Figure 21.4

Sol. : Suppose the direction cosines of the line are [, m, n. For diagonals ﬁ, ﬂ, W, CN of

— = >
cube, OP = (a, a, a), AL = (—a, a, a), BM = (a, —a, a) and C_N) = (a, a, —a)~
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. The direction cosines of QP are NN

U+m+d

3
— _ l + —
Similarly’ COSﬂ = m, COS;/ — |l m + I’l| and COS6 = w

V3 V3 3

2 ) 2 2 4(12+m2+n2)
Now, cos“a +cos”f+cos”y +cos"6 = ———— = %

If the given line makes an angle of measure ¢« with gp, then cosa =

2 2

. osin“o+ sinz,B + sinz}/ +sin’8 = 4- (cos o+ cosz,B + cosz;/ + c0s25)

— 4
= 4-3 = % Ans. : (B)
(43) A line makes an angle of measure @ with X-axis and with Z-axis, and makes an angle of

measure B with Y-axis. If sin?f = 3sin’6, then cos%6 = ......

(A) (B) (€)

Sol. : The line makes angles of measures 6, § and 9 with X-axis, Y-axis and Z-axis respectively.

(T[99
W

(D) 2 (AIEEE:2004)

W |—

. cos*0 + cosz,B +cos’0 =1
2c0s%6 +1— sinz,B =1
200526 — 3sin’0 = 0 (sinzﬁ =35in’0)

2c0s°6 — 31— c0s20) =0

. 5cos’0 =3
" cos?0=1%. Ans. : (A)
(44) If the foot of the perpendicular from the origin to a plane is (=3, 4, —2), then the equation of the
plane is ....... .
(A) 3x—4y+2z-29=0 (B) 3x—4y+2z+29=0
(C) 4x-2y-3z+29=0 (D) 4x-2y-3z-29=0

Sol. : The foot of the perpendicular from the origin 0(0, 0, 0) to the plane is P(-3, 4, —2).

. The vector normal to the plane is 2:(%:(-3, 4,-2)=(a,b,c)

<. The equation of the plane is a(x—x)+b(y—y;)+c(z—7)=0
 =3(x+3)+4(y-4)-2(z+2)=0
" =3x-9+4y-16-27-4=0
© 3x—-4y+2z+29=0 Ans. : (B)
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(45) The point of intersection of line x-2|- 3 = yl—l == ; 2 and plane 2x—3y—z+7=0 is ...

(A) (-3,1,2) B) (2,-3,-1) ©) (21,2 (D) (~11,-3,-6)

Sol. : Any point on line 7:(—3, 1,2)+k(2,1,2), ke R is (-3+2k,1+k, 2+2k).
If it is on plane 2x—-3y—2z+7 =0, then
2(-3+2k)-3(1+k)—(2+2k)+7=0
4=k

". The point of intersection = (—1 1,-3, —6) Ans. : (D)

(46) The equation ofthe plane parallel to 7 - Bi+5]+ 4]2) = ( and passing through i+ 31/'\ 42k QS
(A) 3x+4y+4z+26=0 (B) 3x+5y+4z-26=0
(C) x+3y+2z+26=0 (D) x+3y+27-26=0
Sol. : The equation of the plane parallel to the plane 7 (Bi+5]+ 412) =0 is
Fe@Bi+5]+4k)+1=0
It is passing through (1, 3, 2).
s (1,3,2)4(3,5,4)+1=0
Lt=-26
*. The equation of the plane is 7o (Bi+5]+ 412) -26=0
. 3x+5y+4z-26=0 Ans. : (B)
(47) The foot of the perpendicular from (4, 1, 3) to the plane x—y—2z-3=0 is ......
A) 6,-L-1) (B (L-L-2)  (©) (3-2-5 (D) (501

1A 1.3)

s

Figure 21.5

Sol. : The vector normal to the plane x—y—-2z-3=0 is n= (1, -1, - 2).

Let N be the foot of perpendicular from A to the plane.
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(48)

>
The equation of AN is 7=2+kﬁ, keR

L P =(41,3)+k(1,-1,-2), keR

. Forsome ke R, N(4+k,1-k,3-2k) and it lies on the plane x—y—2z-3=0.

“ 4+k-1+k-6+4k-3=0

v 6k=6. So, k=1

. The foot of perpendicular is N(5,0,1). Ans. : (D)

The equation of the line passing through (2, —1, 3) and perpendicular to plane Sx+4y-7z—1=0

(A) 7 =2l— J+3k+A5i+4]-7k), AeR
(B) 7F=5i+4]-7k+12i-]+3k), eR

(C) ¥ =2i-}+3k+A31+5]-10k), L eR
(D) cannot be obtained

Sol. : The vector normal to plane is ﬁ:(s, 4,-7). This is the direction vector of the

perpendicular line.
The line passes through ¢ = (2,-1,3)-

.. The equation of the perpendicular line is FT=ad+\ ﬁ, AeR

F=(2,-1,3)+1(54,-7), LeR

Sl

=2i—j+3k+A(5i+4j-7Tk), LeR Ans. : (A)
The magnitude of vector normal to the plane is 3+/3. The normal of the plane makes angles of

equal measure with all the three coordinate axes. If this plane passes through the point (3, -1, 2),

then its equation is ......
(A) 7.@i-]+2k)=0 (B) 7.3i-j+2b)=6
€) Fel+/+k)=4 D) Y.(+]+k=0

Sol. : The vector normal to the plane makes angles of equal measure with all the three coordinate
axes.

Let n=(1,1,1)

2 2 2 _ _ 1

T+ =1 So, [=+-L

“+1°+1-=1 l 5
- - ’i\+A+£ A P
Now,as|n|=3\/§,n:3\/§+:3i+3j+3k
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- >
ae-n.

RN
r .

The equation of the plane is 7 » n=

L TeG1+3]+3k)=(3.-1,2)-(3.3.3)

L Fe(+]+h)=4 Ans. : (O)

(50) The plane x—2y+3z=15 divides the line segment joining (—2, 4, 7) and (3,-35, 8) in ... ratio.
(A) -2:11 (B) 2:11 (C) 17:26 (D) 1:2
Sol. : Suppose the plane x—2y+3z=15 divides the line segment joining P(-2,4,7) and

Q(3, -5, 8) in ratio A:1 from P.

. . & 3A—2 —5A+4 8A+7) .
The point of Intersection of PQ with the plane R( 151 A+l A+l } lies on the

plane x—2y+3z=15.

. 3A-2 S (-5A+4 8A+7)_
TOA+1 2( A+1 )+3(ﬂ+1 j_ls

© 3A-2+10A -8+ 244+ 21=15A+15
w224 =4
. _ 2
A= i1
. Ratiois 2:11
(51) The distance between the planes 2x+y+2z—8=0 and 4x+2y+4z+5=0 is ...... .
3 9
(B) € 3 (D) 3
(AIEEE : 2004, JEE : 2013)

Ans. : (B)

|

(A)

(SIS

Sol. : The perpendicular distance between parallel planes
4x+2y+4z—-16=0 and 4x+2y+4z+5=0 is

_ ldy -4
\/a2+b2 +c?

|5+16]| 51

- Ji6+4+16 6

(52) The direction numbers of normal to the plane passing through (1, 0, 0) and (0,1,0) and making

Ans. : (A)

1N

an angle of measure % with the plane x+y=3 are ......

(A) 1,42,1 (B) 11,42 (C) 11,2 (D) 2,11
(AIEEE : 2002)

Sol. : Suppose direction numbers of normal to the plane are a, b, c.
The plane passes through (1,0, 0) and (0,1, 0).
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alx—x)+b(y-y)+c(z—2)=0
© a(0-1)+b(1-0) + c(0-0) =0

“ —a+b=0

© a=b

>
. Normal vector n, =(a, a, ¢).

and normal vector to the plane x+y =3 is n_z) = (1, 1, O).

In, -,
Now, cos0 = T
In ln, |
T |a+a|
LCOS = = —————
4 a2
! 2al

2 Vo2a® v -2
o 2a% +c% =442
. c=i\/§a

*. Direction numbers are a, a, V2a ie. L1, £ V2. Ans. : (B)

(53) Two systems of rectangular axes have the same origin. If a plane intersects them at distances

a,b,c and o', b’, ¢’ from the origin, then ......

(A)

(€)

Sol. :

1 1 1 1 1 1 1 1 1 1 1 1
St st gttt —2=0 B) -~ =t %75 =0
a b c a b c a b c a b c

1 1 1 1 1 1 1 1 1 1 1 1
St 5+5-—F 757 —7=0 (D) Zw+s+5+t—5+7+57=2
a b c a b c a b c a b

(AIEEE : 2003)

Similarly, for another system,

1
= \/ I -
@)y @) ()
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E PR c (a’)2 (b’)2 (c’)2 Ans. : (C)

s R

3 -2
(A) 3x=2y+z+2=0 (B) 2x—y-4z+2=0
(C) 2x+y-4z-6=0 (D) 2x+y-4z+6=0

Sol. : Suppose normal to the plane is n = (a, b, c) ;

A(-1,0,1) lies on the plane.
. The equation of the plane is a(x+1)+b(y—0)+c(z—1)=0 (1)
The plane passes through B(2, 2, 3).

“ 3a+2b+2c=0 (a(xy —x)) T b(y, —y;) +c(zy —2z) = 0) (2)
The line 7 =(3,-2,1) is orthogonal to (a,b,c).

*w 3a-2b+c=0 (

Solving (2) and (3),

“a:b:c=2:1:(-4)

. The equation of the plane is 2(x+1)+1(y—0)-4(z-1)=0

w 2x+y—4z+6=0. Ans. : (D)
(55) A plane intersects X-axis at A, Y-axis at B and Z-axis at C. If the centroid of AABC is

(OC, B, }/) , then the equation of the plane is ......

R =
_I_
=< ™=
_I_
<N

() Frtgty©! (B)

_l_

+

Il
|
g
Q=
+
|~

2z
Yy 3

Y
B




Sol. : The plane intersects axes at A(a, 0, 0), B(O, b, 0) and C(O, 0, c).

. . X y Z
The equation of the plane is — + b to= L.

c
73

. The equation of the plane is 3% + % + % =1

a
3 )

w | S

The centroid of AABC is (0” B, 7/) =

7/ N\

a =3a, b =738 c=3y

XY 2
'E+B+?_3 Ans. : (B)
(56) The equation of the plane passing through (3,2,0) and containing the line
xX—3 _y—6 7—4
1 5 4
(A) x-y+z=1 (B) x+y+z=5 (C) x+2y-z=1 (D) 2x—y+z=5
(AIEEE : 2002)

Sol. : The equation of the plane is | Xx—X Y-y z—Z where (xl, Vi» Zl) = (3, 2, 0)
Xo—=X Yo=Y 2-%|=0 (x2, ¥2,22) =(3,6,4)
L L Iy (h, b, 15) = (1,5, 4)
x=3 y=-2 z
0 4 4/=0
1 5 4

 —4(x-3)+4(y-2)-4z=0
“ —x+3+y-2-z=0
wox—y+z=1 Ans. : (A)
Second method : Suppose the equation of the plane is a(x —3)+b(y—2)+c(z—0)=0.

Any point of line (k +3, 5k + 6, 4k +4) lies on the plane.
“alk+3-3)+b(5k+6-2)+c(4k+4)=0 VkeR
s (a+5b+4c)k+4b+4c=0 VkeR

a+5h+4c=0 and 4b+4c=0.1e. b+ ¢ =0

a_b _c

1T
. The equation of the plane is (x—3)—(y—2)+(z—-0)=0

wox—y+z=1
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Third method : The equation of the plane is a(x—3)+b(y—2)+c(z-0)=0
The normal (a, b, ¢) to the plane is orthogonal to direction vector (1,5, 4) of the line.
" a+5b+4c=0 (1)
(3,6,4) lies on the plane.
a(3-3)+b(6—-2)+c(4)=0
s 4b+4c=0 (2)
By (1) - (2), a+b=0
s.a =—-b=c (From (2))
. x=3—(y—2)+z=0 is the equation of the plane.
ox—y+z=1

(57) A tetrahedron has vertices at O(O, 0, 0), A(l, 2, 1), B(2, 1, 3), C(—l, 1, 2) . Then the angle
between the planes formed by points O, A, B and A, B, C is ...... (AIEEE:2003)

(A) cos'(§)  (B) Z (©) (D) cos™ (£2)

2N

Sol. : Normal to the plane formed by points O, A, B is

W= O0AxOB = (L21)x(21,3) = (5-1,-3)

and normal to the plane formed by points A, B, C is

7 = ABxAC = (L-12)x(2,-11) = (1,-5,-3)

- =

Cdmpemyl 54549 _ 19

If the angle between them has measure 6, then cos® = I s s 35

In 1n, |
. 0=cos! (%) Ans. : (D)
(58) If the plane 2x—4y+z =7 contains the line x1—4 = y1—2 = Z;k ,then k= ......
(A) 7 (B) -7 (C) 1 (D) Not any real number

(IIT : 2003)

Sol. : The line lies in the plane. Point (4, 2, k) of the line is in the plane.
24 -42)+ k=7
L k=T. Anms. : (A)
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(62)

A 4 B) (c) =L (D) s

Sol. : x-3y+4z=-6

i + l + % =1
- 2 -3
*. The intercepts made by the plane on coordinate axes : —6, 2, —%
. Their sum = _711 Ans. : (B)

A plane intersects the axes at A, B, C . If ( p2, P, 1) is the centroid of AABC, then the equation

of the plane is ......

(A) p2x+py+z=3p2 (B) x+py+pzz=3p2

(©) plx+py+z=3 (D) x+py+p’z=3

Sol. : Suppose the plane intersects the axes at A(a, 0, 0), B(0, b, 0), C(0,0, c).
The equation of the plane : % +opt

z
c
a b c
The centroid of AABC (PZ, D, 1) = (—, o 5)

. a=3p2,b=3p,c=3

Y 2o

N . —_— + —_
. The equation of the plane 3p° 3p 3

X+ py+ pzz = 3p2 Ans. : (B)

The perpendicular distance of point (4, 2, 3) from the plane 2x+3y—6z+11=0 is ......

(A) (B) % (©) 1 (D) &

7

Q=

Sol. : The perpendicular distance of point (xl, s Zl) from the plane ax+by+cz+d =0 is
3 |ax1 +by, +cg +d|
Va? +b* +c?

_[8+6-18+11]

7
= =1 .t
N4+9+36 7 Ans. : (€)

The equation of the perpendicular bisector plane of the line-segment joining the points (1, 4, 7)

and (3,0,1) is ......
(A) x-2y-3z=0 (B) x-2y-3z+14=0
(C) x-2y-3z-14=0 (D) x+2y+3z-18=0
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Sol. : AB joining A(1,4,7) and B(3,0,1) has midpoint M (2,2, 4).

%
Normal to the perpendicular bisector plane is 7n=AB= (2, -4, - 6).

. The equation of the perpendicular bisector plane is 7« 7 = g « 71 -

C P e(1,-2,-3) = (2,2,4)+(1,-2,-3) = —14

. x—2y-3z+14=0
Ans. : (B)

(63) The line of intersection of the planes x+3y—z=1 and e (_2§ + } + 4]2) =7 is parallel to

(A) 3i-27-7k (B) -131+2j-7k (C) 13i-27+7k (D) 2i+7j-13%
Sol.: ' =(1,3,-1), n, =(-2,1, 4)

x ,72 =137 =2 } + 7k is the direction vector of the line of intersection.

