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Q1 Find the rate of change of the area of a circle with respect to its radius r when
@r=3cm(()r=4cm

Answer. The area of a circle (A) with radius (r) is given by,

A=nr?
Now, the rate of change of the area with respect to its radius is given by,
dAd oy
E = E (nr ) = 2nv
(a) Whenr = 3cm
dA
P = 2n(3) = 6

Hence, the area of the circle is changing at the rate of 6m cm? /s when its radius is 3 cm.
(b) When r =4 cm,

dA
o = 2m(4) = 8n

Hence, the area of the circle is changing at the rate of 6 n cm?/s when its radius is 4 cm.
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Q2 The volume of a cube is increasing at the rate of 8 cm> /s. How fast is the surface area increasing when the
length of an edge is 12 cm?

Answer. Let x be the length of a side, V be the volume, and s be the surface area of the cube. Then, V=x>and S = 6
x% where x is a function of time t.

o dv 3
It is given that - = 8cm®/s
Then , by using the chain rule, we have:

dv d d dx dx
8=—= —(x3)——(x3)-— =3x%2. —

dt ~ dt T odx dt dt
dx_ 8
dt 32
N ds d 62 d 62 dx
Ow’d_d(x)_dx(x) dt
8 32
=12x — = 12x —|==
3x X
as 32 8
— = —cm?/s = —cm?/s
dt 12 3

8
Hence, if the length of the edge of the cube is 12 cm, then the surface area is increasing at the rate of gcrnz/ s.
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Q3 The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at which the area of the circle is
increasing when the radius is 10 cm.

Answer. The area of a circle (A) with radius (r) is given by,
A = mr?

Now, the rate of change of area (A) with respect to time (t) is given by,

dA d 2 dr dr .
- = E(nﬂ ) i ZHrE [ By chain rule ]

It is given that,

dr

i 3cm/s

dA

T 2nr(3) = 6nr

Thus, when r = 10cm,
dA

— = 61(10) = 607cm®/s

Hence, the rate at which the area of the circle is increasing when the radius is 10 cm is 60ncm?/s.
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Q4 An edge of a variable cube is increasing at the rate of 3 cm/s. How fast is the volume of the cube increasing
when the edge is 10 cm long?

Answer. Let x be the length of a side and V be the volume of the cube. Then,

V=x3

av dx
- 2.,
dt 3x dt
It is given that,
dx

i 3cm/s

dv

— 2,207 — gy2
il 3x°(3) = 9x
Thus, when x = 10cm,

dv
— = 9(10)% = 900cm®/s

Hence, the volume of the cube is increasing at the rate of 900 cm®/s when the edge is 10 cm long.
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Q5 A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At the instant when the
radius of the circular wave is 8 cm, how fast is the enclosed area increasing?

Answer. The area of a circle (A) with radius (r) is given by A = nr.

Therefore, the rate of change of area (A) with respect to time(t) is given by,

dA d 5 d 5 dr dr )
- = Et(m« ) = E(m )E = 2nr 3;[ By chain rule]

dr
It is given that 7 = ocm/s

Thus, when r = 8cm,
dA
i 2n(8)(5) = 80m

Hence, when the radius of the circular wave is 8 cm, the enclosed area is increasing at the rate of 80ncm?/s
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Q6 The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase of its circumference?

Answer. The circumference of a circle (C) with radius (r) is given by C = 2nr.
Therefore, the rate of change of circumference (C) with respect to time (t) is given by,

dc dCc dr
i E( By chain rule)
dr
= d—(27rr)a
_ dr
=2 E

dr
It is given that o = 0.7cm/s

Hence, the rate of increase of the circumference is 21(0.7) = 1.4ncm/s.
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Q7 The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is increasing at the rate of 4
cm/minute. When x = 8cm and y = 6cm,
find the rates of change of (a) the perimeter, and (b) the area of the rectangle.

Answer. Since the length (x) is decreasing at the rate of 5 cm/minute and the width (y) is increasing at the rate of 4

cm/minute, we have:

dx .
it 5cm/min

(a) The perimeter (P) of a rectangle is given by,
P=2kx+y)

_dP dx dy .
7 =2z x| =2(-5+4) = -2cm/min

Hence, the perimeter is decreasing at the rate of 2 cm/min. (b) The area (A) of a rectangle is given by,

A=xxy
. dA dx dy
Caw @YX g T Tyt

Whenx=8cmandy=6cm

E:(—5x6+4><8)crn2/ min = 2cm?/ min

Hence, the area of the rectangle is increasing at the rate of 2cm?/min.
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Q8 A balloon, which always remains spherical on inflation, is being inflated by pumping in 900 cubic centimetres
of gas per second. Find the rate at which the radius of the balloon increases when the radius is 15 cm.

Answer. The volume of a sphere (V) with radius (r) is given by,
4

V= 3

-Rate of change of volume (V) with respect to time (t) is given by,

3



dv.  dv dr

x T E[By chain rule]

d (4 3 dr
Tar |3

dr
_ 2, _
= dnr @

v 3
T 900cm™/s

dr

. _ 2.,
».900 = 4nr it

dr 900 225
:_:_:_
dt 4nr? nr?

dr 225 1

Hence, the rate at which the radius of the balloon increases when the radius is 15cm

1
—cm/s
Vi
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Q9 A balloon, which always remains spherical has a variable radius. Find the rate at which its volume is increasing
with the radius when the later is 10 cm.

4
Answer. The volume of a sphere (V) with radius (r) is given by V = §Hr3. Rate of change of volume (V) with respect

to its radius (1) is given by,

v d (4 4
T _fZ_3)_Z 2\ _ 2
ar - dr(3nr )— 3n(3r )—4nr

Therefore, when radius = 10cm,

v 5
— = 4n(10)? = 4001

Hence, the volume of the balloon is increasing at the rate of 400 cm?/s.
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Q10 A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground, away from
the wall, at the rate of 2 cm/s. How fast is its height on the wall decreasing when the foot of the ladder is 4 m away
from the wall ?

Answer. Let y m be the height of the wall at which the ladder touches. Also, let the foot of the ladder be x away
from the wall.

Then, by Pythagoras theorem, we have:

x% + y? = 25[ Length of the ladder = 5m]

=>y= \/ 25— x2
Then, the rate of change of height (y) with respect to time (t) is given by,

It is given that



dy -2x

Cde o542
Now, when x = 4m, we have:
dy -2x4 8
dt - V2s-42 3
Hence, the height of the ladder on the wall is decreasing at the rate of
8
gcm/ S.
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Q11 A particle moves along the curve 6y = x> + 2. Find the points on the curve at which the y-coordinate is
changing 8 times as fast as the x-coordinate.

Answer. The equation of the curve is given as:

6y =x3+2

The rate of change of the position of the particle with respect to time (t) is given by,
dy dx

=22

65 =35 + 0

dy 2dx
=>2E = x°—

When the y-coordinate of the particle changes 8 times as fast as the

. . dy dx
x -coordinate i.e., i 85 , we have:

dx de
=>16E— @

2 dx
=>(x—16)dt 0
= x? =16
=>x= x4
~ _43+2_66_
x=4,y= 6 —g—ll

(-4)3+2 62 31

x=—4y= 6 "6~ 3

-31
Hence, the points required on the curve are (4, 11) and (—4, =5 )
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1
Q12 The radius of an air bubble is increasing at the rate of 5cm/s cm/s. At what rate is the volume of the bubble

increasing when the radius is 1 cm?

Answer. The air bubble is in the shape of a sphere. Now, the volume of an air bubble (V) with radius (r) is given by,
4
V= 3

The rate of change of volume (V) with respect to time (t) is given by,

3



av 4 d dr
- - = (r3) =2
t 3 dr dt
4 9 dr
B 3n(3r )dt
dr
= 4uri—
r it
dr 1
i 2Cm/s

Therefore, when r = 1cm,

v 51 3
T 4m(1) 5 | = 2mem?/s
Hence, the rate at which the volume of the bubble increases is 2ncm?/s .
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3
Q13 A balloon, which always remains spherical, has a variable diameter 7(2x + 1). Find the rate of change of its

volume with respect to x.

Answer. The volume of a sphere (V) with radius (r) is given by,
4
V= 57‘”3

It is given that:

3
Diameter = 5(2x +1)

3
=r= Z(2X+1)

: S A 3_ 2 3
S V=gnlg | @x+1)7 = n2x + 1)

Hence, the rate of change of volume with respect to x is as
v 9 d

3 9 2 27 2
= 16T @x )7 = Erx 3(2x + 1)7x 2 = w2 + 1)%
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Q14 Sand is pouring from a pipe at the rate of 12 cm? /s. The falling sand forms a cone on the ground in such a way
that the height of the cone is always one-sixth of the radius of the base. How fast is the height of the sand cone
increasing when the height is 4 cm?

Answer. The volume of a cone (V) with radius (r) and height (h) is given by,

1

_ -2
V—3nrh

It is given that,

1
h=gr=>r=6h

1
“. V= gn(6h)*h = 121h*

The rate of change of volume with respect to time (t) is given by,



dv d( 5\ dh )
i 1271@ (h ) . E[By chain rule]
B 2 dh
= 12n(3h )E

dh
_ 2
= 36mh o

It is also given that dt

Therefore, when h = 4cm, we have:
dh 12 1
T dt T 36m(16)  48m

1
Hence, when the height of the sand cone is 4 cm, its height is increasing at the rate of ;—cm/s .

Page : 198 , Block Name : Exercise 6.1

Q15 The total cost C(x) in Rupees associated with the production of x units of an item is given by
C(x) = 0.007x3 - 0.003x2 + 15x + 4000.
Find the marginal cost when 17 units are produced.

Answer. Marginal cost is the rate of change of total cost with respect to output.
dc
Marginal cost(MC) = — = 0.007(3x2) ~0.003(2x) + 15
= 0.021x% - 0.006x + 15

when x = 17, MC = 0.021(172) ~ 0.006(17) + 15
= 0.021(289) - 0.006(17) + 15
= 6.069 - 0.102 + 15

= 20.967
Hence, when 17 units are produced, the marginal cost is Rs. 20.967
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Q16 The total revenue in Rupees received from the sale of x units of a product is given by R(x) = 13x? + 26x + 15
Find the marginal revenue when x = 7.