It is parallel to vector ~137 + 2? -7k .
Ans. : (B), (O)

(64) The distance between line r =27 — 27+ 3k + A0 -7+ 4]2) and plane . G+57+ ]/c\) =5

(AIEEE : 2005)
Sol.: (1,-1,4) « (1,5,1) = 0 and (2, -2, 3) does not lie on the plane.
-, The line is parallel to the plane.
Now, point A(2, -2, 3) lies on the line and the equation of the plane is x + 5y +z—5=0.

The distance between the line and the plane is the distance of any point on the line from the

plane.

|1(2) +5(-2) +1(3) -5 |
The distance between the line and the plane = \/12 152412

10
T 33
Ans. : (A)
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(65) The image of (—1, 3,4) in the plane x—2y=0 is ......

(W) #5594 @ @4 © (HLF) 0 (E9)
tP(-1,3,4 (AIEEE :2006)
x=2y=0
Qe )
Figure 21.6

Sol. : Suppose the image of P(—l, 3, 4) is Q(d, e, f).

— - +4
. The midpoint of PQ is M(dz 1, 623, f2 jand it lies in the plane x—2y =0.
. b_2(6+3)=0
2 2
wd—2e=7 (D

The equation of the line passing through P and perpendicular to the plane is

7 =(-1,3,4)+k(1,-2,0), ke R (I =7)
. X+l _ y-3 _z-4

B -2 0
The perpendicular also passes through Q.

.od+l _e=3 _ f—4

B -2 0

. —2d-2=e-3, f=4.

~ 2d+e=1 and f=4. )

. . -9 K

Solving equations (1) and (2), d = z, 6=

. . (2 =13 .

. The image is (5, 5 4) Ans. : (D)

(66) The equation of the plane perpendicular to x+5y+z=4 and x+3y+2z =1 and passing through
(1,4,-2) is ......
(A) 7x+y+2z=7 (B) 2x+8y+3z=28(C) 7x-y-2z=7 (D) 7x—y+2z=-1
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Sol. : Normals to given planes are n, = (1,5,1) and n, = (1,3, 2)
Normal to the plane perpendicular to given planes is
 xny, = (L51)x(1,3,2) = (7,-1,-2)
<. The equation of the perpendicular plane is a(x—x)+b(y—y;)+c(z—z)=0
© T(x=1)-1(y-4)-2(z+2)=0

v Ix—y—-2z=17 Ans. : (C)

(67) A plane passess through (1,—2,1) and is perpendicular to planes 2x-2y+z=0 and

(68)

x—y+2z=4. The perpendicular distance of point (1, 2, 2) from the plane is ....... .

(A) 0 (B) 1 (C) 2 (D) 242 (IIT : 2006)

Sol. : Normal to the plane perpendicular to given planes is

n=mxn = (2-21)x(1,-1,2) = (-3,-3,0) ie.

= (3: (1,—2,1))

The equation of the perpendicular plane is 7.7 = 4
Cox+y=-1
o x+y+1=0

The distance of plane x+ y+1=0 from the point (1, 2, 2) is

[ +12)+02) +1| _
Ji+1+0

4
5= 2\2 Ans. : (D)
Let L be the line of intersection of the planes 2x+3y+z=1 and x+3y+2z=2. If L makes

an angle of measure O with the positive direction of X-axis, then cosar = ......

(A) (B) 1 (C) D) F (AIEEE : 2007)

s

N |—

Sol. : The direction vector of line is I = n1 X rfz = (2,3,1)x(1,3,2) = (3,-3,3)

[ = (1-1,1)
7
-l L
coso, = _, = Ans. : (D)
l
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Sol. : The direction vector (1,1, 13) of line is orthogonal to (1, 0, 0). (normal to the plane)
"~ [ +0+0=0
=0 Ans. : (A)
(70) The distance of point (1, 5,10) from the point of intersection of plane x+y—z—1=0 and line

x+2 y—1 z+2 is
3 2 o 18 e

(A) 15 (B) 11 () 13 (D) #

Sol. : Point (2,1, —2) of the line is also a point on the plane x+y—z-1=0.

. (=2,1,-2) is the point of intersection of the line and the plane.

. Required distance = \/(1 + 2)2 +(5 —1)2 +(10+ 2)2

= J9+16+144 = 13 Ans. : (C)

(71) If the plane 6x+4y+3z7-12=0 intersects the coordinate axes in A, B, C, then the area of

AABC is ... sq. units.

(A) a1 (B) 61 (€) V29 (D) 244

Sol. : The equation of the plane : 6x+4y+3z=12

—+

W <

+2=1
4

0 | =

*. The points of intersection with axes are A(2, 0, 0), B (0, 3, 0), C (0, 0, 4)

- >
Area of AABC = %|AB x ACI

1(=2.3,0)x(-2,0. 4)

11(12,8,6)
= %1WM+64+36
= Jo1

Note : Area of AABC = %\/azbz +b%? +*a® = %\/36 +144+64 = J61  Ans.: (B)
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(72) The equation of the plane passing through P(3, 6, 2) and perpendicular to (3_1)3 is ...
(A) 3x+6y+27=49 (B) 3x+6y+2z=7
(C) 2x+6y+37=49 (D) 2x+6y+3z=7

%
Sol. : Normal to the plane (perpendicular to (<)_1>3) is 7=0P = (3, 6, 2) and the plane passes

through @ = (3,6,2).
" 3(x-3)+6(y-6)+2(z-2)=0
. 3x+6y+2z=49 Ans. : (A)
(73) If the line passing through (5,1, a) and (3, b,1) intersects YZ-plane at (0, %, _713), then ......
(AIEEE:2008)
(A) a=8b=2 (B) a=2,b=38 (C) a=4,b=6 (D) a=6,b=4

Sol. :  The equation of the line passing through (5,1, @) and (3,b,1) is

F=(51a)+k(=2, b—1, 1-a), keR
Let the line intersect the YZ-plane at point (5-2k, 1+k(b—1), a+k(1—a)) for some k € R

" (0, 2, =13) = (5-2k, 1+k(b—1), a+k(1-a))

272
© 0=5-2k. So, k= % (If 5 =4, a has to be 6 looking at options.)
T =1+k(b-1) LB =a+k(l-a)
17 _ 5 -18 _ =3
7 =1+3(-1) > ="
w b=4 s 6=a Ans. : (D)
(74) 1If the line x;Z = y_—sl = z;—Z lies in the plane x+3y—oz + =0, then (o, B) = ......
(A) (6,-17) (B) (-6,7) (C) (5,-15) (D) (-5,5) (AIEEE : 2009)

Sol. : For the line, 4 = (2,1,-2), 7= (3,-5,2) and "= (1,3, —a)

L So, [ n=0

v 3-15-2a=0. So, «=—6  (So, answer is (B))

and point (2,1, —2) lies in the plane x+3y—-oaz+ =0.

" 243+6(=2)+B=0

s B=7

~ (o, B) =(-6,7). Ans. : (B)
Note : The answer can be obtained by finding the value of o =—-6 alone.
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(75) P(3,2,6) is any point in space. Point Q lies on the line 7 = (; — i+ 2k) + W(=3i+J + 5k) for
— .
some ;. If vector P(Q is parallel to the plane x—4y+3z =1, then ;= ......

(A) (B) - () + (D) -1 @T:2009)

EN{E

Sol.:  Q(1-3u, =1+, 2+5u) lieson 7 =(i — j +2k) +w(=371 + j + 5k) for some u € R.
1%2(1_314—3, —1+u-2, 2"'511—6) is parallel to the plane x—4y+3z=1.

" I%J_ﬁ)’ where 7=(1,—4,3)

%
“PQ-n=0

© (Bu=2)(1)+ (u=3)(-4) + (5u-4)(3) =0
=3u-2-4pu+12+150-12=0
8u=2

M= Sol =g Ans. : (A)

(76) The equation of the plane parallel to X-axis and having Y-intercept 2 and Z-intercept 3 is

(A) 3y+2z=1 (B) 3y+2z=6 (C) 2y+3z=1 (D) 2y+3z=6
Sol. : The equation of the plane parallel to X-axis is by+cz+1=0.

The plane has Y-intercept 2 and Z-intercept 3. | Second method :
. 2b+1=0 and 3c+1=0 The equation of plane parallel fo X-axis is

Lz,
b c

Now, Y-intercept = 2 and Z-intercept = 3.

" b:_% and c=-

Q=

. y z
The equation of the plane : — = —=+1=0 .. The equation of the plane is % + % =1.

“ 3y+2z=6 s 3y+2z=6 Ans. : (B)

(77) The distance of point P(1,—2,1) from the plane x+2y-2z=a, o¢>0 is 5. The foot of

perpendicular from P to the plane is ......
@ ¢4 ® ¢33 © (3% O (33 @r:200
Sol. : The perpendicular distance of point (1, —2, 1) from the plane x+2y—-2z—0=0.

m-2+1-2 -0 _

Vi+4+4
s |5-a|=15
“ S5+a=15 or S5+a=-15
©a=10 or a=-20

Now, as o >0, o =10.
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(78)

If M is the foot of the perpendicular from P to the plane, then

PN
The equation of PM is 7 = (L-21)+k(1,2,-2), keR
Coordinates of M are (1+k, -2+ 2k, 1—2k) for some ke R and M lies on the plane
x+2y—-2z-10=0.
v 1l+k—-4+4k—-2+4k-10=0

9% =15

k=23

. The foot of perpendicular is M (% % _?7) Ans. : (A)
If the planes 3x—6y—2z =7 and 2x+ y—kz =5 are mutually perpendicular, then k = ......
(A) 0 (B) 1 (c) 2 (D) 3
Sol. : r?lj_rz So, r?l-n_;:O

“ (3,-6,-2)+(2,1,-k)=0
© 6-6+2k=0. So, k=0 Ans. : (A)

The direction cosines of the line passing through P(2, —1, 2) are positive. The line makes angles

of equal measure with the coordinate axes. The line intersects the plane 2x+y+z=9 at Q.

Length of pQ is ......
(A) 1 B) 2 © B D) 2 (IT-2009)

Sol. : Let direction cosines of line be [, m, n, and as line makes angles of equal measure with the

coordinate axes, [ =m=n.

12 +m?+n® =1
3% =1
=L
7
As direction cosines are positive, direction cosines of the line are % % %
". The equation of the line pssing through P is r= (2, - + k ( ) keR
. k1, k k . . .
. The point Q|2 +-= ek 1+ ek 2+ NG of line is at a distance & from point P.
It lies on plane 2x+y+2z=9.
. k k k
2012+ -1+ 2+ =
e+ (1o )e 2o ) -0
. 4k _
-5 4
k=43
. PO = NE) Anms. : (C)
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(80)

Sol. :

@81

Sol. :

(82)

Sol. :

(83)

Sol. :

The equation of the plane passing through the line of intersection of the planes x + y+z—-1=10
and 2x + 3y — z + 4 = 0 and which is parallel to X-axis is .....

(A)y—-3z+6=0 B)3y-z+6=0 C)y+3z+6=0 MD)3y-2z+6=0
The equation of the plane passing through the line of intersection of the planesx +y+z—-1=0
and 2x +3y—z+4=0isx+y+z—1+A Q2x+3y—z+4)=0.

S H20x+ (A 30y + (1 =Mz + (-1 +4A) =0

The plane is parallel to X-axis.

.1 +20=0
. _ 1
°°k‘—3

.. The equation of the plane is —y + 3z — 6 = 0.

i.e. y— 3z + 6 = 0 is the equation of the required plane. Ans. : (A)
The equation of the plane passing through (1, 2, —3) and perpendicular to the line joining
(—1, 3, 4) and (5, 2, 1) is ........
(Ay6x —y—-5z-19=0 B)6x+y—52-23=0
C)bx+y+5z+7=0 MD)y6x—y+5z+19=0
Normal to the plane perpendicular to the line joining A(-1, 3, 4) and B(5, 2, —1) is

N
n=AB = (6, -1, -5).

The plane passes thorugh (1, 2, —3).
.. The equation of the plane is 6(x — 1) -1 (y —=2) -5 (z+ 3) =0.
o 6 x—y—5z-19 =0 is the equation of the required plane. Ans. : (A)

If the distance of the plane x — y — z + a = 0 from the origin is twice the distance of the point

(=1, 1, 1) from the origin, then a = ......
(A)3or9 (B) 3 or -9 (C) 3 0r9 (D) =3 or -9

The distance of point (-1, 1, 1) from the origin is /3 .

) Cl=1=-1-14+al
The distance of (-1, 1, 1) fromx -y —z+a=01s NG =23

“a-3=%6

“a=9ora=-3 Ans. : (O)
Plane XOY, divides the line-segment joining A(2, -3, 2) and B(6, 7, —5) in the ratio ...... .
(A)—-1:3 B)-5:2 ) 2:5 (D)3:7

If the plane XOY divides the given line-segment from A in the ratio A : 1, then the z-coordinate
of the dividing point is 0.

—5A+2
A+1

N

5
. Ratio=12:5 Ans. : (O)
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(84)

Sol. :

(85)

Sol. :

(86)

Sol.

Let PA and PB be the perpendiculars drawn from point P(1, 4, 5) to the planes XY and YZ
respectively. The equation of the plane OAB is ..... .

(A)20x +5y+4z=0 B)yx+4y+5z=0
(C) 20x + 5y —4z=0 (D) 20x -5y +4z=0

The foot of perpendicular from P(1, 4, 5) to XY-plane is A(l, 4, 0) and to YZ-plane it is
B(0, 4, 5). Suppose the equation of the plane OAB is ax + by + cz = 0.

It passes through A and B.

a+4b =0 and ..(1)
4b + 5¢=0 (2)

Solving equations (1) and (2),

a=-4b = 5c

& _Db _¢_ (say (k # 0)
20 =5 4

.. The equation of the plane is 20kx — Sky + 4kz = 0

S 206 —=5y+4z=0 Ans. : (D)

A variable plane passes through a fixed point (a, b, ¢) and intersects the axes at P, Q, R.
The locus of the point of intersection of planes parallel to the coordinate planes and passing
through P, Q, R is .....

a b c X, Y.z
_ - L4245 2 Lr+L =
(A ax+by+cz=1 (B)ax + by +cz 1(©) y 2 1 (D)a+b+c 1

Suppose the variable plane intersects the axes at P(p, o, 0), Q(o, ¢, 0) and R(o, o, r).

.. The equation of the plane is —; + % +% =1 and it passes through (a, b, ¢).
a b c
M - + - + - =
P ey 1 (1)

The equation of the planes, parallel to coordinate planes and passing through P, Q and R are
respectively x =p, y =¢q, z = r.

b
.. Eliminating p, ¢, r from (1), the locus of point of intersection of planes is %"' Y +§ =1.

Ans. : (O)
The perpendicular distance of point (8, 5, 7) from the plane passing through (0, -1, 3), (1, 2, 2)
and 3, 1, 1) is ......

(A) V76 (B) V71 (©) oo (D) V73

¢ The equation of the plane passing through given points is

XxX—0 y+1 z-3
1-0 241 2-3|=0
3—0 1+1  1-3
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(87)

Sol. :

(88)

Sol. :

X y+1  z-3
1 3 -1 =0
3 2 -2
Cx(BD) -+ DHMH+E-3)NH=0
SoHAx—y—-1-72+21 =0
Sodx+y+T7z2=20
Now, perpendicular distance of point (8, 5, 7) from the plane 4x +y + 7z =20 =0

| 4(8)+1(5)+7(7)—201

- J16+1+49

66
= —— = 66 Ans. : (C
o6 ns. : (C)
The equation of the plane containing the line %:%:% and perpendicular to plane
. es XY 2 aq X_Y_ 2 :
containing the lines I=T=5 and TS5 =3 18 [IIT : 2010]

(A)x+2y-22=0 B)3x+2y-22=0 (O)x-2p+z=0 (D)5x+2y—4z=0

ini ines £=Y_2 X_Y_z
Normal to the plane containing the lines I=T=% and T=5=3 18
- - -
a = xl =3 42)%*23)=@8 -1.-10)
Required plane contains the line % = % = % .