Answer. Marginal revenue is the rate of change of total revenue with respect to the number of units sold.
dR

Marginal Revenue (MR) ~ @ = 13(2x) + 26 = 26x + 26
When x =7, MR = 26(7) + 26 = 182 + 26 = 208 Hence, the required marginal revenue is Rs 208.
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Q17 The rate of change of the area of a circle with respect to its radiusr at r = 6 cm is
(A) 10m (B) 12n (C) 8n (D) 11n

Answer.

The area of a circle (A) with radius (r) is given by,

A = nr?

Therefore, the rate of change of the area with respect to its radius r is
dA _ d 2\ _

T @ (TIF ) = 2nr

~Whenr=6cm,



dA

el 2T X 6 = 12ncm2/s
r

dA

- =21x6= 12mem?/s
r

Hence, the required rate of change of the area of a circle is 12mcm?/s . *

The correct answer is B .
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Q18 The total revenue in Rupees received from the sale of x units of a product is given by
R(x) = 3x 2 + 36x + 5. The marginal revenue, when x = 15 is
(A) 116 (B) 96 (C) 90 (D) 126

Answer. Marginal revenue is the rate of change of total revenue with respect to the number of units sold.
dR

.. Marginal Revenue (MR) ~dx = 3(2x) + 36 = 6x + 36
~When x = 15,
MR = 6(15) + 36 = 90 + 36 = 126 Hence, the required marginal revenue is Rs 126. The correct answer is D.
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Q1 Show that the function given by f (x) = 3x + 17 is increasing on R.

Answer. Let x; and x, be any two numbers in R.

Then, we have:

X] <Xy =3x; <3x, = 3x; +17 <3x, +17 = f(xl) < f(xz)
Hence, f is strictly increasing on R.

Alternate method:

f'(x) =3 >0, in every interval of R.

Thus, the function is strictly increasing on R.
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Q2 Show that the function given by f (x) = e is increasing on R.

Answer. Let x; and x, be any two numbers in R.
Then, we have:

2x 2x

Hence, fis strictly increasing on R .
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Q3
Show that the function given by f(x) = sinx is

T
(a) increasing in (0, 5 )
(c) neither increasing nor decreasing in (0, )

Answer. The given function is f(x) = sin x.
5 f(x) = cosx



T
(a) since for each x € (O, 2 ) cosx >0, wehavef(x)>0

T
e N LV
Hence, f is strictly increasing in

2

T
(b) Since for each x € (5, n), cosx <0
fx)<0
Hence, f is strictly decreasing in (g n).

(c) From the results obtained in (a) and (b), it is clear that f is neither increasing nor decreasing in (0, ).
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Q4 Find the intervals in which the function f given by f(x) = 2x* - 3x is
(a) increasing (b) decreasing

Answer.
The given function is f(x) = 2x% — 3x ..
f(x)=4x-3

3 3 3
Now, the point 4 divides the real line into two disjoint intervals i.e., ( — 0o, —) (Z’ 00 )
and

¥ x
- -

|
T
4

3 .
Ininterval(—OO,Z),f(x) =4x-3<0

Alw

Hence, the given function (f) is strictly decreasing in interval ( - oo,

|

3 ,
In interval (Z’ 00), fX)=4x-3>0
. . . . . . . . 3
Hence, the given function (f) is strictly increasing in interval | 7, o
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Q5 Find the intervals in which the function f given by f(x) = 2x3 - 3x?>- 36x + 7 is
(a) increasing (b) decreasing

Answer.



The given function is f(x) = 2x3 — 3x% — 36x + 7 .
f(x) = 6x - 6x - 36 = 6(x2—x—6) = 6(x + 2)(x - 3)

ff=0=x=-23
The points x = — 2 and x = 3 divide the real line into three disjoint intervals i.e.,
(=00, =2),(-2,3), and (3, ») .

)
i i
- T -

2 3

In intervals ( — o, — 2) and (3, ®), f (x)

( -2, 3)’ f(X) is negative.

Hence, the given function (f) is strictly increasing in intervals

is positive while in interval

(— o0, —2)and (3, ), while function (f) is strictly decreasing in interval
(-2,3).
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Q6 Find the intervals in which the following functions are strictly increasing or decreasing:
(@) x2 +2x = 5 (b) 10 — 6x — 2x2

(c) —2x3 - 9x% = 12x + 1(d)6 — 9x — x°

() (x + 1)°(x - 3)°

Answer.
(a) We have,
f(x)=x2+2x—5
f(x) =2x+2
Now,
f=0
Point x = — 1 divides the real line into two disjoint intervals i.e., (— o, — 1) and ( — 1, ©).

In interval (=% ~1).f (x) =2x+2<0

.. fis strictly decreasing in interval ( — o, — 1)
Thus, fis strictly decreasing for x < — 1

In interval (~1,0) ,f(X) =2x+2>0

.. fis strictly increasing in interval ( — 1, o)

(b) We have,
f(x) = 10 — 6x — 2x?

f(x) = —6—-4x

Now,

. 3
f=0=x= -3

3
x= -3 divides the real line into two disjoint intervals

The point

3 3
-3 and -5 ®

( ) m’
) 3 3
Ininterval [ - oo, - x< - 3,f(x)= -6-4x<0
i.e., when



3
-+ fis strictly increasing for *= ~2

3

3,
Ininterval(—z,oo) x> =5, f(x)= -6-4x<0
i.e., when

3
= fis strictly decreasing for ¥~ ~ 2

(c) We have,
fx)= —2x3-9x? - 12x + 1

fo)= - 6x2-18x—12 = —6(x2+3x+2)= —6(x + 1)(x +2)

Now,
f(x)=0=x=—landx= -2
Points x = — 1 and x = — 2 divide the real line into three disjoint interval

ie,(—o, =2),(-2, —-1), and (- 1, )

In intervals (— o, —2)and (- 1, ) i.e., whenx < —2andx > -1

f()= -6(x+1)(x+2)<0

Now, in interval (- 2, — 1)i.e, when -2 <x< - 1,f(x) = —6(x+ 1)(x+2) >0

.. fis strictly increasing for -2 <x < -1

(d) We have,
f(x) = 6 — 9x — x?
f(x) = -9-2%x
Now, f
. 9
(x) =0givesx = - 3
9
The point x = - 7 divides the real line into two disjoint intervals i.e.,
9 9
—oo, — > Jand | - 7,00

9 9
Ininterval(—oo,—z) x< =5, fx)=-9-2x>0
i.e., for

9
. . . . . < ==
- fis strictly increasing for *~ ~ 2

9 9 ,
Ininterval(—;,oo) x> -5, fx)= -9-2x<0
i.e., for

9
- fis strictly decreasing for X~ ~ 2

(e) We have,
f) = (x + 1)*(x - 3)°
fx) = 3(x+ 1)*(x = 3)° + 3(x = 3)°(x + 1)°
=3(x+1)2(x - 3)’[x -3 +x + 1]
=3(x + 1)%(x - 3)’(2x - 2)
= 6(x + 1)%(x - 3)%(x - 1)

Now,
f)=0=x=-1,31
The points x = — 1,x = 1, and x = 3 divide the real line into four disjoint intervals

ie, (-0, =1),(-1,1),(1,3), and 3+*)



In intervals (— o, — 1) and (- 1, 1), f(x) = 6(x + 1)*(x - 3)’(x - 1) < 0

. fis strictly decreasing in intervals (=®> 1) and (- 1, 1)
In intervals (1, 3) and (3,), f(x)=6(x+1)>*x-3)>%x-1)>0

.. fis strictly increasing in intervals (1, 3) and (3, o)
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Q7
2x
Show thaty = log(1 +x) - 5, X > — 1, is an increasing function of x
throughout its domain.
Answer.
We have,
2x
y =log(l+x) - 7~
dy 1 (2+x)(2) -2x(1) 1 4 x?
Tdx T oltx (2+x)? Toltx o (24x)? (24x)?
d
Now, ol 0
X2
(2+x)?
=>x2=0
=x=0

since x > — 1, point x = 0 divides the domain ( — 1, o) in two disjoint intervals
x<0andx>0.

When -1 < x < 0, we have:

x<0=x2>0

x<0=x%>0

x> -1=202+x)>0=2+x?2>0

x2

Sy = >
Y (2+x)? 0

Also, when x > 0:

x>0=x2>0,2+x)?%2>0

x2

Ly = Zrn)? >0

Hence, function f is increasing throughout this domain.
Page : 205, Block Name : Exercise 6.2
Q8 Find the values of x for which y = [x(x — 2)]? is an increasing function.

Answer.
We have,

y = [x(x - 2)]2 = [x2 - 2)(]2

LY 2
. E =y :2(X —2X)(2X—2):4X(X_2)(X_1)
dy
'.d—=O=>x=0,x=2,x=1
X

The points x =0, x = 1, and x = 2 divide the real line into four disjoint intervals i.e.



(— 0, 0),(0, 1)1, 2), and (2, x)

dy
In intervals ( — o0, 0) and (1, 2), =< 0
.. y is strictly decreasing in intervals ( — o0, 0) and (1, 2)
dy
However, in intervals (0, 1) and (2, ), x>0

.. y is strictly increasing in intervals (0, 1) and (2, o)
.y is strictly increasing for 0 < x < 1 and x > 2.
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4sin 0

Q9 Prove thaty = 5705y

T
— 0 is an increasing function of 0 in [0, > ]

Answer. We have:
4sin 0

y= (2+cos 0) -0
) dy (2+cos 0) (4cos 6) —4sin 6( —sin 0)

Tdx (2+cos 0)?
8cos 6+4cos? 0 +4sin? §

(2+cos 6)2
8cos 0+4

(2+cos 9)2 -
dy

Now, ol 0
8cos 6+4

= — =
(2+cos 9)2

= 8cosh + 4 = 4 + cos20 + 4cosh

= 05260 — 4cosh = 0

= cosB(cosf —4) =0

= cosf = 0 or cosf = 4

since cos@ # 4, cosf = 0

Vs
c056=0=>9=5

Now,

_ 2
dy Bcos 0+4 (4+COS 9+4c050) 4cos 6 cos® 0 cos B(4-cos 6)
x (2+cos 0)? B (2+cos 0)? B (2+cos 0)?