[
.. Normal to the plane n = a X[
=(8,-1,-10) x (2, 3, 4)
= (26, -52, 26) ie. (1,-2,1).
Origin is a point of the plane.
.. The equation of the plane is (x —0) -2 (y-0)+(z—-0)=0
Cx-2y+tz=0 Ans. : (O)

The measure of the angle between the planes 2x —y +z=6 and x + 2y + 3z =3 is .....

Wt () ®wt (48] ©w (HE) oo (F)

-

%
For planes, m = (2, -1, 1) and m = (1, 2, 3)

- =
In, - n,l
Now, cos@ = ——2-
- -
[ny ln,|

12—2+3| 3 L3

T oAt 1+4+9 T a1 2\7

(13 )
. 0 =cos! (3 7) Ans. : (C)
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(89)

Sol. :

(90)

Sol. :

©On

The measure of the angle between the line % = % :% and the plane 3x + 2y — 3z =4 is .....
T -1 - T

(A) 2 (B) 0 ©) cos | Ty | D) 5

— -

I = (2, 39 4)& n = (39 2: _3)

If the measure of the angle between the line and the plane is 0, then

- -
.0 Il -nl 12(3)+3(2)+4(=3) | 0
SinY = - - = =
[l llnl V29422
. 0 =0 (line is parallel) (Why the line is not in the plane ?) Ans. : (B)
If the measure of the angle between the line x = yT—l = Z; 3 and the plane x + 2y + 3z =4
5
is cos™ \/%, then A = ... [AIEEE : 2011]
2 3 2 5
) 2 ®) 2 © 2 D) 3

T =(2N, 7 =(,23)

If the measure of the angle between the line and the plane is 0, then

| | [1+4+301

- -
0 l -n
sing = =
Ll NSTA 14

. _ / _ 5430
- cos® = 41 (5+AH)i4

B o] 14(5 + A?)—(5+30)*
PV o8 145+ A%

) 3 [ 7041407 = 25-30A —9A”
. COS H = COoS 5
\ 14(5+M1%)

. 5(5 + A?) = 502 — 30\ + 45
. 25 = 30A + 45
". 30 =120

A= 2 Ans. : (A)

The distance of point (1, -5, 9) from x —y + z = 5 parallel to line x =y =z is ......
[AIEEE : 2011]

(A) 1043 (B) 543 (©) 3410 (D) 345
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Sol. :

92)

Sol. :

93)

Sol. :

(94)

The equation of the line parallel to x = y = z and passing through A(1, -5, 9) is

7 =(,-5,9+k(,1,1),ke R

Point B(1 + k, =5 + k, 9 + k) of this line lies on the plane x — y + z = 5 for some k£ € R.
1+t k+5-k+9+k=5

sk =-10. So, B = (-9, —15, 1)

.. The distance of point B(-9 —15, —1) of the plane from the point A(1, =5, 9) is

= /100 + 100 + 100

=103 Ans. : (A)
The equation of the plane parallel to x — 2y + 2z — 5 = 0 and which is at a unit distance from
the origin is ...... [AIEEE : 2012]
A)x—-2y+2z-3=0 B)x—-2y+2z+1=0
CO)x-2y+2z-1=0 D)yx-2y+2z+5=0

The equation of the plane parallel to x — 2y + 2z - 5=0isx -2y + 2z + k= 0.
Its distance from the origin is 1.
| k|

‘. ﬁ =1
Sok=13
Option k = -3 can be selected from the given alternatives.

The equation of the plane is x — 2y + 2z — 3 = 0. Ans. : (A)
The point of intersection of the line passing through (2, -3, 1) and (3, —4, —5) and the plane

A)(1,2,7) B) (1,-2,7) © 1.2,7) D) (1, -2,-7)

The equation of the line passing through the points (2, -3, 1) and (3, —4, -5) is
7= 2,3, 1)+ k(,-1,-6), k€ R and point (2 + k, =3 — k, 1 — 6k) of the line lies on the
plane 2x + y +z =7 for some k € R. So, 22 + k) + (-3 — k) + (1 — 6k) = 7.

4 +2k-3-k+1-6k=7

 5k=-5
k=-1
*. The point of intersection is (2 —1,-3 + 1, 1 + 6) = (1, -2, 7). Ans. : (B)
-1 +2
The equation of the plane passing through (3, -2, 1) and parallel to lines % = y__3 = 2_2 and
2y o] IS .o
-2 -2 3
(A) 13x -8y + 14z -37=0 B) 13x+8y+14z+37=0
(C)13x -8y —14z-41=0 (D) 13x + 8y + 14z - 37 =0
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Sol. :

95)

Sol. :

(96)

Sol. :

The equation of the plane passing through (3, -2, 1) is

ax-3)+tbyy+2)+c(z-1)=0

. . —1 +2 x—2 -1
The plane is parallel to the lines % S and Y _*--
=3 -2 —2 -2 3

- - -

. Normal to the plane is n =1 xI, =(4,-3,-2) X (-2,-2,3)=(-13,-8,-14)

.. The equation of the plane is 13 (x -3)+8 (y+2)+ 14 (z—-1)=0

o 13x + 8y + 14z =37 Ans. : (D)

The equation of the plane passing through the line of intersection of planes x + 2y + 3z =2 and
2

x —y + z =3 and which is at a distance N from the point (3, 1, —1) is ..... [1IT : 2012]

(A)Sx— 1y +z=17 B) V2x+y =32 — 1

©xtytz=43 D) x—2y=1-42

The equation of the plane passing through line of intersection of planes x + 2y + 3z -2 =0
and x -y +z-3=0isx+2y+3z2-2+A(x-y+2z-3)=0,
LA+ + Q- y+B+AN)z+(2-30)=0

2
The distance of the plane from the point (3, 1, —1) is VR

I3+37»+2—7»—3—7»—2—37»I= 2

J(1+x)2 +(2-A)" + (3+0)? V3

. 3(40%) = 4BA% + 4N + 14)
AN+ 14=0

A1

*. The equation of the plane is (1 - %)X + (2 + %)y + (3 - %)Z - (2 +3 (—%)) =0

Sk —lly+z=17 Ans. : (A)
Point P is the point of intersection of the plane 5x — 4y — z = 1 and the line joining Q(2, 3, 5)
and R(1, =1, 4). If S is the foot of the perpendicular from T(2, 1, 4) to é—i{ , then the length
of PS is ...... [IIT : 2012]

A ®) V2 (©)2 (D) 242

>
The equation of QR is , =(2,3,5) + k(I, 4, 1), k € R
If the point (2 + k, 3 + 4k, 5 + k) of the line is the point of intersection P of the line
and the plane 5x — 4y — z = 1, then

50+k) 4G +4k)—(5+h)=1
10+ 5k—12—16k—5—k=1
‘. 12k = -8, So, k=—2
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©7)

Sol. :

98)

Sol. :

i d
Suppose foot of perpendicular from T to QR is S(2 + &, 3 + 4k, 5 + k) for some k.
Now, T=(2,1, 4)

- -
TS L I
- -
" TS-1 =0
sk 241+ (1,4, 1)=0

Sok+8+16k+1+k=0

2 2 2
The distance PS = \/(% - %) + (% - %) + (E _ 2)

1
= +J1+16+1 = % Ans. : (A)

The line passing through (1, 2, 3) and perpendicular to the plane x +2y —5z+9 =0 s ......

X+l y+2 75 X+l y+2  z+43

(A) 1 2 73 (B) 1 2 -5
x—1 y—=2 Z+5 x—1 y—2 73
(© 1~ 2 7 3 (D) 1~ 2 T =5

%
The normal to the plane n = (1, 2, —5). is the direction vector of line.

.. The equation of the line is xl—l = y;Z = Z__53 (Check B also.) Ans. : (D)
The equation of the plane passing through x2—1 = y_—ll-l = 213 and perpendicular to the plane
x+2y+z=12 is ...

(A)2x -9y +5z+4=0 B)3x—-6y+5z+4=0
OC)5x-2y+92+4=0 D)9 -2y—-5z+4=0

x—1 _ y+l _ z—3

Plane passes through line — 2

AN A

5
The plane passes through point (1,1, 3) and its normal vector is orthogonal to [ =2i — j+ 4k
Also, the required plane is perpendicular to plane x + 2y + z = 12 i.e. the normal of required

plane is orthogonal to ’Z =(1,2,1).

> o5 o
.. The normal of the required plane is n =n; X [

=(1,2, )X 2,-1,4)=(9,-2,-5)
.. The equation of the plane is 9(x - 1) -2 (y+1)-5(@=-3)=0

S OX -2y —5z+4=0 Ans. : (D)
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99)

Sol. :

(100)

Sol. :

(101)

Sol. :

The equation of the plane passing through the line of intersection of the planes 3x +3y—4z+7=0
and 2x — 5y + z + 2 = 0 and which is parallel to linex =0,z=0is ......

(A)2lx -8y +23=0 (B) 23y +20z+23=0

O©)21x—-17z+41 =0 (D) 20x - 21z +41 =0

The equation of the plane passing through the line of intersection of planes 3x + 3y —4z+7 =0
and 2x — 5y +z+2=0is3x+3y—4z+ 7+ A 2x -5y +z+2)=0.

S B4+ 20x + (3= 5A)y + (4 + Az + (7 + 2A) = 0 is the equation of the required plane.
The plane is parallel to line x =0, z =0 i.e. (0, 1, 0) is perpendicular to normal vector of plane.
S 3=5A=0

=3
N
.. The equation of the plane is 21x — 17z + 41 = 0 Ans. : (C)

The equation of the plane passing through the line of intersection of the planesx+y+z—-6=0
and 2x + 3y + 4z + 5 = 0 and which is orthogonal to plane 4x + 5y —3z =8 is ........

A)x+7y+13z-96=0 B)x+7y+13z+96=0
C)x+7y-13z-96=0 D)yx-T7y+13z+96=0

The equation of the plane passing through the line of intersection of given planes is
x+y+z—6+AQ2x+3y+4z+5)=0

S0 H20x+ A+ 30y + (1 +4M)z+ (=6 +50) =0

It is orthogonal to plane 4x + 5y — 3z = 8.

SoA(1 20+ 51 +30) =31 +40) =0

S =-6

. _ 6

R W

.. The equation of the plane is x + 7y + 13z + 96 = 0 Ans. : (B)
The equation of the plane passing through %:yT—lzz__-lil and x;i—l =%= Z_—12 is ...
(A)Sx -8 +z+9=0 B)5S5x -8 +z+3=0
OC)5x-8y—z+7=0 D) Sx+8 -2z-9=0

Given lines are parallel to each other. Plane passes through points (0, 1, —1) and (-1, 0, 2) and
N
I =@3,2,-1)

X=X Y=y =%
. The equation of the plane is |2~ 27N L2741 =
1 12 13

X y-1 z+1

-1 -1 3 -0

3 2 -1
TS +8(y-1D)+1(@Ez+1)=0
S5 -8y—-z+7=0 (Are the lines coincident ?) Ans. : (O)
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(102)

Sol. :

(103)

Sol. :

: Questions Asked in JEE Main and Advanced :

If the lines L, : x = 5, ﬁ = _LZ and L, : x = O, _ll = ﬁ are coplanar, then value(s)
of A is (are) ...... [JEE : 2013]
(A) 1 (B) 2 ©3 (D) 4

- - - —
For lines @ =(5,0,0) 1 =(0,3 -0, -2)and b = (0, 0,0) m = (0, -1, 2 — Q).

Lines are coplanar.

 (b-a)dxm) =0

Xy =X Yo =N H g
ll lz 13 =0
m m, my
o-5 0 0
0 3-a -2 -0
0 -1 2—-0

T =-5)[B-0R2-0)-2]=0
=50 -50+t4)=0
To=50=40=1 Ans. : (A), (D)

. x—1 Z+3 xX—4 +3 z+3
Twolmesle—=l= , Ly =2 =
2 1 1 2

and two planes t; : 7x + y + 2z = 3 and 7, : 3x + 5y — 6z = 4 are given.

Plane ax + by + cz = d is passing through the point of intersection of L; and L, and it is
perpendicular to planes 7t; and 7,.

Match list-1 with list-1I and select the correct answer using the code given below the lists :

List-1 List-IT
P a= 1.13
Q b= 2. 3
R c= 3.1
S d= 4.2
Codes : P Q R S
A 3 2 4 1
(B) 1 3 4 2
© 2 1 4
D) 2 4 1 3 [JEE : 2013]

M (2k; + 1, —k;, k; — 3) is any point on line L; and
N (k, + 4, ky — 3, 2k, — 3) is any point on line L,. (k, € R, k, € R)
For the point of intersection of L, and L,, we have

2k, + 1 =k, +4, —k; = ky — 3; k| — 3 = 2k, — 3 for some k, and k,,
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S 2k —ky=3and k| + k, =3

Sk =2 k=1

Also by taking, k, =2 and k, = I, k, — 3 = 2k, - 3.
.. The point of intersection M = N = (5, -2, —1)

Plane ax + by + cz = d is perpendicular to © . and &

(a, b,c)=(7,1,2)x (3,5, -6) = (-16, 48, 32) ’
~. We can take (a, b, ¢) = (1, -3, -2).
x=5-30+2)-2z+1)=0
“x—3y-2z=13
*“P:a=1,Q:b=-3,R:c=-2,S:d=13
S P—>3Q—=>2,R—=>4S—>1
P Q R S is 3 2 4 1 Ans. : (A)
(104) If two lines x; 2 -2 1_ > - Z__k4 and xk—l = y;4 = ZIS are coplanar, then
numbers of values of & is ...... [JEE : 2013]
(A) exactly one (B) exactly two (C) exactly three (D) none

- — — -
Sol. : Forlines a =(2,3,4), I =(1,1,—k) and b=(1,4,5), m=(k, 2, 1). Lines are coplanar.

Xy =4 Yo =N T4

ol +20) -1+ +12-k=0
ol —2%k-1-k+2-k=0

kK +3k=0
“k(k+3)=0
‘. k=0or -3
*. Two values of k are obtained. Ans. : (B)
(105) If the lines vl _y-l_z#l and Xxt2 _y-k_z are coplanar, then £ = ......
2 1 3 2 3 4
[JEE : 2013]
11 1 9 9
A 5 ®) -4 © 3 D) -3

- - - -
Sol. : Forlines a =(-1,1,-1), 1 =(2,1,3) and b= (-2, k 0), m= (2, 3, 4).