(03)
Ininterval 2 ), wehave cosf > 0. Also, 4 > cos = 4 — cosf > 0
. cosB(4 — cosf) > 0 and also (2 + cosf)? > 0
cos 0(4—cos 0)

(2+cos 0)?

dy
=>a>0

T
Therefore, y is strictly increasing in interval (O, 3 )

T
Also, the given function is continuous at x = 0 and x = 3

VA
Hence, y is increasing in interval [0, 3 ]
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Q10 Prove that the logarithmic function is increasing on (0, ).

Answer.
The given function is f(x) = logx .

, 1
L) =g
, 1
fx)=7>0
It is clear that for x > 0,

Hence, f(x) = logx is strictly increasing in interval (0, o)
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Q11 Prove that the function f given by f(x) = x? — x + 1 is neither strictly increasing nor decreasing on (- 1, 1).

Answer.
The given function is f(x) = x> -x+1
f'(x) =2x-1
. 1
Now, f(x) =0 =x = 3

1
The point 3 divides the interval ( — 1, 1) into two disjoint intervals

) 1 1
ie., —1,5 and 5,1

1
Now, in interval ( -L3 ), f(x)=2x-1<0

1
Therefore, fis strictly decreasing in interval ( -1 )

1
However, in interval (5, 1), f x)=2x-1>0

1
Therefore, f is strictly decreasing in interval (5, 1)
Hence, fis neither strictly increasing nor decreasing in interval (- 1, 1) .
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s

Q12 Which of the following functions are strictly decreasing on (O, 5 )
?

(A) cos x (B) cos 2x (C) cos 3x (D) tan x

Answer.



(A) Let f1(x) = cosx

fvl(x) = —sinx
(0, g), fyl(x) = —sinx <0

n
o f 1(X) = COSX ¢ strictly decreasing in interval (0’ 2 )

(B) Let f5(x) = cos2x
o fo(x) = - 2sin2x

s
Now,0<x<§=>0<2x<n=>sin2x>0=> —2sin2x < 0

! T
"~ fr(x) = — 2sin2x < 0 on (0, E)

s
ne f Z(X) = C0s2x is strictly decreasing in interval (0’ 0 )

(C) Let f3(x) = cos3x
f'3(x) = — 3sin3x

Now , fl3(x) =0

T
=sin3x=0=3x=7, asx € (0,5)

SRR

= x =

_n T
X=3 divides the interval (O, =

T T
ie,0{0: 3 Jand {3, 7

T T
Now, in interval (0, 3 ), f3(x) = — 3sin3x < O[ as0 <x<3=0<3x< n]

) into two disjoint intervals

L. mom b4 T 3
However, in interval 3 ,f3() = —3sin3x >0fas; <x<5=>m<3x<

3 2 2

T
Hence, f5 is neither increasing nor decreasing in interval (O, = )

NS

T
- f3 is strictly increasing in interval (5,

2



(D) Let f4(x) = tanx

f;l(x) = secx

T '
In interval (0, 5), fa(x) = sec?x > 0

T
"+ f is strictly increasing in interval (0, 5)

T
Therefore, functions cos x and cos 2x are strictly decreasing in (0, 3 )

Hence, the correct answers are A and B.
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Q13 On which of the following intervals is the function f given by f(x) = x1%° + sin x —1 decreasing ?

(A)(O,1) (@B g, n (C) 0, g (D) None of these

Answer. We have,

fx) = x190 4 sinx - 1

f'(x) = 100x>° + cosx

In interval (°>1)>cosx > 0 and 100x*° > 0

L f() >0

Thus, function f'is strictly increasing in interval (0, 1) .

T 99 99
5, |, cosx < 0 and 100x°° > 0. Also, 100x7% > cosx

, b
S f(x)>0in (E,n)
T
Thus, function f is strictly increasing in interval (5, n)

Vi
In interval (0, 5), cosx > 0 and 100x%° > 0

- 100x% + cosx > 0
Vs
= f(x) > 0 on (O, 5)

T
.. fis strictly increasing in interval (0, 5)
Hence, function f is strictly decreasing in none of the intervals. The correct answer is D.
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Q14 Find the least value of a such that the function f given f(x) = x? + ax + 1 is increasing on (1, 2).

Answer. We have,
fx)=x*+ax+1

f(x) =2x+a



Now, function f will be increasing in (1, 2), if f(x) > 0in (1, 2) .

f(x)>0

=22x+a>0

=2X> —a
—-a

= x> —

2
Therefore, we have to find the least value of a such that

x> -~ when x € (1, 2)

2,
—-a
:>x>7(when1<x<2)

Thus, the least value of a for f to be increasing on (1, 2) is given by,
—-a

2 -1

a )

- = 1=a= -2

Hence, the required value of a is -2.
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1
Q15 Let I be any interval disjoint from [-1, 1]. Prove that the function f given by f(x) = x + 7 1 is increasing on L.

Answer.
We have,

1
f) = x+ 7
Cf=1-5

X2
Now,
, 1
fW=0=5=1=x=+1
X
The points x = 1 and x = -1 divide the real line in three disjoint intervals i.e.,
(=0, =1),(-1,1), and (1, )
In interval ( — 1, 1), itis observed that:
-1<x<1
= x2 <1
1

=>1<x—2,x¢0

1

=21--5<0,x%0
X

1
S fx)=1-7<0on(-1,1) ~ {0}
X

.. fis strictly decreasing on ( — 1, 1) — {0}

In intervals ( — o0, — 1) and (1, «), it is observed that:
x< —lorl<x

=x*>1

1

=1>—
)

>0

x| =

=1-

"'f'(x)zl—xé>00n(—oo, - 1) and (1, )



. fis strictly increasing on ( — o, 1) and (1, o)
Hence, function f is strictly increasing in interval I disjoint from (- 1, 1) .

Hence, the given result is proved.
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T T
Q16 Prove that the function f given by f(x) = log sin x is increasing on (0, 3 ) and decreasing on (5, n) .

Answer.
We have,

f(x) = logsinx

, 1
S fx) = S5 5 COSX = cotx

T
In interval (0, 5), f (x) =cotx >0

Vs
.. fis strictly increasing in (0, 3 )

/A
In interval e B f(x) =cotx <0
T
. fis strictly decreasing in | 7, 7
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T 3

Q17 Prove that the function f given by f (x) = log |cos x| is decreasing on (0, 3 ) and increasing on (?, 2n).

Answer.
We have,

f(x) = logcosx
L) =

o8 X( —sinx) = - tanx

T
In interval (0, 5), tanx > 0 = —tanx <0

T
S f(x) < 0on (o, 5)
T
.. fis strictly decreasing on (0, E) )

s
In interval (5’”)’ tanx <0 = —tanx >0

S f(x)>0on (gn)



s

. fis strictly increasing on (5, n).
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Q18 Prove that the function given by f (x) = x3 - 3x? + 3x — 100 is increasing in R.

Answer.
We have,

fix) = x3 - 3x% + 3x - 100
f'(x) =3x>-6x+3

= 3(x2— 2x + 1)
=3(x - 1)
Foranyx € R, (x — 1)2 >0

Thus, f(x)

is always positive in R .

Hence, the given function (f) is increasing in R . .
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Q19 The interval in which y = x%e ~Xis increasing is.
(A)(—o,0) (B)(-2,0) (C)(2,») (D)(0,2)

Answer.
We have,

y= XZe—x
dy

Soge T 2xe N - x%e X = xe X2 - x)

dy
Now, ol 0
X

=x=0andx =2

The points x = 0 and x = 2 divide the real line into three disjoint intervals
i.e., (— o, 0), (0,2), and (2, )

In intervals ( — o, 0) and (2, ), f'(x) < 0ase “isalways positive.

.. fis decreasing on ( — oo, 0) and (2, ©)

In interval (0, 2), { (x) > 0

.. fis strictly increasing on (0, 2)

Hence, fis strictly increasing in interval (0, 2).

The correct answer is D.
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Q1 Find the slope of the tangent to the curve y = 3x* - 4x at x = 4.

Answer.
The given curve is y = 3x* — 4x .

Then, the slope of the tangent to the given curve at x = 4 is given by,

&3 _ 3, _
E] = 12x° - 4]x—4 =12(4)° -4 =12(64) -4 = 764
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x—1

Q2 Find the slope of the tangent to the curve y = ——,x # 2 atx = 10.

Answer.
x—1
x-2
The given curve is x — 2
cdy  (x=29)(1) - - D)
Tdx (x - 2)?
x—2-x+1 - 1
k=22 (x-2)?
Thus, the slope of the tangent at x = 10 is given by,

dy -1 -1

k=107 (X_Z)Z]x=1O: (1022 6 !

y:

1
Hence, the slope of the tangent at x = 10 is
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Q3 Find the slope of the tangent to curve y = x3 — x + 1 at the point whose x-coordinate is 2.

Answer.
The given curve is y = x3-x+1
dy
2 a2
Cx T 3x° -1
W
The slope of the tangent to a curve at (xo, yo) is E] (xX,y.y)

Itis given that x;, = 2.

It is given that x, = 2. Hence, the slope of the tangent at the point where the x-coordinate is 2 is given by,
dy

2 =3 -1, =3)%-1=12-1=11
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Q4 Find the slope of the tangent to the curve y = x3 - 3x + 2 at the point whose x-coordinate is 3.

Answer.
The given curve is y = x3—3x+2
dy
. 2 2 _
Cx T 3x“ -3

Y
The slope of the tangent to a curve at (xo, yo) is -1 (XO’ yo)

Hence, the slope of the tangent at the point where the x-coordinate is 3 is given by,

dy

—lo3= 3x2-3],.3=3(3)>-3=27-3=24
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T

Q5 Find the slope of the normal to the curve x = acos®0, y = asin®0 at 6 = 7

Answer. It is given that x = acos3 and y = asin6



dx

S s 3(1C0529( —sinf) = - 3acos6sin
dy
i 3051n29(cos(9)
(%)
dy a0 3acos? Hcos 0 sin 6
S, — = = 7 = - = - tan9
dx dy —3acos Bsin 0 cos 6
(%)
7'[
Therefore, the slope of the tangent at %= 7 is given by,
dy T
—_— X — __ no—= _ - = —
X]G:Z = tan(9]9:Z tany 1

T
Hence, the slope of the normal at 6 = ; is given by,

dy . N T
—X]9:Z = —tan@]ezz1 = —tany = -1
T

= 7 is given by,

is given by,

T
Hence, the slope of the normal at 0 = 2

1 -1

_— = 1
I -1
slope of the tangent at 6= 7
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T

Q6 Find the slope of the normal to the curve x = 1 — asinf, y = bcos? at 6 = 7
Answer.