Lines are coplanar.
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(106)

Sol. :

(107)

Sol. :

(108)

Sol. :

- - - -
“(a—-Db) (I Xm)=0
(Ll —k-1)- (5 -2,4=0
5 -2+4+2k-4=0

k=4 Ans. : (A)

The distance of point R(—1, 1, —6) of plane 4x — 3y +z + 13 = 0 from the foot of the perpendicular
drawn from origin to the plane is ...... [JEE 2013]

(A) Vi ®) |2 ©342 ©) 3

The perpendicular distance from origin to the plane O(0, 0, 0) is OQ,

0]
131 13 3

0= Jls+o+1 ~ V26 V2

OR = JI+1+36 =38

. QR = \JOR>-0Q’ i
Q R
- 3-8

2 Figure 21.7
=32 Ans. @ (C)
If direction cosines /, m and n of two lines satisty / + m + n = 0 and 2+ m? - n? =0, then
the measure of the angle between the lines is .... [JEE : 2013]
T T T TT
(A) 137 B) ¢ © 35 D) 7
Solve the sum as per sum number (34). Ans. : (O)

Two lines in space are defined as : L, : {x = \/Xer \/x— 1,Z=(J_ -Dy+ \/x} and

L,: {x= \/Ey td =W, z=(- \/E Yy + \/E }. If L, and L, are mutually perpendicular,

then .... [JEE : 2013]
(A) YA +4fu =1 B) A # U O A+HU=0 D) A =L
Line Ll:—x—(j_f—l):%:f/%f

X-(-p) _y_ z-4u

and L,: T:TZI—\/E
. ?Z(\/X,l, x—l)and ;Z(\/;,Ll—\/;)
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(109)

Sol. :

(110)

Sol. :

(111)

Sol. :

- o
L,LL,= [ 1m

- -

= [l-m =0
N R N R Y P

= O + \/E =0 and A and [ are non-negative

> A=U=0 Ans. : (C), (D)
The equation of the plane passing through the line of intersection of planes x + 2y = 3 and
y —2z+ 1 =0 and which is perpendicular to the first plane is .... [JEE : 2013]

A)2x—y-10z=9 B)2x—y+7z=11 (C)2x—y+10z=11 (D) 2x —y -9z = 10
The equation of the plane passing through the line of intersection of given planes is
x+2y-3+A(y-2z+1)=0

“x+QRQ+ANy-2z-3-AN=0. ,71 = (1, 2 + A, 2A) and it is perpendicular

the plane x + 2y = 3 whose normal is 172 =(1,2,0).
- o - -

Lmlm = omeom =0= 1+4+42h=0= A=-23
. The equation of the plane is 2x — y + 10z = 11 Ans. : (O)
If direction cosines /, m, n of two lines satisfy / + m + n = 0 and 2 = m? + n?, then the
measure of the angle between the two lines is ...... . [JEE : 2014]
n n n T
(A) ®) = ©) = (D) ~
Solve as per solution given in sum number (34). Ans. : (A)
The image of the line x3—1 = y1—3 = Z__54 in the plane 2x —y + z + 3 = 0 is the line ...... .
[JEE : 2014]
X+3 y—5 z7-—2 X+3 y—5 z+2
(A) 37 1 -5 (B) -3 -1 = 5
x—3 y+5 z-2 x—=3 y+5 z-2
O =F==F"="5 D) = ="F="5
Normal to be plane 2x —y +z+ 3 =0
-
is n = (2, -1, l) A(l, 3, 4)
4 & S
The equation of AM through A,
. xX—1 y—-3 z-—-4
perpendicular to plane 2x —y +z+3 =0 =TT g
..ox—1 y—-3 z—-4
S R R R
Suppose B is the image of A in plane, M
Be AM —y+z+3=0
.. For some k € R,
B(l +2k 3 -k 4+k)
Midpoint of AB
M[2t2k 6—k 8+k) . _ X B -
> > 5 5 | isa point of plane. Figure 21.8
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(112)

Sol. :

(113)

Sol. :

SESEENRONE

A+ dk-6+k+8+k+6=0
" 6k =—12

k=2

. B (-3,5,2)

*. The image of given line is a -; 3.2 1_ > Z__Sz. Ans. : (A)

The equation of the plane passing through the point of intersection of the lines Y 3_ L_Y 1_ 2_2 ; 3

dX=3 Y1 _ 272 .ndwhich is at the shortest distance from the originis.... [JEE:2014]

and =g 2 T3

(A) 7x + 2y + 4z = 54 (B) 3x + 4y + 52 = 49

(C)4x +3y+5z=150 (D) 5x + 4y + 3z =57

Suppose point P(1 + 3k, 2 + k, 3 + 2k) of line X 3_ 1.2 1_ 2_2 ; 3 is the point of intersection

of given lines.

X—=3 y—1 z2—2

. P lies on ==

1+3k—-3 _2+k—-1_3+2k-2

T 2 3

“ok—4=k+1
5k=5
k=1

(For k =1, 2+§_1 = 3+23k_2 is also true.)
*. The distance OP of the point P(4, 3, 5) of intersection of lines is the shortest distance of

- -
plane from the origin. Normal to the plane is OP = n = (4, 3, 5)

*. The equation of the plane which is at the shortest distance from origin is
alx —x) + by —y) tez-2z)=0
TA4x-4)+30-3)+5z-5=0
4x +3y+5z=150 Ans. : (C)

If a line of three dimensional space makes an angle of measure O with X-axis and Y-axis

(OSGS%),thenee ...... :

T T T T T T T
3 7} (B) [z’ ?} © 1% Z:l D) [7’ 7}
Suppose the line makes an angle of measure Ot with Z-axis.

. c0s?0 + cos?0 + cos*oL = 1

. cos*0L=1 — 2cos*0

. cos*0L = — cos20

(A)
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0< cos?00<1 = 0< —cos20 <1
= -1 < cos20 £0

= <20<

TT TT
= 3 S0 3
R = [% %} Ans. : (D)
(114)  The plane containing the line al 1_ L_Y g 2_Z ; 3 and parallel to % = % :% passes through
....... point. [JEE : 2014]
(A) (1,-2,5) (B) (1,0, 5) (©) (0, 3, -5) (D) (-1,-3,0)

Sol. : The point A(1, 2, 3) of the line lying in the plane is also a point of the plane. The normal to the

- -
plane is orthogonal to I = (1,2,3)and m = (1, 1, 4).

e

.. The normal to the plane is n =1 Xm =(1,2,3) X (1, 1, 4) = (5, -1, -1)

.. The equation of the plane is 5(x - 1) -1 (y —=2) -1 (z—-3)=0

S —-y—z=0

It can be checked easily that from the given points, only the point (1, 0, 5) lies on the

above plane Ans. : (B)
(115)  The symmetric form of the line of intersection of the planes x =ay + band z=cy + d is ....
[JEE : 2014]
x-b y-1_ z-d x-b-a y-1 z-d-c
S B) — (=7 ="
x-b y-0_ z-c x-b-a y-1 z-d-c
(C) b - 1 - d (D) b - 0 - d

Sol. : For the plane x — ay = b, normal is ;;1) = (1, —a, 0) and for the plane z — ¢y = d normal is

%
I’lz = (03 —C, 1)

B
.. The direction vector of the line of intersection of the planes is [ =n X n,

= (1, —a, 0) X (0, —c, 1)
= (—a, -1, —)
5
or [ =(a,1,c¢)
To obtain a point on the line of intersection, let y = 1. We have x =a + b and z=c + d

Point (a + b, 1, ¢ + d) is on the line of intersection.

x—a-b y-1_ z-c—d
== .

‘. The symmetric form of the line of intersection is .Ans. : (B)
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(116)  If the distance between the planes 4x — 2y —4z+ 1 =0 and 4x — 2y — 4z + d = 0 is 7, then

d ... [JEE :2014]
(A) 41 or 42 (B) 42 or 43 (C) —41 or 43 (D) —42 or 44
Sol. : The distance between two parallel planes is ld,-d,|
.
I nl
ld—1l
“ 7= fietatie
42=d—-1or 42=d-1
Ans. : (O)

.. d=43 or d=-41

(117)  If the measure of the angle between the line 2(x + 1) = y = z + 4 and the plane

X~y + \/_z+4:0is%,then A= [JEE : 2014]

135 45 45 135
(A) =~ ®) 77 © = (D) 12

%
Sol. : The line X;H =%= 2+ % has direction vector [ = (1, 2, 2) and normal to the plane

- y+ Nz+d=0is n =2 -1, YN).

- -
[l - nl
Let O be the measure of the angle between the line and the plane. Then sin® = = =
[l 1lnl
o 12— 2+ 241
C e T itara - Jarien
N
2 3 5+)
545+ 9k = 16A.  So, 2 =1 Ans. : (C)
(118)  The equation of the line containing the shortest distance between the lines % = —ll = % and
Aot _y*l_z g [JEE : 2014]
0 -2
x_Y_z ot Y+l z Xl _ytl_z X _Y_z
(A) T=5=3 B) === O 7—="7=7 O F5=9=73

Sol. : For some k; € R, let the point P(k;, —k,, k;) lie on the line % = —ll :% and for some k, € R

: L : o ox—1_y+1_z
let point Q(1, -2k, —1, k,) lie on the line =5 =T

d
If PQ is perpendicular to both the given lines, then PQ becomes the shortest distance.
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(119)

Sol. :

4
> F
PQ = (—k, + 1, 2ky +k; — 1, ky — ky)

- -
PQJ.? and PQJ_r_r:, /P

— -
where [ =(1,-1, 1) and m= (0, -2, 1)

-

PQ = k(I xm) < e o
=k(1, -1, -2)
Sk 1 =2k -k + 1 (1)
S22k + k- 1) =k -k -(2) Jr
From (1) k, = 0 Figure 21.9
2k -2 = —k,
k=2

5Q(L =2k, — 1, k) = (1, -1, 0)

W

)

- (3 -1 -2 ie (-1 2)

S 2 2
The direction vector of PQ = (1 — 3 -1+ 3 0-

‘. The equation of the line containing the shortest distance is a 1_ L y_—tl = —Lz
[Note : Observe that, (1, -1, 1) x (0, -2, 1) = (1, -1, -2)]
.. The only possible answer is (A) or (B). Ans. : (B)

Perpendiculars PQ and PR are drawn from point P(A, A, A) to lines y = x, z = | and
y=—-x,z=—1.If ZQPR is a right angle at the point P, then possible value(s) of A is (are) ...

A) 2 (B) 1 ©) -1 (D) -2
Lx_y_z—1L 7 _ :
For L : T=T="0" I = (1,1, 0) and let Q(k;, k;, 1) be any point on L.
-
For L, : %:%:ZTH, m = (1, -1, 0) and let R(k,, —k,, —1) be any point on L,.
— —
PQ=(k - Ak —A 1-LX). Also PQ LT,
- o
“PQ-1 =0
ok —A+k —-A=0. So, k; = A
— - -
and PR L L,. So, PR-m =0

(ky = A —ky — A -1 —A) - (1,-1,0)=0
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(120)

Sol. :

(121)

Sol. :

Soky Atk +tA=0
c k=0
ZQPR is a right angle.

- - - -
PQ L PR. So, PQ-PR =0

Stk =Nk =N+ —N) (k- M)+ (1 -A) 1 -A) =0
(A=A =-A)=0 (k=N
LA -1=0
“A=lorA=-1

Taking A=1,P=Q= (1, 1, 1). So, A =1 is not possible.
S =1 Ans. : (C)
In R3, let T, :y=0and T, : x + z = 1. There is a plane T; other then T, and T,. T4

passes through the line of intersection of the planes T, and T,. If the distance of the point
(0, 1, 0) from T4 is 1 and distance of the point (C, B, Y) from Tt; is 2, then which of the

following holds true ? [JEE : 2015]
(A)200+PB+2y+2=0 B)2o.-B+2y+4=0
©20+B-2y-10=0 D)200-PB+2y-8=0

The equation of the plane Tt; passing through the line of intersection of planes T; and T, is
x+z-1+A@) =0.
lo+0—1+Al
The distance of (0, 1, 0) from Tt5 is 1 = 11+ 22
S+ =A2-20 + 1
So2h =1
—1

2
The equation of Tt is 2x —y +2z -2 =0
. _ 200 — B+ 2y - 21
The distance of Tt; from (Q, B,y is2= m

L20)=200-PB+2y-2]

SL200-PB+2y-2=6o0r200-PB+2y-2=-6

SL200-P+2y-8=0and 200 - B +2y+4=0 Ans. : (B), (D)
Suppose line L of R3 passes through origin and all points of the line L are at the same
distance from planes T, : x +2y —z+ 1 =0 and T, : 2x —y +z -1 = 0. Let M be the locus

of the feet of the perpendiculars drawn from the points on L to the plane 7t;. Which of the
following points lie(s) on M ? [JEE : 2015]

=5 =2 -1 -1 1 -5 1 —1 2
All points of line L are at the same distance from planes Tt; and T,, i.e. line L lies on the plane

bisecting the angle between two given planes.
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The equation of the plane bisecting the angle between two given planes is

Ji+4a+1 - JA+1+1

Cxt+t2y—z+1l=2x-y+z-lorx+2y-—z+1="2x+y—-—z+1

xt2y—zH+l _ 2x-ytz-l

Cx-3y+2z-2=0o0r3x+y=0
Suppose the equation of the line is x;O = yn—10 = ZZO.

If the points lie on the plane bisecting the angle between the given two planes.

S l=-3m+2n=0and 3/ +m=0

L _m_n
-2 6 10
L _m_n
—1 3 5

. The equation of the line is X =2 =2

-1 3 5
. Any point on line is A(—k, 3k, 5k).

Suppose the foot of perpendicular from A to plane T, is B(x, y, z).

x+k _y—3k _z-5k _ [1(=k)+2(3k)—1(5k)+1
ooz L 0@t

x+k y-3k z-5k —|
1 - 2 T -1 T 6

—1 —2 1
.. The foot of perpendicular (x, y, z) = (7 —k, & +3k, =+ Sk)

The foot of perpendicular for £ = 0 is (_?1, _Tl, %)

— =5 -2
and, the foot of perpendicular for k = ?1 is (0, T’T)' Ans. : (A), (B)
(122)  The distance of the point (1, 0, 2) from the point of intersection of the line x-2_ Y : 1_2 1_2 2
and the plane x —y + z =16 is ...... . JEE : 2015
p

Sol. :

(A) 2414 (B) 8 (C) 321 (D) 13
If a point 3k + 2, 4k — 1, 12k + 2) of the line is also a point of plane, then
3k+2—-4k+ 1+ 12k+2=16

k=11

Sok=1

.. The point of intersection of the line and the plane is (5, 3, 14).

Its distance from points (1, 0, 2) is \/(5_1)2 +(3-07 +14-2)7° = J16 +9+144 =13

Ans. : (D)
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(123) The equation of the plane passing through the line of intersection of 2x — 5y + z = 3 and
X+ y+4z =75 and parallel to x + 3y + 6z =1 is ......

(A)2x+6y+12z=13 (B)x+3y+6z=-7 O)x+3y+6z=7 (D)2x+6y+12z=-13
Sol. : In order to find a point of intersection, take z=01in 2x —Sy+z=3 and x +y + 4z =15

2x -5y =3 and x +y = 5.

Solving these equations, we get x =4, y = 1

.. The equation of the plane passing through (4, 1, 0) and parallel to x + 3y + 6z =1 is
Ix—-4)+3@p-1)+6(z-0)=0

“x+3y+6z=7 Ans. : (O)

Second method :

The equation of required plane : 2x — 5y +z -3+ AMx +y+4z-5)=0
C+AMx+(-5+Ay+@rL+1)z-5L-3=0

It is parallel to x + 3y + 6z = 1.

240 S5+A  4A+1
1 3 6

6+3A=-5+A

(2— ﬂ)x + (—5—1—21))1 +(-224Dz+2-3=0

Tx + 21y +42z-49=0

x+3y+6z-7=0 Ans. : (C)
(124)  If the shortest distance between the line x; L y__-l;l :% (v # 0) and the line of intersection
1
of the planes x + y+z+ 1 =0and 2x —y +z+ 3 =0 is ﬁ,then o= ... [JEE : 2015]
16 19 32 19
(A) —18 ®) -2 ©) 2 D) 2

Sol. : For the planes x + y+z+ 1 =0 and 2x — y + z + 3 = 0, normal vectors are respectively,

- -
n = (1,1, 1)and n, = (2,1, 1)

- o —
.. The direction vector of the line of intersectionis [ =n X ny, =(1,1,1)X(2,-1,1)=(2,1,-3)

Taking z = 0, in the equations of the planes, we have x + y = -1 and 2x — y = -3

M = __4 = l
. X TV 3
. - . . . . [—4 1
. A point B( 5 ) on the line of intersection is (T’ 3 0).

x—l_y+1_£ A(

-
_1 1? a

SN

For the line ) = (1, -1, 0) and =(@-1,1)

1197



.
X m =2, 1,-3) X (0, -1, 1) = (-2, =2 — 30, -2 —0l)

R
X m=(2,2+30,2+0)

- >

(b —-a)- (l ><m)|
The shortest distance = - 5
[l xXml

‘(%%o) -(2,2+30c,2+0c)‘

V3 A+ (2+30)° + 2+ a)

2
. 100c2+160c+12—3( +3 +40c)

. 1002 + 1600 + 12 = 12(402 — 400 + 1)
. 1002 + 1600 + 12 = 48012 — 480L + 12
. 3802 — 6400 = 0

w200 (190 —32) =0

—OorOL—— But o0 # 0

o= 2 Ans. : (C)
(125) A plane containing the point (3, 2, 0) and the line ad 1_ 1_Y 5_ 2_% ; 3 also contains the point

...... . [JEE : 2015]

(A) (0, 7,-10) (B) (0, 7, 10) ©) (0,3, 1) (D) (0,-3, 1)
Sol. : For line xl‘lz yS‘Z: 123, A(a)=(1,2,3)and T = (1,5, 4)

—
A point on the plane is B (3, 2, 0). AB = (2, 0, -3)
S TS
‘. The normal to plane n = AB x [ =(2,0,-3) X (1, 5, 4) = (15, 11, 10)
*. The equation of the plane is 15(x -3) — 11 (y =2)+10(z—-0)=0
o ISx - 11y +10z2-23=0
From the given points, only (0, 7, 10) lies on the plane. Ans. : (B)

(126)  The shortest distance between Z-axis and the line of intersection of the planes x + y +2z—-3 =0

and 2x +3y+4z—-4=01s ...... [JEE :2015]

A1 (B)2 ©3 (D) 4

Sol. : The normals of planes x + y + 2z — 3 =0 and 2x + 3y + 4z — 4 = 0 are respectively

%
m =(1,1,2) and n, = (2,3, 4).
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R
The direction vector of the line of intersection is [ =n; X n,

= (13 19 2) X (23 33 4) = (_29 0: l)
Taking z = 0, we get x + y = 3 and 2x + 3y = 4 which on solving give the point (5, -2, 0) on

the line of intersection.

%
The direction vector of Z-axis is m = (0, 0, 1)

- - - -

I xm =(0,2,0) ie. wecantake [ xm = (0, 1, 0).

Point (0, 0, 1) can be taken as a point on Z-axis.

- - - o
, (b —a)-(Ixm)| 1(5,-2,—1)-(0,1,0)]
.. The shortest distance = S S = 7 =2 Ans. : (B)
[ I xml

: Questions with More Than One Correct Answers :

(127) Line T —=2=22-

2 3
(A) passes through origin (B) passes thorugh (1, 0, —1)
(C) makes a right angle with x + 2y + 3z — 7 =0 (D) is parallel to line al 1_1 = % _! _3 £

Sol. : Point (1, 0, —1) is on the line.
.. Option (B) is true.
As direction vector of the line and normal vector of the plane x + 2y + 3z — 7 = 0 are the
same, the line is perpendicular to the plane.
.. Optoin (C) is true.

. . . .. . . . —1 -1
Direction vector of the given line is [/ = (1, 2, 3) and direction vector of line s —= Y_z—2

5
is m= (1, 2, -3).

- -

5
I X m# 0
.. The lines are not parallel to each other.

. Opiton (D) is false.

! is not true. Ans. : (B), (O)

(128) The line 22— 1= .

(A) lies in the plane 3x + y — 2z = 6. (B) is coincident with line % = % = %

(C) lies in the plane x + y — 2z =0 (D) passes through point (6, 2, 4)

- —
Sol. : Fortheline a=(3,1,2)and [ =(3,1,2)
3Bk+3)+k+1-22k+2)=6=k=0
Plane 3x + y — 2z = 6 does not contain the point (3k + 3, k + 1, 2k +2) for all k € R
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.. The line does not lie in the plane.
.. Option (A) is false.

Every point (3k + 3, k + 1, 2k +2) of the given line satisfies the equations % = % = %

. . - X—=3 y—-1_ z-2 xX_Y_z

.. Both the lines are coincident. Infact =T = = 3=T=75"

. Option (B) is true.

Point 3k + 3, k+ 1, 2k + 2) Vk € R, lies in the plane x + y — 2z = 0.

.. Option (C) is true.

Point (6, 2, 4) satisfies the equations the of line. (For k= 1)

.. Option (D) is true. (Consider all w.r.t. % = % = % Easier.) Ans. : (B), (C), (D)

. X—3 y—3 -5
(129)  The line =T =y
. X y—5 z—2 . . _

(A) is parallel to =T =3 (B) lies in the plane 8x + 3y — 6z =3
(C) passes through (3, -3, 5) (D) is perpendicular to 3x — 4y + 2z =7

_ _ _ —
Sol. : For the line L : * 3:y_43:Z25, I =(3,-4,2) and P(3k+ 3, —4k+ 3, 2k + 5) is any point

on the line. £k € R

-5 -2
z—y =Z , m

-8 4

For line, M : = (6, -8, 4).

3- 5-

X
6
- - - . 3 S )
0 andpomt (3.3,5) & Mas g;ﬁ_—siT

[ X' m =
.. Two lines are parallel to each other.
. Option (A) is true.
Point P lies in the plane 8x + 3y — 6z = 3.
as 838k +3)+3(4k+3)-6R2k+5) =3, Vke R
. Option (B) is true.

Point (3, -3, 5) does not satisfy equations of line L, because % # _34_ &
.. Option (C) is false.
- -
For the plane 3x — 4y + 2z =7, the normal is n =3, 4,2)= 1
.. The line is perpendicular to plane.
.. Option (D) is true. Ans. : (A), (B), (D)
: Cx-1_y+1 z-1 Cx+2 y—1_ z+1
(130) For lines L : == and M : R e S PRPRS
(AL | M (B) L and M are skew lines

107
(C) Line M passes through the point (2, 4, 1) (D) Shortest distance between L and M is 1038
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Sol. :

(131)

Sol. :

- -
ForlineL, a =(1,-1,1), I =(3,2,5)

—

.
ForlineM b = (-2, 1,-1), m = (4, 3, -2)

- - —
Now, I X m = (3,2,5)X4,3,-2)= (-19,26,1)# 0
.. L and M are neither parallel nor coincident. Option (A) is false.

+2 4-1_1+1
4 T 3 T

2
Point (2, 4, 1) ¢ M becasue is not true.
.. Option (C) is false.

— - - —
Also, (b — a) - (I xm)= (3,2,-2) - (-19,26,1)= 57+52-2= 107# 0
. L and M are skew. Thus, option (B) is true.

e
[(b—a) - (I xm)l
.. The shortest distance between L and M = NN
|l xXml
107 107

= =192 + 267 + )2 1038

. Option (D) is true. Ans. : (B), (D)

Line L : x2—1:2;y:z1-3 and plane T:2x +4y—z=1 .....

(A) Line L and plane T are parallel to each other
B) Llm
(C) The point of intersection of L and T is (3, -1, 1)

12
(D) The measure of the angle between L and Tt is sin_lm

- -
For line L, a =(1,2,-3), I =(2,-3,4), PQk+ 1,3k + 2, 4k -3) is any point on line.

5
The normal to the plane T is n = (2, 4, —1).

—

5
I - n =4-12-4#0. Thus, L and T are not parallel. T does not contain L.
.. Option (A) is false.

Also. | #kn.ke R
. L and Tt are not perpendicular to each other.
. Option (B) is false.
If P € L is the point of intersection with the plane, T, then P € T
So2Qk+ D)+ 4A(3k+2)-(dk-3)=1
12k = 12. So, k=1
.. The point of intersection of the plane and the line is P(3, -1, 1).
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. Option (C) is true.
.. Let the angle between L and T have measure O,

- -

[l - nl

Losind = TS S
[l In]
|4 —12— 4| 12

T OJ4t+o+16 \J4t+16+1 609

1 12

0= sin Jooo
. Option (D) is true.
(132)  For the plane 3x + 4y — 6z = 12 ......

(A) The intercepts on the axes are 4, 3 and —2 respectively.

y—3 z+1

. xX—4
(B) The line ="

is parallel to it.

(C) (1, 5, 3) is a point on the plane.

-0 y+1 3—¢

X
(D) The line 3 2 3

is perpendicular to it.

Sol. : The plane is 3x + 4y — 6z = 12

M i l L:
.4+3+_2 1

*. The intercepts on the axes are 4, 3 and -2 respectively.
*. Option (A) is true.

N
*. The normal to the plane n = (3, 4, —6)

— — —>
For line & toy-3_zHl , direction vector is [ = (2, -3, —1)

2 -3 -1

- -
l

=6-12+6=0

S

B ; 1 7 and for the point (4, 3, —1) of the line, 3x + 4y — 6z # 12
*. The point (4, 3, —1) of the line is not on 3x + 4y — 6z = 12.
*. The line is parallel to given plane.
*. Option (B) is true.
For the point (1, 5, 3),3(1) +4(5)-63)=3+20-18 =5# 12
*. The point (1, 5, 3) is not on plane.
. Option (C) is false.

xX—0 y+1 3-2
37 4 76
.. The line is perpendicular to the plane.

The line

. Option (D) is true.

Ans. : (C), (D)

. . — d
has direction vector m = (3, 4, —6) = n

Ans. : (A), (B), (D)
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(133) If the magnitudes of the projections of a line in space on the coordinate axes are respectively
3, 4, 12, then its direction cosines are ......

3 -4 -12 -4 12 12 —4 -12
AN 351 B) 13213713 © 7 13° 13 13 D) 5 137137 13
Sol. : The magnitudes of the projections are 3, 4, 12 respectively.

= AL AL A
The magnitudes of the projections on the axes are | 7 -il, 17 jL11 -kl = LLILLTLD.
I T - = (), Ly L), then ([ | L, 14D = (3, 4, 12)

N
Ll =23, =24, ] = 12, So,[1|=13

_1201'3 4120r3—4 12 3 4 -12

+ Direction cosines © 73, 73 73 3133 Y BB 13313

: (A), (B), (C), (D)

(134)  The direction cosines of the normal to the plane 2x + y — 3z + 4 = 0 are respectively

2 1

2 1 -3 -2 -1 3
(AH— J_ r BT O O

Slm
S

N
Sol. : For the plane, normal is n = (2, 1, -3)

5
ln|= 1/4+1+9:x/ﬁ
-3 -2 -1 3

. The direction cosines of n are J_ J_ iz O T \/— N

(The equation of the plane can also be written as —2x — y + 3z = 4)

: (B), (O)
. x+1 y—1 z-1 x+1_y—4_£
(135) The lines R — and == e
(A) do not intersect each other (B) intersect each other
(C) intersect at point (-1, 4, 0) (D) intersect at point (—1, 1, 1)

- -
Sol. : For given lines, a =(-1,1,1), I =(0,3,-1)

- -
and b =(-1,4,0., m=(3,2 0)

0 -1
e
Now, [b—a I m]=|0 3 -1|=0
3 0

=
Also, | xm=#0

*. The lines intersect each other.
Option (A) is false and Option (B) is true.

(~1, 3k, + 1, —k; + 1) is any point on the first line and (3k, — 1, 2k, + 4, 0) is any point on
the second line.
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(136)

Sol. :

(137)

Sol. :

The lines intersect each other.

For some k, and k|, -1 =3k, — 1, 3k, + 1 =2k, +4, -k, +1 =0

o ky=0and k; =1

These values satisfy the equation 3k; + 1 = 2k, + 4 also and so the point of intersection is
(-1, 4, 0).

Option (C) is true and (D) is false. Ans. : (B), (O)
If a line makes angles of measures O, B, Y with the coordinate axes, then ......

(A) cos>0l = cos*P + cos?y (B) sin®0L + sin*P + sin?y = 2

(C) sin®B + sin*y = 1 + cos*O. (D) cos*0. + cos*P + cos?y = 2

Direction cosines of line are cos0., cosP, cosy
. cos?0L + cos?P + cos*y = 1
Option (A) and option (D) are false.
Now, cos?0L + cos? + cos?y = 1
1 —sin?0L + 1 — sin?B + 1 — sin?y = 1
. sintOl + sin?} + sin®y = 2
Option (B) is true.
and sin’ + sin*y = 1 + 1 — sin®o.
. sin?P + sin®y = 1 + cos?a.
Option (C) is true. Ans. : (B), (O)

The equation of the line passing through origin and intersecting the line % = yT_3 . ; 3 and

making an angle of measure % with it, is ......

X _JY_2 x_JY_z X _JY_z x_Y_2z
(A)—_l_ - (B)l_—z_l (C)—Z_l_— (D)z_l_l

e XoY=3_2-3 . 7 = , N
For line =TT = @ (0, 3,3), I =(1,1,2)and any point on the line is of form

Pk, k + 3, 2k + 3).

< -
The direction vector of OP is OP = (k, k + 3, 2k + 3)

4
OP makes an angle of measure % with the given line.

T [1(k) + 1(k +3)+2 (2k + 3) |
. CcOS—H —

30 it K+ w+3 + k43

1 Lok +91 _ 312k +3l
2 JE-\/ék2+18k+18_6\/k2+3k+3
K3k +3 =42+ 12k + 9
3K+ 9% +6=0
K+ 3k+2=0
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(138)

Sol. :

(139)

S k+2)k+1)=0
Sok=-2o0rk=-1

© — — ©
The direction vector of OP is OP = (-2, 1, 1) or OP = (-1, 2, 1) and OP passes through
origin O(0, 0, 0).

i d
The equation of OP is X = % = _il and _il = % = % Ans. : (A), (O)
The symmetric form of the equations of the line of intersection of two planes x +y+z—-1=10

and x — 2y + 4z +2 =0 are ......

x—2 y—1_z+1 X _Y-l_z
(A) -2 1 T 1 (B)—2_1_1

1—x _2y—-1_2z+1 x+2 y—2 z-1
(C) 2 2 - 2 (D) -1~ 2 T2

- -
For planes, normal vectors are n, = (1, 1, 1), n, = (1, -2, 4).
- — g
l

The direction vector of the line of intersection : [ = p X n_; =(6,-3,-3)ie. I =(-2,1,1)

Taking z = 0, in the equations of the planes, we get x + y = 1 and x — 2y = -2 which on
solving give (0, 1, 0) as a point on the line of intersection.

. . -1
.. The equations of the line are —_xz = yT = %

. Option (B) is true.
Taking z =—1, point (2, 0, —1) is obtained on solving the equations

x+y=2andx -2y =2.

.. The equations of the line are x_z © :

.. Option (A) is false.
or (2, 1, —1) is does not lie on the plane x + y + z = 1

. Option (A) is false.