It is given that x = 1 — asinf and y = bcos?6

dx dy
Bl acosf and i 2bcosf( — sinf) = — 2bsinfcosO
dy
) dy B (dg) B —2bsin Bcos 6 B 2b
Tdx T T Tacsg | o

dx
(%)
Therefore, the slope of the tangent at =7 is given by,

dy 2b 2b his 2b

—_— s = — 3 s = — 3 - = —
dx]0=§ asm9]9=§ 7 sin3 B

/i
Hence, the slope of the normal at 5 is given by,

1 -1 a

s
slope of the tangent at 6= ( 2b )

a
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Q7 Find points at which the tangent to the curve y = x3 - 3x% — 9x + 7 is parallel to the x-axis.

Answer.
The equation of the given curve is y = x3-3x%-9x+7
dy
L — =3x-6x-9

dx



Now, the tangent is parallel to the x-axis if the slope of the tangent is zero.
L3 -6x-9=0=>x>-2x-3=0
=>x-3)(x+1)=0
=>x=3o0rx= -1
whenx =3,y =(3)2-3(3)2-9(3)+7=27-27-27+7= -20
Whenx= -1,y=(-1)3-3(-1)?-9(-1)+7=-1-3+9+7=12

Hence, the points at which the tangent is parallel to the x-axis are (3, -20) and (-1, 12).
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Q8 Find a point on the curve y = (x—2)? at which the tangent is parallel to the chord joining the points (2, 0) and
4, 4).

Answer. If a tangent is parallel to the chord joining the points (2, 0) and (4, 4), then the slope of the tangent = the
slope of the chord.

The slope of the chord is
4-0 4
rEc R

Now, the slope of the tangent to the given curve at a point (x, y) is given by,

dy

ol 2(x—2)

Since the slope of the tangent = slope of the chord, we have:
2(x-2) =2

=x-2=1=>x=3
Whenx =3,y =(3-2)°%=1
Hence, the required point is (3, 1) .
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Q9 Find the point on the curve y = x> - 11x + 5 at which the tangent isy=x — 11.

Answer.

The equation of the given curveisy = x3 - 11x + 5.

The equation of the tangent to the given curve is given as y = x — 11 (which is of the
formy = mx + ¢)

Slope of the tangent = 1
Now, the slope of the tangent to the given curve at the point (x, y) is given by,
—=3’-11

Then, we have:

3x?-11=1

= 3x? = 12

=>x2=4

=>x= 12

Whenx =2,y =(2)3-11(2)+5=8-22+5= -9

Whenx= -2,y=(-2)3-11(-2)+5= -8+22+5=19
Hence, the required points are (2, -9) and (-2, 19).
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Q10 Find the equation of all lines having slope — 1 that are tangents to the curve
1

y=px*L

Answer.

1

The equation of the given curveisy = —,x# 1

The slope of the given curve is to the given curve at any point (x, y) is given by,

dy -1
If the slope of the tangent is -1, then we have:
-1
R
=>x-12%=1
=>x-1= %1
=x=2,0

Whenx =0,y = —landwhenx =2,y =1
Thus, there are two tangents to the given curve having slope -1. These are passing through the points (0, -1) and
2, 1.
The equation of the tangent through (0, -1) is given by,
y-(-1H=-1x-0)
=2>y+1=—-X
=>y+x+ 1=0
~.The equation of the tangent through (2, 1) is given by,
y-1=-1x-2)

=>y+x-3=0
Hence, the equations of the required linesarey+x+1=0andy+x-3=0.

Page : 212, Block Name : Exercise 6.3

Q11 Find the equation of all lines having slope 2 which are tangents to the curve y = # 3.

x—3’x

Answer. The equation of the given curve is
1
y= i3 x*3
The slope of the tangent to the given curve at any point (x, y) is given by,
dy -1
dx  (x-3)2

If the slope of the tangent is 2, then we have:
-1

(x=3)?

=2x-3)%= -1

-1
= (x-3)%=~

=2

This is not possible since the L.H.S. is positive while the R.H.S. is negative.
Hence, there is no tangent to the given curve having slope 2 .
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Q12 Find the equations of all lines having slope 0 which are tangent to the curve
1

y:

x2-2x+3

Answer.
1

The equation of the given curve is ¥~ 2-2c+3

The slope of the tangent to the given curve at any point (x, y) is given by,
dy B -(2x-2) B -2(x-1)

E - 2 - 2
(x2*2x+3) (x2*2x+3)

If the slope of the tangent is 0, then we have:
-2(x-1)

2
(x2—2x+3)

= —2(x-1)=0

=>x=1

1 1

Y= 19243 7 2

Whenx =1, 1

Whe equation of the tangent through (1, 5)
is given by

1
y-7=0x-1
1
=>y—520
1
=>y:§

1
Hence, the equation of the required line is y = 3
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XZ 2

. . Y .
Q13 Find points on the curve 5 + 7 = 1 at which tangents are

(i) parallel to x-axis (ii) parallel to y-axis

XZ _}’2

Answer. The equation of the given curve is 9 16
On differentiating both sides with respect to x, we have :

=1

2x 2y dy
ERETRr

dy —-16x
= dx ~ 9y

—16x
(i) The tangent is parallel to the x-axis if the slope of the tangent isi.e., 0 5 -0

which is possible if x = 0.

X2 2

Then i }1]_6 =1

=>y’=16=y=+4

Hence, the points at which the tangents are parallel to the x -axis are
(0,4) and (0, — 4)

(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which gives
-1 9y

:—:0
—16x
(=)

16x




=>y=0

x2 2

Then, T 1
=x= =3
Hence, the points at which the tangents are parallel to the y -axis are

(3,0)and (- 3,0)
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Q14 Find the equations of the tangent and normal to the given curves at the indicated points:
i)y = x*-6x3+13x? - 10x + 5 at (0, 5)

(i) y = x* — 6x3 + 13x? - 10x + 5 at (1, 3)

(iii) y = x3 at (1, 1)

(iv) y = x% at (0, 0)

s

(v) x = cost,y = sintatt = 2

Answer.

(i) The equation of the curve is y = x* — 6x3 + 10x + 5.
On differentiating with respect to x, we get:

& 3 2
™ =4x” - 18x° +26x - 10

X

dy

a5 = ~10

Thus, the slope of the tangent at (0, 5) is — 10. The equation of the tangent is given
y—-5= —-10(x—-0)

=y-5=—-10x=>10x+y=5
-1

1
The slope of the normal at (0, 5) is Slope of the tangentat (0.5) — 10
Therefore, the equation of the normal at (0, 5) is given as:

1
y=5=15(~0)
= 10y - 50 = x
=x-10y+50=0

(ii) The equation of the curve is y = x* — 6x3 + 13x%> = 10x + 5

On differentiating with respect to x, we get:

& 3 2
5—42( —-18x“ +26x - 10

dy
—](173) =4-18+26-10=2

X

Thus, the slope of the tangent at (1, 3) is 2. The equation of the tangent is given as:
y-3=2(x-1)

=>y-3=2x—-2

=>y=2x+1
-1

-1
The slope of the normal at (1, 3) is Slope of the @angentat (1,3) — 2

Therefore, the equation of the normal at (1, 3) is given as:
1
y-3=-3x-1)

=2y-6=-x+1
=>x+2y-7=0



(iii) The equation of the curve is y = x3 .

On differentiating with respect to x, we get:

dy 2

ol 3x

dy _ 2 _

wla,1y =31)°=3

Thus, the slope of the tangent at (1, 1) is 3 and the equation of the tangent is given as:
y-1=3x-1)

=2y=3x-2
-1 -1 -1
3

The slope of the normal at (1,1) is Slope of the tangent at (1,1)
Therefore, the equation of the normal at (1, 1) is given as:

-1
y-1=5&-1
=3y-3= —-x+1
=>x+3y-4=0

(iv) The equation of the curve is y = x2 .

On differentiating with respect to x, we get:

E=2x

dy

axJ(0,0) =0
Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given as:
y—-0=0x-0)
=>y= 0
1
The slope of the normal at (0, 0) is Slope of the tangent at (0, 0) 0

defined.

Therefore, the equation of the normal at (xo, yo) = (0, 0) is given by
x=x9=0

(v) The equation of the curve is x = cos t, y = sin t.

x = cost and y = sint

dx ) dy
g = T sint, 5 = cost

dy dt d cos t

“dx T dx T Teine ~ cott
dx

dy
R s
dx'r=7

= —cott= -1

The slope of the tangent at t~2 is — 1
s 1 1
t=7,Xx= —=andy = —=

V2 V2

T 1
Thus, the equation of the tangent to the given curve att =  ie., at [(ﬁ ﬁ)] is



I -1
The slope of the normal at ¢~ 3 - =1
Slope of the tangent at t= 7

T 1 1
Therefore, the equation of the normal to the given curve att = 7 i.e,, at [(_E — )]
1S

1_ 1
v =)

=X=Yy
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Q15 Find the equation of the tangent line to the curve y = x*> - 2x + 7 which is
(a) parallel to the line 2x -y +9=0
(b) perpendicular to the line 5y — 15x = 13.

Answer. The equation of the given curveisy = x> — 2x + 7.

On differentiating with respect to x, we get:
% =2x-2
(a) The equation of the line is 2x -~y +9=0.
2x-y+9=0..y=2x+9
This is of the form y = mx + c.
-.Slope of the line = 2
If a tangent is parallel to the line 2x -y + 9 = 0, then the slope of the tangent is equal to the slope of the line.
Therefore, we have:
2=2x-2
=2x=4
=>x=2
Now, x = 2
Sy=4-4+7=7
Thus, the equation of the tangent passing through (2, 7) is given by,
y-7=2x-2)
=>y-2x-3=0
Hence, the equation of the tangent line to the given curve (which is parallel to line 2x —y+9=0)isy - 2x -3 = 0.
(b) The equation of the line is 5y — 15x = 13.
S5y-15x =13y =3x + ?

This is of the formy = mx + ¢

Slope of the line = 3
If a tangent is perpendicular to the line 5y - 15x = 13, then the slope of the tangent is



-1 -1
slope of the line ~ 3

-1

=>2x—2=?
-1
=>2x=?+2
5
=>2x—§
5
=>x:g
5
Now,x=g
25 10 25-60+252 217
YT % 6T T % T %

5 217
Thus, the equation of the tangent passing through (g, 3 ) is given by,

217 1 5
Y- 3% = ~3|X7%

36y-217 -1

= % - E(GX -5)

= 36y — 217 = — 2(6x - 5)

= 36y —217 = — 12x + 10

= 36y + 12x — 227 = 0
Hence, the equation of the tangent line to the given curve (which is perpendicular to line 5y - 15x = 13) is
36y + 12x — 227 = 0.
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Q16 Show that the tangents to the curve y = 7(\x *{3}]\) + 11 at the points where x = 2 and x = — 2 are parallel.

Answer.
The equation of the given curve is y = 7x3 + 11

dy
The slope of the tangent to a curve at (xo, yo) is ax] (XO’ yo)

Therefore, the slope of the tangent at the point where x = 2 is given by,

Tlx= -2 =21(2)* =84

It is observed that the slopes of the tangents at the points where x = 2 and x = -2 are equal. Hence, the two
tangents are parallel.
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Q17 Find the points on the curve y = x3 at which the slope of the tangent is equal to the y-coordinate of the point.

Answer. The equation of the given curve is y =x>.

. dy —_—
. a _—
The slope of the tangent at the point (%, y) is given by,
dy

Tix
X !.y)
When the slope of the tangent is equal to the y-coordinate of the point, then'y = 3x 2 . Also, we have y = x5.

3x2

= 3x?



3x? = x3

x*(x-3)=0

x=0,x=3

When x =0, then y = 0 and when x = 3, then y = 3(3)? = 27.
Hence, the required points are (0, 0) and (3, 27).
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Q18 For the curve y = 4x> — 2x° , find all the points at which the tangent passes through the origin.

Answer. The equation of the given curve is y = 4x3 — 2x°.

dy

coo = 12x% - 10x
X

Therefore, the slope of the tangent at a point (x, y) is 12x 2 - 10x 4 .
The equation of the tangent at (x, y) is given by,
Y-y= (12x2 - 10x4)(X ~ %)
When the tangent passes through the origin (0, 0), then X =Y = 0.
Therefore, equation (1) reduces to:

-y = (12x2 - 10x4)( - X)

y = 12x3 - 10x°
Also, we have y = 4x3 - 2x°

So12x3 - 10x° = 4x3 - 2x°
= 8x°-8x3=0

=x°-x3=0

= x3(x2 - 1) =0

=>x=0, £1

When x = 0,y = 4(0)3 - 2(0)> = 0
Whenx =1,y = 4(1)3 - 2(1)° = 2

When x = —1’y:4(_1)3_2(_1)5: _9
Hence, the required points are (0, 0), (1, 2), and (-1, -2).
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Q19 Find the points on the curve x> + y?> — 2x — 3 = 0 at which the tangents are parallel to the x-axis.

Answer. The equation of the given curve is x> + y2 -2x-3=0.

On differentiating with respect to x, we have:

dy
2x+2ya—2=0

dy
=V = 1-x
dy B 1-x
T Ty
Now, the tangents are parallel to the x-axis if the slope of the tangent is 0.
1-x

'-T=0=>1—X=0=>X:1
Butr.x2+y2—2x—3=0f0rx=1

=y2=4 y= 2



Hence, the points at which the tangents are parallel to the x-axis are (1, 2) and (1, -2).
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Q20 Find the equation of the normal at the point (amz, am3) for the curve ay? = x3.

Answer. The equation of the given curve is ay? = x°.

On differentiating with respect to x, we have:

dy )
2aya = 3x
dy 3x?
= — = —
dx 2ay

dy
The slope of a tangent to the curve at (x0, y0) is -] ( XorXp )

The slope of the tangent to the given curve at (amz, am® ) is

3(am?)’
dy (am ) 3a’m* 3m

2a (am3 ) 2a°m? 2

dx (amz,a2

Slope of the normal at (amz, am3)

-1 -2
B 9 3 3m
slope of the tangent at (am ,am )

Hence, the equation of the normal at (amz, am3) is given by,

-2
y—am3 = E(x—amz)

= 3my — 3am* = - 2x + 2am?

= 2x + 3my — am2(2 + 3m2) =0
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Q21 Find the equation of the normals to the curve y = x3 + 2x + 6 which are parallel to the line x + 14y + 4 = 0.

Answer. The equation of the given curve isy = x3 + 2x + 6

The slope of the tangent to the given curve at any point (x, y) is given by,
dy 5
poi 3x<+ 2
.. Slope of the normal to the given curve at any point (x, y)
-1
Slope of the tangent at the point (x, y)
-1
S 3x2+2

The equation of the given line is x + 14y + 4 =0.
1
ﬁX

4
x+14y+4=0 y= — — 12 (which is of the form y = mx + c)

Slope of the given line = -

f the normal is parallel to the line, then we must have the slope of the normal being

qual to the slope of the line.



-1 -1

" 3x2+2 T4
= 3x’+2=14
= 3x?+2=12
=>x2=4
=>x= 2

Whenx=2,y=8+4+6=18.
Whenx=-2,y=-8-4+6=-6.

-1
Therefore, there are two normals to the given curve with slope 7 and passing through the points (2, 18) and (-2,
-6).
Thus, the equation of the normal through (2, 18) is given by,
-1
y—18 = ﬁ(x -2)
= 14y - 252 = —x+2
= x+14y-254=10
And, the equation of the normal through (-2, -6) is given by,
-1
y=(-6)=7x-(-2)]
-1
=Sy+6= H(X +2)

= 14y +84= —x—-2

=x+14y+86=0

Hence, the equations of the normals to the given curve (which are parallel to the given line) are
X + 14y — 254 = 0 and x + 14y + 86 = 0.
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Q22 Find the equations of the tangent and normal to the parabola y? = 4ax at the point (atz, Zat).

Answer. The equation of the given parabola is y? = 4ax.
On differentiating y? = 4ax with respect to x, we have:

dy
2ya = 4a
dy 2a
dx "y

dy
The slope of the tangent at (atz, 2at) — (02’20) = — =

is dx

Then, the equation of the tangent at (at2, 2at) is given by,

! 2
y—2at = ;(x—at)
=>ty—20t2=x—at2
=ty =x+at?

Now, the slope of the normal at (atZ, 2at) is given by,
-1

Slope of the tangent at (at2 ,2at )

Thus, the equation of the normal at (atz, Zat) is given as:



y-2at= - t(x - atz)

=y-2at= —tx + at3

=y= —tx+2at+at>
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Q23 Prove that the curve x = y? and xy = k cut at right angles* if 8k? = 1.
Answer. The equations of the given curves are given as x = y? and xy = k.
Putting x = y? in xy = k, we get:

1

y3 =k=y=ks

2
Sox=k3

2 1
Thus, the point of intersection of the given curves is (kE, k3 )

Differentiating x = y? with respect to x, we have:
dy dy 1
1= Zya == %

2 1 dy 1
Therefore, the slope of the tangent to the curve x = y° at (kE, k3 ) s 70 (k§ )= T
’ 2k3
On differentiating xy = k with respect to x, we have:
Y o_aY_
de+y_0: dx ~ x

2 1
Slope of the tangent to the curve xy = k at (kE, kE) is given by,

wl

=

[

oo Y2
a](ki,ki): 7](k§,k5): -3 =

wl o
(R

k k
We know that two curves intersect at right angles if the tangents to the curves at the

2 1
point of intersection i.e., at (ki, kE) are perpendicular to each other.

This implies that we should have the product of the tangents as - 1.
Thus, the given two curves cut at right angles if the product of the slopes of their respective tangents at

2 1
ks, k3 |is -1.

1 -1
1e; 1 1 = _1
2k3 k3
2
=>2k3=1
21\3
= [2k3] =)
=8k?=1

Hence, the given two curves cut at right angles if 8k? = 1
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X2 y2
Q24 Find the equations of the tangent and normal to the hyperbola — - i 1 at the point (xo, yo).
a

2 2
Answer. Differentiating X—2 - y—2 = 1 with respect to x, we have:
2x 2y dy ‘ ’
2 prdx
2y dy 2x
TR g
- dy _ b%x
dx g2y
dy bzXO
Therefore, the slope of the tangent at (xo, yo) . E] (xy) = az—yo

Then, the equation of the tangent at (xo, Y )is given by,
b2x0
- = 5| XX
yn= S ew)

2 2
= azyyo - azyo = bzxx0 - bZXO

= bzyyo - azyo - bzxx0 - bzxg =0

XXog Yo X(Z) y(z)
ce e e )70
XX Yo
Sy 7o
XXO yyo
z 7!

Now, the slope of the normal at x, y) ; given by

-1 -a%y,

=7
bx,

Slope of the tangent at (Xo Yo )

Hence, the equation of the normal at (xo, yo)

-a¥,
Y= Yo~ _(X_Xo)

2
bx,

is given by

vy~ (xx0)
= =
azyo b2x0

Y=Yo . (X—Xo) o

azy0 bzx0

=
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Q25 Find the equation of the tangent to the curve y = /3x — 2 which is parallel to the line 4x — 2y + 5 = 0.

Answer.



The equation of the given curve isy = 1/3x — 2.

The slope of the tangent to the given curve at any point (x, y) is given by,
dy 3

dx 24/3x-2
The equation of the given line is 4x - 2y + 5=0.

5
4x -2y +5=0 y=2x+;(whichis of the formy = mx + ¢)

-.Slope of the line = 2
Now, the tangent to the given curve is parallel to the line4x - 2y -5=0
if the slope of the tangent is equal to the slope of the line.