1 1
. . .. - y—-—5 zt3
In option (C), the equation of the line is x_zl =— 2 _ ; 2

Point (1, %,—%) lies on both the planes x + y + z— 1 =0 and x — 2y + 4z + 2 = 0.

Also the direction vector is (-2, 1, 1).

.. Option (C) is true.

The direction vector of the line is (-1, 2, 2) and not (-2, 1, 1).

.. Option (D) is false. Ans. : (B), (O)
Plane 2x + 3y + 5z =0 ......

(A) is orthogonal to 2x — 3y +z—-7=10 (B) does not pass through the point (2, 2, -2)

(C) passes through point (-2, -2, 2) (D) is perpendicular to line a ; 3 % =z —Si_ !
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Sol. :

(140)

Sol. :

(141)

Sol. :

Plane 2x + 3y + 5z = 0 has normal ;;1) =(2,3,5)
Plane 2x — 3y + z — 7 = 0 has normal n_; =(2,-3,1)

Now, n, * n, =4—-9+5=0. So. m L n,
. The plane 2x — 3y + z — 7 = 0 is perpendicular to given plane.
. Option (A) is true.
Substituting the coordinates of point (2, 2, —2) in 2x + 3y + 5z =0,
22)+32)+5(2)=4+6-10 = 0.
*. The point (2, 2, —2) belongs to plane.
*. Option (B) is false.
For the point (-2, -2, 2), 2(-2) +3(-2)+52)=-4-6+10=10
*. The point (-2, -2, 2) also belongs to the plane.
*. Option (C) is true.

- - -
The line & oYy _zt7 has the direction vector [ = (2, 3,5) = p

2 3 5

*. The line is perpendicular to the plane.

*. Option (D) is true. Ans. : (A), (C), (D)
The coordinates of the point lying on the line x = yT—l = Z_-;l and which is at a distance of
2+/14 from the point (0, 1, —1) is ...... .

(A) 4,9, -13) (B) (-4, -7, 13) (©) (2,-3,5) D) 2.5,-7)

P(k, 2k + 1, -3k — 1) is any point on the given line.

Let the distance of P from the point (0, 1, —1) be 2414 .

S+ QR+ 11— D)2+ (Bk— 1+ 1) =4(14)

o 14k% = 4(14). So, k2 =4

Sok=2o0r k=-2

. The coordinates of the point on the given line at a distance of 2414 from the point
(0, 1, —1) are (2, 5, -7) and (-2, -3, 5). Ans. : (C), (D)

The equation of the plane bisecting the angle between two given planes 6x—2y +3z+ 18 =0

and 2x -y +2z+ 13 =0 is ......

A)dx+y-5z2-37=0 B)dx+y—-5z+37=0
(C)32x— 13y +23z-145=0 (D) 32x— 13y +23z+ 145=10
The equation of the plane bisecting the angle between two given planes is

6x—2y+3z+18 _  2x— y+2z+13
J36+4+9 N Jat+1+4

S 36x—-2y+3z+18)=% 7(2x—y +2z+ 13)
18x -6y +9z+ 54 =% (14x -7y + 14z + 91)
“4x+y—5z-37=0and 32x — 13y +23z+ 145 =0 Ans. : (A), (D)
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: Assertion and Reason Type Questions :

Explanation : Each of these questions contain statement 1 (Assertion) and statement 2 (Reason).
Each question has four choices, option (A), (B), (C) and (D), which are as follows. You have to
select the correct choice.
(A) Statement 1 is true, statement 2 is true. Statement 2 is the correct explanation for statement 1.
(B) Statement 1 is true, statement 2 is true. Statement 2 is not a correct explanation for
statement 1.
(C) Statement 1 is true, statement 2 is false.
(D) Statement 1 is false, statement 2 is true.
(142) Statement 1 : The line L : %:_—)75:% is perpendicular to the plane 4x — 5y + 3z = 20.

. . . . 4 -5 3
Statement 2 : The direction cosines of the line L are AN AN

5
Sol. : The plane 4x — 5y + 3z = 20 has normal n = (4, -5, 3). If the line L is to be perpendicular to

. . . % % . . . H H
the plane then direction vector of Lis | =kn, k€ R. This is true with [ = n.
) . ) . 4 -5 3
The statement 1 is true. The direction cosines of line L are 5> —> S~
A R A

where | | = {16 +25+9 =542

. . ) 4 =1 _3
.. The direction cosines of line L : sz 2 52

.. Statement 1 and statement 2 both are true and statement 2 is the correct explanation for

statement 1| Ans. : (A)
(143) Statement 1 : The distance between two planes 5x — 12y + 13z =40 and 5x — 12y + 13z =20
. 1042
1S T .

Statement 2 : The perpendicular distance between two parallel planes ax + by + ¢z +d; = 0

ld, —d, |

and ax + by + ¢z =d, is s
Jai+b° +¢
Sol. : For the planes 5x — 12y + 13z — 40 = 0 and 5x — 12y + 13z — 20 = 0, the planes are parallel

— -
as m = n, .

The perpendicular distance between two parallel planes

'd, - d, | —40— (-
. | ) B [ —40 — (—20) | _ 20 _ 1042
[ 107+~ J5t1aat160 132 13

.. Statement 1 is true.

Now, perpendicular distance between parallel planes ax + by + cz + d; = 0 and
) g0 ld, —(—d,)| ld, +d, |

ax + tcez—-d, =018 = .
4 2 \/az +b” + ¢’ Ja' +b° + ¢

.. Statement 2 is false. Ans. : (O)
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(144)

Sol. :

(145)

Sol. :

x—3 y+1 z+1
T3 T2

A line : and a plane ® : x — y + 2z = 0 are given.

Statement 1 : L lies in the plane m.

Statement 2 : L is parallel to .

- -
For the line L, a =(3,-1,-1), | =(-1,3,2)and (-k+ 3, 3k— 1, 2k — 1) is any point of line
L for k € R.

%
For plane w, n = (1, -1, 2)

- -

Now, [ - n =(-1,3,2)-(1,-1,2)=-1-3+4=0
- -

R A )

. L lies in the plane or L is parallel to .
Now, substituting coordinates (—k + 3, 3k — 1, 2k — 1) of any point of line in the equation of the
plane, (<k +3) — 3k —- 1)+ 2Qk-1)=2%#0

. L does not lie in the plane &t. L is parallel to 7.

. Statement 1 is false and Statement 2 is true. Ans. : (D)
. . xX+3 -2 z-1 x—1 +3 z-2
The equations of two lines are L : = y_3 =— and M : — = Y =

Statement 1 : L and M are coplanar.

Statement 2 : The equations x; + 3y, = 4, 3x; + 2y, = 5 and 2x, — y; = 1 are consistent.

- - - -
Fortheline L, a =(-3,2,1), I =(1,-3,2)and fortheline M, b =(1,-3,2), m =(-3,2,1)

4 -5 1
(b—a) (I xmy=|1 =3 2| =4n+5)+1(7n=0
-3 2 1

~. L and M are coplanar.

T T
~. Statement 1 is true. Also, I X m # 0
As the lines are not parallel, they intersect.
Any point on the line L is (x; — 3, -3x; + 2, 2x, + 1)
and any point on the line M is (-3y; + 1, 2y, =3, y, + 2)
Now, for the point of intersection,
x;—3=3y, + 1, —3x; +2 =2y, -3, 2+ 1=y, +2
x|+ 3y, =4 3x)t 2y, =5 2, -y =
Given equations are consistent. x; = 1, y; = 1 is their solution.
. Statement 2 is true.

Statement 2 is a correct explanation for statement 1. Ans. : (A)
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(146)

Sol. :

(147)

Sol. :

(148)

-2 —1
Statement 1 : The image of point P(7, 1, 0) in the line L : XT = % == 3 is Q(3, 1, 6).
.oXx—=2 'y z—1_. . C .
Statement 2 : The line T =TT 2 bisects the line-segment joining (7, 1, 0) and (3, 1, 6).

M(5, 1, 3) is the midpoint of ﬁ
The point (3k + 2, k, 2k + 1) is any point on line L. k € R
Now, if 3k+2=5k=1,2k+1=3,

then k = 1 satisfies all the equations. tP(7.1,0)
N4 -
.. M € L and the direction vector of PQ is m = (-4, 0, 6).
%
and the direction vector of line Lis I =(3,1,2) L¢ M o Y z-1
Lo ST
4
~PQ L L 1Q@G3, 1,6)
A4
. P has image Q in line L. Figure 21.10

. Statement 1 is true.
Also, the segment joining (7, 1, 0) and (3, 1, 6) is bisected by the given line.
. Statement 2 is true.

But if any line bisects the line-segment at right angle, then only the end-points of line-segment are
images of each other.

.. Statement 2 is not a correct explanation for statement 1. Ans. : (B)
Statement 1 : The image of point (4, 3, 1) in the plane x —y +z =5 is (6, 1, 3).
Statement 2 : Plane x — y + z = 5 bisects the line-segment joining (4, 3, 1) and (6, 1, 3).

In order to obtain image of (4, 3, 1) in planex —y +z -5 =0,

Xx—4 _y-3 z-1 1(4) =1(3) +1(1) =5

1 ORI e EXOX0)

(4—3+1-5)
=

x=2+4=6,y=-2+3=1,z=2+1=3

.. The image of (4, 3, 1) in the plane x —y + z =5 is (6, 1, 3).

.. Statement 1 is true.

=-2 2

Using statement 1, statement 2 seems to be true. Midpoint (5, 2, 2) lies on the plane
xX—y+z=5.

.. Statement 2 is true. But plane bisects the line-segment only. This plane is to be a perpendicular
bisector plane, which is not given. Hence statement 2 is not a correct explanation for
statement 1. Ans. : (B)
Suppose m; :x -~y +z=1, 7, : x+y—-z=-1and ny : x — 3y + 3z = 2 are three planes.
L, is the line of intersection of planes 7, and 75, L, is the line of intersection of planes 7,
and 7, and L; is the line of intersection of planes 7, and ,. [IIT : 2008]

Statement 1 : Atleast two of the lines L, L, and L; are non-parallel.

Statement 2 : The three planes do not have a common point.
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Sol. :

(149)

Sol. :

Form tx—y+z=1n =(.-1.1)
%
Formy :x+y—-z=-1,n, =(1, 1, -1)
—
Formsy :x -3y +3z=2, n; =(1,-3, 3)
. . . % % %
Now, the direction vector of Ly is I = n, X n; = (1, 1,-1) X (1, -3, 3) = (0, 4, -4)

.
ie. 1 =(0,1,1)

- -

%
The direction vector of L, is m = ny X nj =(1,-3,3) X ((1,-1,1)=(0,2,2)i.e. m =(0,1,1)

—

The direction vector of Lyis n = X n, = (1. =1, )X (I, 1,-1)= (0,2, 2) i.e. n = (0, 1, 1)

s

- - o
Il = m=n

The direction of all the three lines is same.

L, =, n w, which contains (—%, —%, 0) which is not in 7.

L, =, N m, which contains (%, —%, 0) which is not in T,.

L, ==, N x, which contains (0, —1, 0) which is not in 7..

. All the three lines L, L,, L, are parallel.

.. All the three planes do not have a common point.

. Statement 1 is false and Statement 2 is true. Ans. : (D)
Suppose 3x — 6y — 2z = 15 and 2x + y — 2z = 5 are equations of two planes.

Statement 1 : Parametric equations of the line of intersection of given two planes are

x=3+14t,y=1+24z=15t. t € R

Statement 2 : The vector 147 +2J7 + 15£ is parallel to the line of intersection of given planes.
[IIT : 2007]

Normals to planes 3x — 6y — 2z = 15 and 2x + y — 2z = 5 are respectively,

- - N
n =G, —6,-2)and n, =2, 1, -2).

.. The direction vector of the line of intersection of planes is

- 5

n =np X n_; =(3,-6,-2) X (2, 1,-2)= (14,2, 15)
Substituting z = 0, in the equations of planes, we get 3x — 6y = 15,2x +y =15
x=3,y=-1. So, (3, -1, 0) is a point of intersection of planes.
. The equation of the line of intersection of planes : ? = Z + t_r; ,1€ R

.. The parametric equations are x =3 + 141, y = -1 + 2t, z = 15¢

.. Statement 1 is false.
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(150)

Sol. :

(151)

Sol. :

(152)

~ A —>
The vector 141 +2J + 15k = n is the direction vector of the line of intersection of planes.

*. Statement 2 is true.

Short method : Taking r = 0, we get (3, 1, 0) which is not on any of the planes.

Statement 1 is fasle.
We are left with option (D) only. Ans. : (D)
Statement 1 : The line joining (1, 2, 3) and (2, 3, 5) is parallel to the line joining (-2, 1, —1) and
(1, 4, 5).

Statement 2 : For two lines having the direction ratios a;, by, ¢, and a,, b,, c,, if

a a
71 =7 - b_3 , then the lines are parallel or coincident.
1 2 3

The direction ratios of line joining (1, 2, 3) and (2, 3, 5) are 1, 1, 2 and the direction ratios of
line joining (-2, 1, —1) and (1, 4, 5) are 3, 3, 6.

%)

Also, point (1, 2, 3) does not lie on the second line ad -1’_ 2_Y 1_ 1_Z ;_1 .

. Given lines are parallel lines.
~. Statement 1 is true.

Statement 2 is also true but statement 2 is not a correct explanation for statement 1 as the
lines can also be coincident. Ans. : (B)

Statement 1 : Points (4, 0, 4), (3, 2, 1) and (2, 4, —2) are collinear.

Statement 2 : For distinct points A, B and C, if AB + BC = AC, then A, B, C are collinear.
Suppose P(4a 07 4)3 Q (33 27 1)& R (29 4a _2)

PQ = \/(3—4)2 +(2-00 +(1-4) = J1+4+9 = J14

QR = J1+4+9 = V14

PR = \J4+16+36 = /56 = 214

. PQ + QR = PR

*“P-Q-R

. P, Q, R are collinear.

‘. Statement 1 is true.
Statement 2 is also true and statement 2 gives the correct explanation for statement 1.
Ans. : (A)

Statement 1 : The equation of the plane passing through the line of intersection of planes
3x+2y—z—-4=0and x + y + z -2 = 0 and also passing through the point
(2,1,2)is7Tx+4y—-5z—-8=0.

Statement 2 : If T, = 0 is not the equation of the plane containing the line of intersection
of the planes T, = 0 and T, = 0, then the equation of the plane containing the line of
intersection of planes is T, + A T, =0, A€ R
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Sol. : (2,1,2)doesnotlieonx+y+z-2=0.
The equation of the plane passing through the line of intersection of the planes
3x+2y—z—-4=0andx+y+z-2=0is3x+2y—z—4+A(x+y+z-2)=0. A € R.
The plane passes through (2, 1, 2).
C6+2-2-44+AQR+1+2-2)=0

. 2+3\=0. SO,}\.Z_TZ

*. The equation of the plane is 3x + 2y —z — 4 — % (x+y+z-2)=0
“Ix+4y-52-8=0
*. Statement | is true.
Statement 2 is also true and statement 2 gives the correct explanation of statement 1.
Ans. : (A)

N
(153) Statement 1 : The shortest distance between skew lines » = (1, 1,0)+ £ (2,-1, 1), k € R
X—2 y—1_ z+1 . 10

3 35 7 8 s

Statement 2 : If a plane can not pass through two given lines, then the lines are skew.

and

— - - —

Sol. : For given lines, a = (1,1, 0), I =2, -1, 1)and b =2, 1, -1), m = (3, -5, 2),
- - - - - -
I Xm=@G,-1,-7). Also(b —a)- (Il Xm)=(1,0,-1)-@3,-1,-7) =10 # 0.
So, lines are skew.

e
[(b—a) (I Xxm)l
The shortest distance between skew lines is = NN
| I Xxml
(0. =1)- G, =1,=7)] 10
B Jo+1+49 AT

.. Statement 1 is true.