3

2\/3x-2
3
=>\/3X—2=Z
9
:>3X_2:E
9 M
:3X2E+2:E
M
=Xx= 33
41 \/ 41 41 41-32 9 3
Whenx = 3.y = 3(@)_2: E_zz\/ 16 :\/E:Z

41 3
~.Equation of the tangent passing through the point (4—8, Z) is given by,

48x-41
=4y -3 = 3

= 24y — 18 = 48x — 41

= 48x — 24y = 23
Hence, the equation of the required tangent is 48x - 24y = 23.
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Q26 The slope of the normal to the curve y = 2x? + 3sin x at x = 0 is

1 1
A)3 ®73 ©-3 D-3

Answer.
The equation of the given curve is y = 2x? + 3sinx
Slope of the tangent to the given curve at x = 0 is given by,
dy
)
Hence, the slope of the normal to the given curve at x = 0 is
-1 -1

x—0 = 4x + 3cosx], _, =0+ 3cos0 = 3

Slope of the tangent at x=0 -3

The correct answer is D .
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Q27 The line y = x + 1 is a tangent to the curve y> = 4x at the point
@AWz BEH O -2 O0-LY

Answer.
The equation of the given curve is y? = 4x

Differentiating with respect to x, we have:

dy dy 2
2ya =4 = E = )—/
Therefore, the slope of the tangent to the given curve at any point (X, y) is given by,
dy 2
"y

The given line is y = x + 1 (which is of the form y = mx + ¢)

.. Slope of the line = 1

The line y = x + 1 is a tangent to the given curve if the slope of the line is equal to the slope of the tangent. Also,
the line must intersect the curve.

Thus, we must have:
2

y
= y= 2
Now,y=x+1=x=y-1=x=2-1=1
Hence, the line y =x + 1 is a tangent to the given curve at the point (1, 2). The correct answer is A.
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Q1 Using differentials, find the approximate value of each of the following up to 3 places of decimal.
(i) V/25.3

(i) 1/49.5
(iii) 1/0.6
(iv) (0.009)%
) (0.999)1—10
(vi) (15)%
(vii) (26)%
(viii) (255)%
(ix) (82)%
x) (401)%
(xi) (0.0037)%
(xii) (26.57)%

| —

(xiii) (81.5)4
3
(xiv) (3.968) 2

1

(xv) (32.15)5

Answer.



() V253

Considery = \/>_< .Letx=25and Ax =0.3.

Then,

Ay = \x+ Ax —/x = /253 - /25 = /253 - 5

= /253 =Ay+5
Now, dy is approximately equal to Ay and is given by,

dy 1
dy = (E)AX = 2—\/;(0.3)

1
= 7503 = 003
Hence, the approximate value of 1/25.3 is 0.03 + 5 = 5.03
(i)
\/49.5
Consider y = \/;( Letx = 49 and Ax = 0.5.

Then,

Ay = \/x + Ax —\/x = 1/49.5 — /49 = 1/49.5 - 7

= 1/49.5 = 7 + Ay

Now, dy is approximately equal to Ay and is given by,

dy 1
dy = (d—X)Ax = 2—\/;(0.5)

1 1
= 2\/—4—9(0.5) = ﬂ(O.S) =0.035
Hence, the approximate value of £/49.5 is 7 + 0.035 = 7.035.

(iii) v/0.6

Consider y = v/x. Letx = 1 and Ax = — 0.4

Then,

Ay = Vx+ Ax—/x =106 - 1

=0.6=1+Ay
Now, dy is approximately equal to Ay and is given by,

AV
dy = (dx )Ax— 2\/;(Ax)

1
= ~(-04)= -02
S(-04)= -0

Hence, the approximate value of 1/0.6is 1 + (-0.2) = 1 - 0.2 = 0.8.

(iv) (0.009)%

Consider y = x3 . Let x = 0.008 and Ax = 0.001

Then,
1 1 1 1 1
Ay = (x + Ax)3 — (x)3 = (0.009)3 - (0.008)3 = (0.009)3 — 0.2
1

= (0.009)3 = 0.2 + Ay



Now, dy is approximately equal to Ay and is given by,

dy 1
dy = (d_ )Ax = 5 (Ax)
X 303

1 0.001
= (0.001) = —— =0.008
3 x0.04 0.12

1

Hence, the approximate value of (0.009)3 is 0.2 + 0.008 = 0.208.

1

(v)(0.999) 0

1
Consider y = (x)10 . Let x=1 and Ax = —0.001.
Then,
1 1 1
Ay = (x + Ax)T0 - (x) 0 = (0.999)10 — 1
1

= (0.999)10 =1+ Ay
Now, dy is approximately equal to Ay and is given by,

dy 1
dy = | 5 |Ax = 5 (AX\
10(x) 10

[asy = (X)% ]

1
= 75(~-0.001) = - 0.0001

1
Hence, the approximate value of (0.999)10 is 1 + (-0.0001) = 0.9999.

(vi) (15)%

1
Considery = x4+ Letx = 16and Ax = -1
Then,

1 1 1 1 1
Ay = (x + AX)7 - x3 = (15)7 — (16)7 = (15)7 - 2
1

= (15)2 =2+ Ay
Now, dy is approximately equal to Ay and is given by,

d 1
dy = (—y )Ax = 5 (AX)

dx

1 1
= (-1)= —— = —= -0.03125
1
Hence, the approximate value of (15)% is 2 + (-0.03125) = 1.96875.

1
(vii) (26)3
1
Considery = (x)3. Letx =27 and Ax = -1

Then,
1 1

1 1 1
Ay = (x + AX)3 - (x)3 = (26)3 - (27)3 = (26)3 - 3
1
= (26)3 = 3 + Ay
Now, dy is approximately equal to Ay and is given by,



d 1
dy = (—y )Ax = 5 (Ax)
3(x)3

1 o oL
= 7(-1)= > = - 00370
3(27)3

1
Hence, the approximate value of (26)3 is 3 + (-0.0370) = 2.9629.

1

(viii) (255)3
1
Considery = (x)4. Letx = 256 and Ax = -1
Then,
1 1 1 1 1
Ay = (x + Ax)7 - (x)7 = (255)7 — (256)7 = (255)7 — 4
1
= (255)7 = 4 + Ay

Now, dy is approximately equal to Ay and is given by,

dy 1
dy=[—- |Ax = 7 (Ax)
(dx ) A(x)7

1
= ~(—1) = S = —0.0039

4(256)7 4x4
1
Hence, the approximate value of (255)4 is 4 + (-0.0039) = 3.9961.

1
(ix)(82)4
1
Consider y = x4. Letx = 81 and Ax = 1
Then,
1 1 1 1 1
Ay = (x + Ax)s — (x)4 = (82)2 — (81)s = (82)4 -3
1

= (82)3 = Ay +3
Now, dy is approximately equal to Ay and is given by,

dy 1
dy = a AX = 3 (AX)

4(x)4
S SR 0.009
= 3 = = e-—— .
4@81)3 4@3)y° 108

1
Hence, the approximate value of (82)4 is 3 + 0.009 = 3.009.

1
(x)(401)2
1
Consider y = x2 . Let x =400 and Ax = 1.

Then, L o L
Ay = /x + Ax —/x = /401 — /400 = /401 - 20

= /401 = 20 + Ay

Now, dy is approximately equal to Ay and is given by,



d 1
dy = (—y)Ax = ——=(Ax)

dx 24/x
! 1 ! 0.025
_2x20()_40_ '

Hence, the approximate value of 1/401 is 20 + 0.025 = 20.025.

1

(xi)(0.0037)2
1

Consider y = x2. Let x = 0.0036 and Ax = 0.0001.
Then,

1 1 1 1 1
Ay = (x + AX)Z - (x)2 = (0.0037)2 — (0.0036)2 = (0.0037)2 — 0.06
1

= (0.0037)2 = 0.06 + Ay
Now, dy is approximately equal to Ay and is given by,

dy 1
dy = (E)AX = 2—\/)—((Ax)

1

= 7% 0'06(0.0001)
0.0001

012

= 0.00083

1
Thus, the approximate value of (0.0037)2 is 0.06 + 0.00083 = 0.06083.

(xn)(26.57)§

1
Consider y = x3 . Let x =27 and Ax = -0.43.
Then,

1 1 1 1 1
Ay = (x + Ax)3 — X3 = (26.57)3 — (27)3 = (26.57)3 - 3
1
= (26.57)3 = 3 + Ay
Now, dy is approximately equal to Ay and is given by,
dy 1
dy = d_ Ax = 5 (Ax)
X -
3(x)3

b
=390

—-0.43

=——— = -0.015
27

1

Hence, the approximate value of (26.57)3 is 3 + (-0.015) = 2.984

(xiii) (81.5)4

1
Consider y = x4. Let x = 81 and Ax = 0.5.
Then,

1 1 1 1 1
Ay = (x + Ax)7 - (x)7 = (81.5)7 — (81)7 = (81.5)7 - 3
1
= (81.5)7 = 3+ Ay
Now, dy is approximately equal to Ay and is given by,



d 1
dy = (—y )Ax = 5 (AX)
4(x)+

0.5 05 0.0046
4(3)3( )= 108 =

Hence, the approximate value of (81:5)¢ is 3 + 0.0046 = 3.0046.

3

(xiv)(3.968) 2
3

Consider y = x2 . Let x =4 and Ax = - 0.032.

Then,

3 3 3

Ay = (x + Ax)2 —x2 = (3.968)2 - (4)

3

= (3.968)2 - 8

3
2

3
= (3.968)2 = 8 + Ay
Now, dy is approximately equal to Ay and is given by,

LI TR -
(dx )Ax = 2(x)z(Ax)

3
S@(-0.032)

dy

—-0.096

3

Hence, the approximate value of (3.968)2 is 8 + (-0.096) = 7.904.

(xv) (32.15)5

1

Consider y = x5. Let x = 32 and Ax = 0.15.

Then,
1 1 1 1

1
Ay = (x + AX)5 — x5 = (32.15)5 — (32)5 = (32.15)5 — 2
1
= (32.15)5 = 2 + Ay
Now, dy is approximately equal to Ay and is given by,

dy 1
dy = (a )Ax 7 (Ax)
5(x)5

—— £(0.15)

15
= —— =0.00187
80
1
Hence, the approximate value of (32.15)5 is 2 + 0.00187 = 2.00187.
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Q2 Find the approximate value of f(2.01), where f(x) = 4x? + 5x + 2.

Answer.
Let x = 2 and Ax = 0.01. Then, we have:
f(2.01) = fix + AX) = 4(x + Ax)? + 5(x + Ax) + 2
Now, Ay = f(x + Ax) — f(x)
fix + Ax) = f(x) + Ay

o feo ax  (PHTAY



= f(2.01) (4x2 +5x+ 2) + (8x + 5)Ax

= [4(2)2 +5(2) + 2] + [8(2) + 5](0.01)
= (16 + 10 + 2) + (16 + 5)(0.01)
=28 + (21)(0.01)
=28+0.21
=28.21
Hence, the approximate value of f (2.01) is 28.21.
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Q3 Find the approximate value of f (5.001), where f(x) = x3 — 7x2 + 15.

Answer.

Let x = 5 and Ax = 0.001. Then, we have:
f(5.001) = f(x + Ax) = (x + Ax)® = 7(x + Ax)? + 15
Now , Ay = fix + Ax) — f(x)

S f(x + Ax) = fix) + Ay

~f(x) +f(x) - Ax  (as dx = Ax)

= (5.001) ~ (x3 — 72+ 15) + (3x2 - 14x)Ax

= [~ 7652 + 15| + [35)2 - 14(5)|0.001)  [x = 5, Ax = 0.001]
(125 - 175 + 15) + (75 - 70)(0.001)

- 35 + (5)(0.001)

- 35+ 0.005

—34.995

Hence, the approximate value of f (5.001) is —34.995.
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Q4 Find the approximate change in the volume V of a cube of side x metres caused by increasing the side by 1%.

Answer. The volume of a cube (V) of side x is given by V = x3.

dV = dVA
- | dx X

= (3x2)Ax

= (3x2)(o.01x) [ as 1% of x is 0.01x]

= 0.03x>
Hence, the approximate change in the volume of the cube is 0.03x3m?3
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Q5 Find the approximate change in the surface area of a cube of side x metres caused by decreasing the side by 1%.

Answer. The surface area of a cube (S) of side x is given by S = 6x?



~ds dSA
Tax \dx X

= (12x)Ax
= (12x)(0.01x) [ as 1% of x is 0.01x]

= 0.12x2
Hence, the approximate change in the surface area of the cube is 0.12x?m?
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Q6 If the radius of a sphere is measured as 7 m with an error of 0.02 m, then find the approximate error in
calculating its volume.

Answer. Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,
r="7 m and Ar = 0.02 m Now, the volume V of the sphere is given by,

4
V= §nr3
dv
B ar = 4r?
~dV = av A
- “\ar r
= (4nr2)Ar

= 4n1(7)%(0.02)m? = 3.927mm?
Hence, the approximate error in calculating the volume is 3.92 1 m®.
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Q7 If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find the approximate error in
calculating its surface area.

Answer. Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,

r=9mandAr=0.03m

Now, the surface area of the sphere (S) is given by,

S = 4nr?

ds
Ca s 8nr

] ds
SodS = o Ar

= (8mr)Ar
= 87(9)(0.03)m?
= 2.16mm?
Hence, the approximate error in calculating the surface area is 2.16m m?.
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Q8 Iff(x) = 3x? + 15x + 5, then the approximate value of £(3.02)
(A)47.66 (B)57.66 (C)67.66 (D) 77.66



Answer.
Let x = 3 and Ax = 0.02. Then, we have:

f(3.02) = f(x + Ax) = 3(x + Ax)? + 15(x + Ax) + 5
Now, Ay = f(x + Ax) — f(x)

= f(x + Ax) = f(x) + Ay

~ f(x) + f(X)Ax  (As dx = Ax)

= f(3.02) ~ (3x2 +15x + 5) + (6x + 15)Ax

= [3(3)2 +15(3) + 5] +[6(3) + 15](0.02) [Asx =3, Ax = 0.02]
= (27 + 45 + 5) + (18 + 15)(0.02)

= 77 +(33)(0.02)

=77 +0.66

= 77.66

Hence, the approximate value of £(3.02) is 77.66.
The correct answer is D.
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Q9 The approximate change in the volume of a cube of side x metres caused by increasing the side by 3% is
(A) 0.06x°m®  (B) 0.6x°m? (C) 0.09x°m? (D) 0.9x°m?

Answer. The volume of a cube (V) of side x is given by V = x3.

. dv v A
a | ax X
= (3X2)AX

= (3x2)(0.03x) [ As 3% of x is 0.03x]

= 0.09x°m>
Hence, the approximate change in the volume of the cube is 0.09 x>m?3.
The correct answer is C.
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Q1 Find the maximum and minimum values, if any, of the following functions given by
() fx)=(2x-1)*+3 (if) f(x) = 9x? + 12x + 2
(i) f(x) = ~(x-1)2+10 (iv)gx)=x3+1

Answer.

(i) The given function is f(x) = (2x — 1)® + 3

It can be observed that (2x — 1) > 0 for everyx.R.
Therefore, f(x) = (2x — 1)? + 3 > 3 for every x

The minimum value of fis attained when 2x — 1 =0
2x-1=0

1

1 2
Minimum value of f = f(i) = (2 TS 1) +3

Hence, function f does not have a maximum value.



(ii) The given function is f(x) = 9x% + 12x + 2 = (3x + 2)* - 2
It can be observed that (3x + 2)2 > 0 for every X .

Therefore, f(x) = (3x + 2)2 — 2> -2 forevery x

The minimum value of fis attained when 3x +2 = 0.

-2

3x+2=0 X= 3

2 -2 2
Minimumvalueoff=f(— §) = (3(T)+2) -2= -2

Hence, function f does not have a maximum value.

(iii) The given function is f(x) = — (x — 1)® + 10

It can be observed that (x — 1)? > 0 for every x
Therefore, f(x) = — (x - 1)? + 10 < 10 for every x R.
The maximum value of fis attained when (x - 1) = 0.
x-1D=0 x=0

Maximum value of f = (1) = - (1 - 1)>+ 10 = 10
Hence, function f does not have a minimum value.

(iv) The given function is g(x) = x> + 1

Hence, function g neither has a maximum value nor a minimum value.
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Q2 Find the maximum and minimum values, if any, of the following functions given by
O fx) = [x+2] -1 (i) g(x) = - [x+1[+3

(i) h(x) = sin(2x) + 5 (iv) f(x) = |sindx + 3|

Mhx)=x+1L,x€(-1,1)

Answer.
O fx)=Ix+2] -1
we know that |x + 2| > 0 for every x .

Therefore, f(x) = |x+2| - 1> —1foreveryx.R.
The minimum value of fis attained when |x + 2| = 0

[x+2] =0
=x= -2
Minimum valueof f=f(-2)= | -2+2| -1= -1

Hence, function f does not have a maximum value.

(i) gx)= - |x+1] +3

We know that — [x + 1| < 0 foreveryx R.
Therefore, g(x) = — |x+ 1| +3 <3 foreveryx R.
The maximum value of g is attained when |[x + 1| = 0
|[x+1] =0

=>x= -1

Maximum valueof g =g(-1)= - | -1+1] +3=3

Hence, function g does not have a minimum value.



(iii) h(x) = sin2x + 5

We know that —1 < sin2x < 1
-1+5<sin2x+5<1+5

4 <sin2x+5<6

Hence, the maximum and minimum values of h are 6 and 4 respectively.

(iv) f(x) = |sindx + 3|

we know that —1 < sindx < 1
2<sindx+3<4

2 <sindx+3] <4

Hence, the maximum and minimum values of f are 4 and 2 respectively.

Mhx)=x+1,x (-L1
Xo
Here, if a point x) is closest to — 1, then we find 7 +1 <x,+1
x;+1

Also, if x, is closest to 1, then 1" 1< 2~ "1+ 1 for all x, (-1, 1).

Hence, function h(x) has neither maximum nor minimum value in (-1, 1).
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Q3 Find the local maxima and local minima, if any, of the following functions. Find also the local maximum and
the local minimum values, as the case may be:

@) fo) = %
(i) h(x) = sinx + cosx, 0 < x < g
(iv) f(x) = sinx — cosx, 0 < x < 2m

(V)f(x)=x3—6x2+9x+15 (vi) g(x) = ;+§,x>0

(vii) g(x) = ﬁ (viii) f(x) = xy/1 - x,0 < x < 1

Answer.

M feo = x°
f (x) = 2x
Now,

f x=0=x=0

Thus, x = 0 is the only critical point which could possibly be the point of local maxima or local minima of f.

We have f* (0) = 2, whichispositive.

Therefore, by second derivative test, x = 0 is a point of local minima and local minimum value of f at x = 0 is f(0) =
0.

(i) g(x) = x> - 3x

g =3x%-3

Now,
gx)=0=3x>=3=x= +1
g'(x) = 6bx

g(1)=6>0

g(-1)=-6<0
By second derivative test, x =1 is a point of local minima and local minimum value of gat x=1is g(1) =



13-3=1-3= -2.

x = — 1is a point of local maxima and local maximum value of g a

x=-1lisg)=(-13-3(-1)= -1+3=2

s

(iii) h(x) = sinx + cosx, 0 < x < 3

h'(x) = cosx — sinx

h'(x)=0=>sinxzcosx=>tanx=1=>ngE(O,E)

2
h”(x) = —sinx — cosx = — (sinx + cosx)
" 1 1 2 —
T
x = 7 isa point of local maxima and the local

Therefore, by second derivative test,

T T L b 1 1 —
x=7is|7 |=sing +cos; = =+ —= =4/2

4 4_\/2 V2

@iv) f(x) = sinx — cosx, 0 < x < 2m

f'(x) = cosx + sinx

3n 7n
f(x) =0 = cosx = — sinx = tanx = “l1=x=7,7 € (0, 2m)

f”(x) = —sinx + cosx

3 3n 3 1 1 —
f(—)= —sin +cos7 = ——=-—==-4/2>0

4 4 4 \/2 \/2
f,, 7n .7t 7n 1 1 E 0

— | = —sin— + —_— =—+ == >

2 sing +cosg = 5+ 3 v

3n
Therefore, by second derivative test, x = - @ point of local maxima and the local
3n

maximum value of fat - is

4 4 4 ﬁJrﬁ 4

7 7 7
4

7m
the local minimum value of f = - fis f( ) =sin —cos

Wfx) = x3—6x>+9x+ 15
Sf(0) =3x% - 12x+ 9
fx)=0= 3(x2—4x+3) =0
=3x-1)x-3)=0
=x=1,3

Now, f”
x)=6x-12=6(x-2)

f()=6(1-2)= -6<0
f(3)=6(3-2)=6>0

1

NG

1

V2

3n . 3n 3n 1 1 — 7m . .
fl 7 | =sin —cos = =+/2. x = — isa point of local minima and

= -2



Therefore, by second derivative test, x = 1 is a point of local maxima and the local maximum value of fat x = 1 is
f(1)=1-6+9+ 15 =19. However, x = 3 is a point of local minima and the local minimum value of f at x = 3 is f(3) =
27 -54+27+15=15.