Statement 2 is also true, but statement 2 is not a correct explanation for statement 1.

Ans. : (B)
(154) Statement 1 : The line xl-; 3 y;S = Z__74 lies in the plane x + 5y —z — 8 = 0.
Statement 2 : If point (x, y,, z;) of line al _l o2 ;1}71 = ;Zl satisfies the equation of

the plane ax + by + cz + d = 0 then the line lies in the plane.

- —

Sol. : For the line, a = (-3, 3,4), | = (13,4, -7) and (-3 + 13k, 3 — 4k, 4 — 7k) is any point
on the line for k € R.

- -

[ n

The normal to the plane : ; = (1, 5, -1). Also, =13-20+7=0

- -

. I L1 n and for any point on the line, -3 + 13k +5 (3 —4k) — (4 - Tk) -8 =10
.. All the points of the line lie in the plane. So, the line lies in the plane.

. Statement 1 is true.

Statement 2 is false, because the point (x;, y;, z;) can also be the point of intersection
of the line and the plane. Ans. : (O)
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(155)

Sol. :

Statement 1 : The lines X:-l :_llz Zl_l and %:T: : 2 are coplanar and the

equation of the plane containing both the lines is 3x — 2y — 5z + 8 = 0.

Statement 2 : The line % = yT-l-l . I 2 s perpendicular to the plane 9x+ 6y + 3z -8 =0

and parallel to the plane x —y —z = 0.

_ — —
x+1:l:z_l’ a = (1,0, 1)and I = (1, -1, 1) and for the line

For the line

-2 -
X_YHl_ 222y —(0-1,2)and m = (32, ).
3 2 1
-1 1
- - - -
(b —a) (I xm=|1 "1 T=9
302 1

.. The lines are coplanar.

The equation of the plane containing them is

X=X y—y -3

B3+t D) -y ()t @E-1DB)=0
W 3x+2y+5z2-8=0
. 3x — 2y — 5z + 8 = 0 is the equation of the plane containing given coplanar lines.

*. Statement 1 is true.

— —>
For the line 1:)}—“: -2 l

BN
3 5 > =(3,2, 1) and for the plane 9x + 6y +3z—-8=0, n =(9,6, 3).

5
Now, I xn=0, So, the line is perpendicular to the plane 9x + 6y + 3z -8 = 0.

For plane x —y —z = 0, ;1 =(, -1, -1)
Tom =3 +2C)+1(1) =0
Il
Now, the point (0, —1, 2) of the line does not belong to plane x —y —z = 0.
.. The line is parallel to the plane x —y — z = 0.
Statement 2 is true but statement 2 is not a correct explanation for statement 1.

Ans. : (B)
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(156)

Sol. :

(157)

Sol. :

Statement 1 : The plane 5x + 2z — 8 = 0 passes through the line of intersection of planes
2x—y+z-3=0and 3x + y+z=135 and is perpendicular to the plane 2x — 2y — 5z — 9 = 0.

Statement 2 : The plane x + y + 3z =5 intersects the line x — 1 =y + 1 =z — 1 at point (1, 1, 1).

The equation of the plane passing through the line of intersection of the planes 2x—y+z—-3 =0
and 3x +y+z=5is2x—y+z-3+AGBx+y+z-5=0,A € R.

Taking A = 1, the equation of the plane becomes 5x + 2z — 8 = 0.
The normal to the plane 5x + 2z — 8§ = 0 is nj = (5, 0, 2) and the normal to the plane
2x =2y —5:-9=0is n, = (2 -2, -5).
- >
Now, n; - n, =52)+0(2)+2(5)=0
. The plane 5x + 2z — 8 = 0 is perpendicular to 2x — 2y — 5z — 9 = 0.
. Statement 1 is true.
Point (1, 1, 1) does not lie on the linex -1 =y + 1 =z-1.

.. The plane will not intersect the line at (1, 1, 1).

. Statement 2 is false. Ans. : (O)
Suppose L, : x-1|-2= y;—l = Z-SH and L, : x-;z: y;3 = Z;2 are given lines.

Statement 1 : The perpendicular distance of the plane, passing through (-2, —1, —1) and whose

13
normal is perpendicular to both the lines L, and L, from point (1, 1, 1) is 53

7t -5]—k
Statement 2 : Unit vector perpendicular to both L, and L, is #

- -
The direction vectors of lines : [ =(1,2,3)and m = (2,3, 1)

- - - -
The vector orthogonal to both [ and m is £(1 X m)==x[(1,2,3)X (2,3, 1)]=%x(-7,5,-1)

The normal to the plane is =77 + 57—k
.. The equation of the plane having the above normal and which passes through (-2, -1, —1) is
Tx+2)+5py+D)-1@+1)=0

So-Tx+5y—-—z—-10=0o0r 7x -5y +z+10=0

|7(1) = 5(1) + 1(1) + 10| 3
The distance of this plane from point (1, 1, 1) = m =5

.. Statement 1 is true.
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%

(I x
Unit vector perpendicular to both L, and L, = & =

Il x

S

)
|

3!

(—7? +5)— IQ)

==t
5\3
—1i+s5j—k  1i-s5j+k
= or
543 5\3
. Statement 2 is false. Ans. : (O)

: 'Match the Following' Type Questions :

(158) Match the statements in column I with the appropriate answer in column II :

Column I Column II

(P) If linesx =1+ k y=1+ Ak, z=-3 - Ak, k € R and (H1
{(£,2 -1t 1+ /te R} are coplanar, then the value of A is ......

(Q) The volume of the tetrahedron whose vertices are the points

(3,3,2),(0,4, 3), (6,4, 1), (6, 2, 3) is ...... 2)2

(R) If the image of point (-5, -3, —4) in the plane x + y + z = -3 is 3)-=2
(xps ¥1> 21)» then yy is ...

(S) If the image of point (5, 8, 15) in the line x = 6 + 3k, y = 7 + 2k, 43
z=7-2k k € Ris (xq, y;, z), then x; is .....

A P)— Q) Q — @ (R) = (1) S —®

B) P)—> ) Q) — (D) R)— @) S — @

© ®)—>0) Q) — 2 R)— @) S)— M

D) @) — 1) Q — @ R) = 4) S —0)

- -
Sol. : (P) Forlines a =(1,1,-3), I =(1, A, -A)

- - 1
and b =(0,2,1), m = (3, -1, 1).

Lines are coplanar.

-1 1 4
1 A=A
=0
| 1
2
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5h

5 =20

2
SoA=-2
P) — (3)

Q) The volume of the tetrahedron V — ABC, whose vertices are V(3, 3, 2), A(0, 4, 3), B(6, 4, 1),

— - —
C(6, 2, 3) and edges VA =(-3,1, 1), vB =3, 1,-1), vC =3, -1, 1) is required.

3 1 1
I I T T | _
A = = 3(1-D-13+3)+1(3-3)=-12
3 -1 1

The volume of the tetrahedron = % |A|=2

Q — @
(R) The equation of the perpendicular drawn from point (=5, =3, —4) to the plane x + y + z = -3 is
X+5 y+3 z+4

. For the image of (-5, -3, —4) in the plane as (x;, y,, z)

1 1 1
X +5 oy +3 z+4 _ 2MAE)HIE) A+
[ T 1(1) +1(1) + 1(1)

Soxp =Ly =3,z.=2
Sy =3
R) = (4)
(S) Let M(6 + 3k, 7 + 2k, 7 — 2k) be the foot of the perpendicular drawn from point P(5, 8, 15)

to the line.

— - -
~ PM 1 | where I =(3,2, -2)

" GBk+1,2k-1,2k-8)-(3,2,-2)=0
9% +3+4k-2+4k+16=0
k=-1

*. The foot of perpendicular is M (3, 5, 9)

Suppose, the image of P is Q(x,, y;, z¢)- So, M is the midpoint of PQ.

L3 MES s n*8 g5 tlIs

2 2’ 2
Soxp =Ly =2,z2,=3. So, x; =1
S8 =D

Short method : In S, all the alternatives are different. So by just calculating for (S), we get
(S) = (1), which is in option (C). Ans. : (O)
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(159)

Column I Column 11

(1) The measure of the angle between the lines 2x = 3y = —z and 6x = —y = —4z P) O

(2) The measure of the angle between the planes x — y + 2z + 8§ = 0 and Q) %
2x+y+z—-5=01s ...
(3) The measure of the angle between the line % = % :% and the plane (R) %

3x+2y—-3z=41is ...
(4) The measure of the angle between the plane x — 4y — 3z + 9 = 0 and the line of (S) %

intersection of the planes 2x + 3y +z— Il =0andx+y—-z-8=0is ......

A) 1) —([R) 2 — Q) 3) — @) @ =)
® @) —>{®R) 2)—>(©® 3) — @) 4 — Q)
© @) —=>®) 2) — P 3) — Q) @ — ()
@ @) = {®) 2) —(©) 3) — Q) @ — (P
Sol. : (1) The lines 2x = 3y = —z and 6x = —y = —4z are respectively % = % = —i6 and % = _—}172 = _%

- -
1l =@G3,2,-6)and m = (2,12, -3)

1(3,2,-6) (2, —12,=3)|
If the measure of the angle between the lines is 0, then cosO = \/9 T 4736 J4 tiaat9 0

. p_ T
s0=Z

S (D) = (R)
- -
(2) Normal m =(1,-1,2), np, =2, 1, 1)
l(1,-1,2)- (2,1, DI
If the measure of the angle between the planes is 0, then cos0 = \/1 144 \/4 Tl

. _ T
s0=3

o |w

S22 =)
- -
) 1=@2,3,49) n=03,2,-3)
If the measure of the angle between the line and the plane is 0, then

|(2’ 3’4)(3’ 2’_3)|
T Jato+16 o +4+9

Sin =0
~0=0
S B3)—=> 0P
(4) The direction vector of the line of intersection of given planes is,

- o

L= Xomy =@ 3. DX (L 1L-1)=(4.3,-1)
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5
The normal to the plane x —4y -3z +9=01is n= (1,4, -3)

If the measure of the angle between the line and the plane is 6, then

. p_ =T
0= 2

NG R ()
Short method :

[(-4,3,-1)-(1, -4, -3) |

sind - = JI6+9+1J1+16+9
-3 _ 1
26 2

Ans. : (B)

(1) has all the alternatives (R) and so we don't consider (1).

(2) = (S) is obtained, so any of (B) and (D) can be the answer.

(3) = (P) is obtained, so only option (B) is to be considered.

(4) No need to calculate further.

(160) Consider the following linear equations :

Ans. : (B)

ax + by + ¢z =0, bx + ¢y + az = 0 and

¢x + ay + bz = 0. Match the conditions / expressions in column I with statements in column II

and indicate your answer by darkening the appropriate bubbles in the 4 X 4 matrix given in

the ORS.

[TIT : 2007]

Column I

Column II

(A) a+b+c#0and
A+ b2+ c2=ab+be+ca

B) atb+c=0and
a® # be, b # ca, > ab

(P)

Q

(C) a+b+c#0and a® # be, b2 # ca, ¢2# ab|(R)

a?+ b2+ 2 #ab+ be + ca
M) a+b+c=0and
A+ b2+ c2=ab+be+ca

)

The equations represent planes intersecting
only at a single point.

The equations represent the line x =y =z.

The equations represent identical planes.

The equations represent whole of the three

dimensional space.

P

/

®
o

/

®
o

()

()

0000

9

0000

9
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Sol. : ax+by+cz=0
bx +cy+az=0
cx+tay+bz=0

a b
». Determinant D = b ¢ a
c a b

= a(bc — a*) — b (b* — ac) + ¢ (ab — ?)
=3abc —a® — b3 - 3

—(a+b+ce)d?+ b2+ % —ab — be — ca)

=3 @tbtol@—b?+ @G-+ (- ay

(A) a+b+c#0,a®>+b2+c2=ab+ bc+ ca
C@=-b2+b-0% +(c-a?=0
“a=b=canda+b+tc#*0
‘. a, b, ¢ are non-zero.

*. All the equations are of form x + y + z = 0.
*. Equations represent identical planes.
S (A = R)
(B) a+b+c=0and a® # be, b® % ca, ¢*# ab
Taking a = — (b + ¢) in equation (1)
by +cz=(b+c)x
and taking b = — (a + ¢) in equation (2)
cy +az=(c+ ax
By equations (4) and (5), we have
(c2 — ab) z = (c¢* — ab)x
“Z=X
Similarly, x =y =z
.. Given equations represent the line x =y = z.
S (B) = Q)
© Asa+b+c#0and a®# be, b> # ca, 2 # ab, D # 0

.. Equations have only trivial solution x=0, y=0, z=0

.. The equations represent the three planes intersecting at a single point namely origin.

- (C) = (P)

M
@
G)

Q)

©)

1219



(D) a+tb+c=0and > +b*+c2—ab—bc—ca=0

‘*atb+c=0and a=b=c

...[From (A)]

Ans. :

"C[lh: :q:atcio:nsorepresent the whole of the three dimensional space.
(D)= ()

A

B

C

D

(161) In column I, equations of line are given and in column II, type of equations are given. Match

lines in column | with their types in column II.

Wx=-ky=-4-2k,z=4+k ke Rand
F=(-2.3) + k1.2, 1). ke R

Column I Column I1
xX-3 y-8 z-3 X+3 y+7 z-6
(1) =TT and =5 =7 (p) Parallel
-4 -1 -1 -2 z—3
@ = =L =% and = =y3 = (¢) Skew
3) %:”—1‘4:322 and {2k —1,k+1,—6k+1|ke R} () Coincident

(s) Intersecting

A) 1) — (@ 2) = () ) — @
® @) —@ (2) = 3) — ()
© @) =@ 2 —® 3)— @
D) @) — (@ 2) =) 3) = (p)

- -
Sol. : (1) a =(3,8,3), 1 =@G3,-1,1)

- -

b =(3,-7,6), m =(3,2,4)

- - -
Now, I X m =(-6,-15,3)# 0

@ — @
@ =)
@ — ()
@ — @

- - - -
and (b — a)- (1 X m)=(=6,-15,3) - (=6, —15,3) =36 +225+9 =270 # 0

.. The lines are skew.
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O R )
7

2) Z =4,1,0), 1 =(5.2,1)

- el

b =(1,2,3), m=(2,3,4)
—
I

- -
Now, X m=(5-18, 11)# 0

— — — —
and (b — a)- (I Xm)=(3,1,3) (518, 11)=-15-18 +33 =0

.. The lines are intersecting lines. (I Xm #0)

s 2) > (5

G)a=0,23), 1 = (1, 1 _3)

- -
b = (_1: 1) l)s m = (2: 13 _6)
N
l

- -
Now, [ X m =(0,0,0)= 0

- - - -
and (b — a)X m =(-1,-1,-2) X 2, 1, -6) = (8, -10, ) # 0
. The lines are parallel.

S G) = @)

BN
l

4) Z = (0,4, 4), -1,-2, 1)

- -
b =,-2,3), m=(1,-2,1)

BN
)

Il
3!

- -
Now, Xm=20 (

and (b — a) X [ =(1,2, -1y X (=1, -2, 1) = —(1, 2, = 1) X (1, 2. 1) = 0

.. The lines are coincident lines.

S @ —=> ™ Ans. : (D)
Short method :

(1) has all the alternatives same, so we shall not consider (1).

2) = )

3) = P

Now, only option (D) remains.

(4) No need to calculate. Ans. : (D)
Shorter method :

Firstly calculate (4), we obtain (4) — (r)

which is present in option (D) only. Ans. : (D)
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(162)  Match the conditions in column I with statements in column II : [1IT : 2006]
Column I Column II
(P) The perpendicular distance of the line passing through (0, 1, 0) and (1) 242

perpendicular to plane x + 2y + 2z = 0 from origin is ......

(Q) The distance of the plane passing through (1,-2, 1) and which is perpendicular| (2) %

to both 2x — 2y + z =0 and x — y + 2z = 4 from point (1, 2, 2) is ......

-1 -1
(R) The perpendicular distance of the line % = y__3 = Z_—l from the line of (3) V29
intersection of the planes 2x + 3y —z—4=0and x+y+z-2=01is ....
(S) The perpendicular distance between the planes 2x + 3y — 4z + 44 = 0 and 4) #

2x+3y—4z+15=01s ...

A) P)—> ) Q) — (1) R) = @) S =0
B ®)—> @) Q) — (1) R) =) &) —@
© ®)—> @) Q —® R) =) &) =M
D) ®)—> ) Q — @ R) = (D) S =0

Sol. : (P) The line is perpendicular to the plane x + 2y + 2z = 0.

— - —
I = n =(1,2,2) and it passes through a = (0, 1, 0).
.. The equation of the line : % = yT—l = %

5
The perpendicular distance of the line from point P( 7 ) = (0, 0, 0) is

I(Z—Z)x?l I(o,—1,0)><(1,2,2)|:|(_2’0,1)|_\/g

7 - Ji+4a+4 3 -3
SP)—=> @)
(Q) The normal to the plane 2x — 2y + z =0 is ;;1) = (2, -2, 1) and the normal to the plane

5
x—-y+2z=4is n, =(1,-1,2).

%
The normal to the plane perpendicular to both the planesin n = ;1 X nz
=(-3,-3,0)

The equation of the plane is -3(x — 1) -3 (y + 2) = 0. So,x+y+1=0
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. The distance of x + y + 1 = 0 from the point (1, 2, 2) is

[(1) +2(1) +1] 4
Jivr T2 T 22
S Q) = (D)

(R) The direction vector of the line of intersection of planes 2x + 3y — z — 4 = 0 and

A — —
xty+z-=2=0is | = n X n,

=2,3,-HX(, 1,1
=4,-3,-1)
Taking z = 0 in the equations of the plane,
2x+3y=4and x +y=2
Solving the equations, x =2,y =0

5
*. The line of intersection passes through a = (2, 0, 0).

-2
The line is = YR _13 = _il They are parallel. (Why not coincident ?)
-1 _z—-1 = -
‘. For line §=y_—3=z_—1, b =(0,1,1)and m = (4, =3, 1)

- - -

l(b—a)X [
*. The perpendicular distance between the lines = N
171

[(=2,1,1) X (4,—3,-1) | [(2,2,2) 1 2ﬁ

J16+9+1 B N P

S (R) = ()
(S) Perpendicular distance between the planes 2x + 3y —4z+44=0and 2x+3y—4z+ 15=0s

\d, - d, |
:T
l nl
|44 — 151 29
= Jatorie 2 T V29
5 (S) > (3) Ans. : (A)

Short method :
(P) All options of (P) are same. So, we don't consider (P).

(S) Calculation of (S) is very simple and hence on calculating we get (S) — (3)

There are two possibilities, either (A) or (D). Now, as calculation of (Q) is simpler, on

calculating we get, (Q) — (1)
Only option (A) is possible. Ans. : (A)
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(163)

Sol.

(164)

: Linked Comprehension Type Questions :
Let A(2, 3, —2) and B(-3, 13, 13) be two points in the plane. Line L passes through A and
plane T passes through point B. From this information, answer the following questions :

(1) The equation of the line L perpendicular to AB

xX—2 _ Yy—3 x+2 xX—2 y—=3 z+42
(A)—5_10_15 (B)13‘2‘3
x+2 y+3 z-2 xX=2_y—-3 _ z+2

(2) The equation of the plane perpendicular to AB
(A) -5x+ 10y + 15z +10=10 B)x+2y-3z+16=0
C)x—-2y-3z+68=0 D)x-2y-3z-68=0

>
(1) The direction ratios of AB : -5, 10, 15 i.e. -1, 2, 3.

d - A A A
Let the direction vector of the line L perpendicular to AB be | =1/,i +1LJj + Lk,

-2 _y=3 _z42 ©
The equation of the line L : xll =y12 =Zl3 . AB LL

~l, + 2L, +3;,=0

Option (B) satisfies this equation.

(Option (C) also satisfies the above equation, but the line does not pass through pointA)
Ans. : (B)

<~
(2) Direction ratios of AB : —1, 2, 3.

The normal of the plane perpendicular to X)B is ; =(-1,2,3)

The equation of the plane wis —1(x + 3) + 2(y — 13) + 3(z - 13) =0

x+2y+3z-68=0

x—2y—-3z+68=0

(The normal of the plane given in option (A) is also (-1, 2, 3) but it does not pass through (B).)
Ans. : (O)

— -3 - -2 =5 . . .
Suppose L : x25:y_4 :Z33 and M : x4 =y_—8=% are given lines. From this

information, answer the following questions :

(1) The perpendicular distance between L and M is

09 109 109
(A) o B) 5 © ¥ D) 75
(2) The equation of the plane passing through L and M is
(A)6x -3y —8+3=0 B)y6x—-3y—-8-3=0
(C) 8 +3y—6z-31=0 D)8 —-3y—-6z—-13=0

(3) The distance of the plane passing through the lines L and M from point (1, -1, 1) is

(A) 1o B) Jirs © T D) 25
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Sol.

(165)

(D

@)

)

- -
For the line L, a = (5,3,3), [ =(2,-4,3)

— -
for line M, b =(2,5,0), m =(4,-8, 6) or (2, 4, 3)

— - -
I xm = 0. Also for (5, 3, 3), %z%z% is not true.

The point (5, 3, 3) of line L does not belong to M
LM

The perpendicular distance between two parallel lines

Here,

- o -
l(a - b)yx 11

= -
|71

~|3.-2.3)x (2,4, 3)] _l6-3.-8) _ o9 Ans
JA+16+9 V29 29 '

The equation of the plane passing through lines L and M : (F —=@)-[(b —@) x1]=0
x=5 y=-3 z-3
2-5 5-3 0-3 0
2 —4 3

x=5 y=-3 z-3

(x =35)(6) = (= 3)(3) + (z-3)®) =0
—6x+30+3y—9+8-24=0

6x -3y —8+3=0 Ans.
Distance of the plane 6x — 3y — 8z + 3 = 0 from point (1, -1, 1)

e -3¢-n-8m+3 4 A
T B6+9+64  JI0 ns-

satisfy pl + gm + rn =0 and al® + bm? + cn® = 0.

(D

@)

From the above information, answer the following questions.

Which of the following relations are satisfied by the lines, if p=¢g=r=1.

(A) (a + b)(%jz + 2a(%) te+a)=0 (B)(b+ c)(%)z + b(?) +(a+b)=0

- (B)

F(A)

$ (O

Let direction cosines of two lines be I, m, n and a, b, c, p, q, r be constants. Direction cosines

©) (¢ + a)(é)z + 20(%) + (bte)=0 (D) (c+ a)(%)z + c(é) +(b+c)=0

a+b mny
Ifp=g=r=1 d(—j=—,th
p=q=r Mmd A b+c) ~n, O
mlmz_b-l-c mm, c+a mlmz_a-l-b ct+a _mnm
A T30 “era B0 Tare O 0 Teva O e T
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Sol.

(3) Ifthe lines are parallel to each other, then
b+ c)

2
(A)zp =0 (B)2 © TP (b+a=0 ©) TE=0

(4) If the lines are perpendlcular to each other, then

A)ZpXHa+b)=0B) X2 (a—-b)=0 OZp2B+c)=0 O)Xp*b-¢c)=0
(5) If p=¢g=r=1 and if the lines are mutually perpendicular, then

Aa+b+c=0 (B) ab + bc + ca = 3abc

(C)yab +bc+ca=0 (D) ab + bc + ca = abc
(6) If p =q =r =1 and if the lines are parallel to each other, then

L+l Ll L1, NI L1
W) T I SN pr e =1 © It =00 prpt g =0

Direction cosines of the lines satisfy the equations p/ + gm + rn = 0 and al® + bm?* + cn* = 0.

Now, pl + gm + rn =10

(qm + I’I’Z)

Substituting the value of / = — in al? + bm?* + cn® = 0,

2
m+rn
a{—q > } +bm? +cn? =0

aq® + bp?) m? + 2aqrmn + (ar* + cp?) n?* = 0
q P q P
2
(aq® + bp?) (%) + 2aqr (%) +(ar?+cpH) =0

(1) Takingp=qg=r=1,

(a+ b) (%)2 + 2{%) +(a+e¢)=0 Q)
Similarly, (¢ + a) (éjz + 2¢ (é) +Mb+c)=0 (i)
and (b + c)(%jz + Zb( ) +(a+b)=0 (iii)

2 (A), (©)

o ! ! Ll, b+c
(2) If the roots of equation (ii) are ;11 and m—22 , then mi }1212 = eta

min, _c+a .
L,  btc Ans. : (D)

(3) The lines are parallel to each other. So, they have the same direction cosines.

2

The roots of equation (ag? + bp?) (%) + 2aqr (%) + (ar? + cp?) = 0 will be identical.
Discriminant A = B2 — 4AC = 0 i.e. B2 = 4AC

(2agr? = d(ag? + bpPYar? + op?)

a*q*r? = a*¢*r* + acp?q? + abp*r? + bep?
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acq? + abr? + bep? = 0

2 2 2
TR0 @
2
zp—=0 Ans. : (A)

2
m
(4) If two roots of equation (ag? + bp?) (%) + 2aqr (%) + (ar? + cp?) =0 are n_ll and ’:2—2 ,

mm, ar’ + cp2

then mn, aq2 + bp2

hiy __mm,

brr+cq®  ar* +cp®  ag® +bp? (as per symmetry)
The lines are perpendicular to each other.
Lily, + mmy + nyny =0
(br? + cq®) + (ar® + cp?) + (ag? + bp*) = 0
Pb+e)+g¥c+a)+ria+b)=0 v)
SPP(b+c)=0 Ans. : (C)
(5) The lines are mutually perpendicular and p =g =r =1
Substituting p = ¢ =r =1 in equation (v),
2a +2b+2¢ =0
atb+tc=0 Ans. : (A)
(6) The lines are parallel and p=¢qg=r=1
By taking p = ¢ = r = 1, in equation (iv)
beped

(166) Let A(3, 2, 1) be a point of R3. Line L : X

=0 Ans. : (D)

-7 _y—12 741
=<_-=%5

given. From the above information, answer the following questions :

and plane w:x +y +z=11 are

(1) The line passing through A and parallel to L meets the plane w at point B. Coordinates of B

are ...

(A) (=13, 8, 6) (B) (13, 8, -6) () (13,8, 6) (D) (13, -8, 6)
(2) The distance of point A from the plane ® parallel to the line L is ......

(A) 30 (B) 15 (€30 (D) 2+/30

(3) The coordinates of the foot of perpendicular M from A to the plane & are ......

8 11 14 -11 8 =11 8 14 11 8

WBRY wERY o) o
(4) If the line parallel to L through A meets the plane ® at B and if M is the foot of
perpendicular drawn from A to the plane wt, then BM = ......

(A) V78 (B) 5J78 (©) V78 (D) 378
(5) The distance of point A from the point of intersection of line L and plane m is ......
(A) 641 (B) 849 (C) V757 (D) 477
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Sol. (1)

@)

©)

“4)

©)

(167) Let a, b, ¢ be three real numbers satisfying [a b c]

x—=7 y—12 z-1

The equation of the line parallel to line L : =TS T and passing through
..ox=3_y—-2 z-1 A

A, 2, 1)is =T, s T

A point (2k + 3, 2k + 2, k + 1) of this line ‘

lies in the plane T : x + y + z = 11.

L 2k+3-2k+2+k+1 =11

k=5 L
.. The coordinates of point B are (13, -8, 6).

Ans.

The distance of point A measured parallel to line L from the plane & is AB.

AB = \J(13-3)> + (-8-2)? + (6—-1)> = 100+ 100 + 25 = 15 Ans.

The foot of the perpendicular to the plane © from A(3, 2, 1) is

x=3 y—2 z-1 _
1~ 1 T 1 r

ax; +by, +cz; +d 3+2+1-11

where, r = — a+bmten IO+ +10)

3
3

The foot of perpendicular M(x, y, z) = (% 1—31 %) Ans.

Point B(13, -8, 6) and M( .45

2 2 2
The distance BM = \/(13 - %) + (—8 - 1—31) +(6 - %)

2 2 2
= (B {2 HY) = sy = v Ans

Figure 21.11

+ (D)

+ (B)

+ (D)

P (A)

2k + 7, 2k + 12, k— 1) for some k € R of the line L is on the plane w:x +y +z = 11.

2bk+7-2k+12+k-1=11
k=-17
The point of intersection of the line L and the plane &t is C(-7, 26, —8).

The distance AC = \/(—7 —3)2 +(26- 2)2 +(-8 —1)2 = J100 + 576 + 81 = /757

Ans.

~N o0 —
W N O
N 9

From this, answer the following questions :

)

(S

=[0 0 0] ..(). [IIT : 2011]

If the point P(a, b, c¢), with reference to (i), lies on the plane 2x + y + z = 1, then the

value of 7a + b + ¢ is ......
(A) O (B) 12 <) 7 (D) 6
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Sol.

(2) Let ® be a solution of x3 — 1 = 0 with Im(w) > 0. If « = 2 and b and ¢ satisfy (i),
th 3 .. 3 .
en the value of o o o S equal to ......
(A) -2 (B) 2 ©)3 (D) -3
(3) Let b =6, with a and c satisfying (i). If o and 3 are the roots of the quadratic equation
P n
ax? + bx + ¢ = 0, then Z(é‘*%) =
n=0
(A) 6 (B) 7 ©) % (D) oo
1 9 7
[@a b c]|8 2 7| =[0 0 0]
7 3 7
a+8h+7c=0 (1)
9a +2b+ 3¢ =0 )
Ta+Tb+7c =0
iec.atb+c=0 3
%=6b—0=_L7'0=% where k € R
(a, b, ¢) = (k, 6k, —Tk)
(1) Point P(a, b, c) is on the plane 2x + y + z = 1.
2k + 6k — Tk =1
k=1
a=1, b=6, c=-7
Now, 7a+b+c=7+6-T7=6 Ans. : (D)
(2) Fora=2,k=2. So,b=12,c=-14

1

1 3 14
Now, ~o T+t _mz+ T30

)

(O (O (V) (V)
30 1
- = t+t— 2. (3
o (@) +30° - (©°)
=30+ | + 302 (@ =1)
=30+ o) +1=3-1)+1==2 (1 +o+e=0)

Ans. : (A)
Forb=6, k=1. So,a=1and ¢ =-7
Now, ax2 + bx + ¢ =0
x2+6x—7=0
oa=-T7orB=1
Ol S D ) ) (D o 1 o
n=0

Ans. : (B)
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