X 2
(Vi)ge) = 3 + 3 x > 0

L 1 2

"g(x)_z_xz

Now,

, 2 1 5

g(x)ZOgives—225=>x =4=>x= %2
X

since x > 0, we take x = 2

2 2
Therefore, by second derivative test,x =2isg(2)= 5+ 5 =1+1=2

90 = 5
. - (2x)
g = ;
(vii) (X2+2)
, -2x
gx)=0= =0=>x=0

(x*+2)’
Now, for values close to x =0 and to the left of 0, g'(x) > 0. Also, for values close to x = 0 and to the right of 0,

g <o.

1 1
Therefore, by first derivative test, x = 0 is a point of local maxima and the local maximum value of g(0) is 55 = 3.

fx) = X\/E, x>0

Y f = VTx e = D =V =
21-x)—x 2 - 3x
) 24/1-x :2\/1—x
- 2
f(X)=O=>2\/1_X=O=>2—3x=0=>x=§



R -1
\/l—x(—3)—(2—3x)(2\/m)

N | =

fo) = -

VI-x(-3)+@2- 3x)(2\/%)

2(1 - x)
-6(1-x)+(2-3x)
- 2(1 - x)
3x—4
3
41 -x)2

3(3) 4

2 3 2-4 -1

f 2 = 3: 3: 3<O
2

2 2

Therefore, by second derivative test, x = 3 is a point of local maxima and the local maximum value of f at x = 3 is.
2\ 2 2 2 1 2 23
fl3 —5\/1—5—5\/§—$—T-
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Q4 Prove that the following functions do not have maxima or minima:
() fx) = e* (i) g(x) = logx
(i) h(x) = x> + x> +x+ 1

Answer. (i) We have,
fx) = e*
L) = e

Now, if f (x) = 0, then ¥ = 0. But the exponential function can never assume 0 for any value of x.
Therefore, there does not exist ¢ R such that f (c)=0.

Hence, function f does not have maxima or minima.

(ii) We have,
g(x) = logx
. 1
S g(x) =3
Since log x is defined for a positive number x, g'(x) > 0 for any x.
Therefore, there does not exist ¢ R such that 9 v(c) =0

Hence, function g does not have maxima or minima.

(iii) We have,
h(x) =x3+x?+x+1
Lh () =3x%+2x+1

Now,



—242\2i  —1%4/2i
h(x) =0 3x*>+2x+1=0 x= T =3  €¢R

Therefore, there does not exist ¢ R such that h'(c) = 0

Hence, function h does not have maxima or minima.
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Q5 Find the absolute maximum value and the absolute minimum value of the following functions in the given
intervals:

) fix)=x3,x €[-2,2] ((ii) f(x) = sinx + cosx, x € [0, 7]

(iii) f(x) = 4x - %x2,x S [—2,;](iv)f(x)=(x—1)2+3,x€ [-3,1]

Answer.
(i) The given function is f(x) = x3.
f x) = 3x?
Now,

f(x) =0=>x=0

Then, we evaluate the value of f at critical point x = 0 and at end points of the interval [-2, 2].
f(0) =0

fl-2)=(-27°= -8

f2)=(2)°=8

Hence, we can conclude that the absolute maximum value of f on [-2, 2] is 8 occurring at x = 2. Also, the absolute
minimum value of f on [-2, 2] is -8 occurring at x = -2.

(ii) The given function is f(x) = sinx + cosx
= f(x) = cosx — sinx

Now,

T
f(x)=0=>sinx=cosx=>tanx=1=>x=Z

T
Then, we evaluate the value of f at critical point x = 7 and at the end points of the interval [0, n].

b L T 1 1 2 —
f 1 :SIHZ+COSZ:ﬁ+ﬁ:ﬁ:\/2
f(0)=sin0+cos0 =0+1=1
flm)=sint+cost=0-1= -1
—_ T
Hence, we can conclude that the absolute maximum value of f on [0, n] is v/2 occurring at x = 7 and the absolute

minimum value of f on [0, ] is -1 occurring at x = m.

)

fx) = 4x — 5x
(iii) The given function is ’ 1
L) =4-52x)=4-x

Now,
fx)=0=x=4

9
Then, we evaluate the value of f at critical point x = 4 and at the end points of the interval [ -2, —]



f(4):16—%(16)=16—8=8

f(-2)= —8—%(4)= -8-2=-10

9 9 1/9\2 81
fE 245 313 =18—E=18—10.125=7.875

9
Hence, we can conclude that the absolute maximum value of f on [ -2,3 ] is 8 occurring at x = 4 and the absolute
. . 9 . .
minimum value of fon | - 2, 5 |is -10 occurring at x = -2.

(iv) The given function is f(x) = (x — 1)% + 3

L) =20x-1)

Now,
f)=0=2>x-1)=0 x=1
Then, we evaluate the value of f at critical point x = 1 and at the end points of the interval [-3, 1].
f()=(1-1)°+3=0+3=3

f(-3)=(-3-1)?+3=16+3=19
Hence, we can conclude that the absolute maximum value of f on [-3, 1] is 19 occurring at x = -3 and the minimum
value of f on [-3, 1] is 3 occurring at x = 1.
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Q6 Find the maximum profit that a company can make, if the profit function is given by
p(x) = 41 — 72x - 18x°

Answer. The profit function is given as p(x) = 41 — 72x — 18x2.
Sp(x) = — 24 - 36x

p )= -36

Now
Now,

. -24 2
px)=0=x=—== -3

Also,

of -2
p'l5|=-36<0

. . 2 . . .

By second derivative test, x = — 3 is the point of local maxima of p.

2
. Maximum profit = p( - _)

3
2 22

—41-24[-=]-18]-=
3 3

=41+16-8

= 49

Hence, the maximum profit that the company can make is 49 units.
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Q7 Find both the maximum value and the minimum value of
3x4 - 8x3 + 12x2 — 48x + 25 on the interval [0, 3]

Answer.
Let f(x) = 3x* - 8x> + 12x* — 48x + 25
Sf () = 12x3 - 24x% + 24x - 48

12 (x3 —-2x% + 2x — 4)

12 [xz(x ~2)+2(x - 2)]

12(x - 2)(x2 " 2)
Now, f'(x) =0givesx =2 or x> + 2 = 0 for which there are no real roots.
Therefore, we consider only x = 2 € [0, 3] .
Now, we evaluate the value of f at critical point x = 2 and at the end points of the interval [0, 3] .
f(2) = 3(16) - 8(8) + 12(4) — 48(2) + 25
48 - 64 +48 - 96 + 25
-39
3(0) - 8(0) + 12(0) — 48(0) + 25
=25
f(3) = 3(81) - 8(27) + 12(9) - 48(3) + 25
=243 -216+108 — 144 + 25 = 16
Hence, we can conclude that the absolute maximum value of f on [0, 3] is 25 occurring at x = 0 and the absolute
minimum value of f at [0, 3] is — 39 occurring at x = 2.

f(0)
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Q8 At what points in the interval [0, 2rt], does the function sin 2x attain its maximum value?

Answer.
Let f(x) = sin2x
f'(x) = 2c0s2x
Now,
f(x) =0=cos2x=0
m 3m 5m 7m
222222
m 3m 5m 7m

T T

= 2x =
= X

3n 5m 7m
Then, we evaluate the values of f at critical points * = T T and at the end

points of the interval [0, 2r].

b b 3n 3n
f(z) = Sinz = l,f(j) = sin; = -1

By . om 7n . 7n
f? =sm?=1,f 7 | =sing = -1

f(0) = sin0 = 0, f(2m) = sin2mr = 0
St

T
Hence, we can conclude that the absolute maximum value of f on [0, 2n] is occurring at x = 7 andx = .
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Q9 What is the maximum value of the function sin x + cos x?

Answer.
Let f(x) = sinx + cosx

. f(x) = cosx — sinx

' T 51
f(x) =0 = sinx = cosx = tanx = 1 = x = RIS
f'(x) = —sinx — cosx = — (sinx + cosx)
Now, f'(x) il be negative when (sin x + cos x) is positive i.e., when sin x and cos x are both positive. Also, we know

that sin x and cos x both are positive in the first
quadrant. Then, f (x) will be negative when
T

x=7

Thus, we consider

fv(g)z - (sin%+cosg): —(%)z -V2<0

By second derivative test, f will be the maximum at *~ 4 and the maximum value of f

n T s 1 1 2 —
fla —51n4+cos4—\/§><\/§—\/§—\/2
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Q10 Find the maximum value of 2x3 - 24x + 107 in the interval [1, 3]. Find the maximum value of the same
function in [-3, -1].

Answer.
Let f(x) = 2x3 — 24x + 107

f(x)=6x2—24:6(x2—4)
Now,
f'(x)=0:>6(x2—4)20=>x2=4=>x= +2

we first consider the interval [1, 3]
Then, we evaluate the value of f at the critical point x = 2 [1, 3] and at the end points of the interval [1, 3].
f(2) =2(8) - 24(2) + 107 =16 - 48 + 107 =75
f(1)=2(1) - 24(1) + 107 =2 - 24 + 107 = 85
f(3) =2(27) - 24(3) + 107 =54 - 72 + 107 = 89
Hence, the absolute maximum value of f(x) in the interval [1, 3] is 89 occuring at x = 3.
Next, we consider the interval [-3, —1]. Evaluate the value of f at the critical point x =-2 .. [-3, -1] and at the end
points of the interval [1, 3].
f(-3) =2 (-27) - 24(-3) + 107 =-54 + 72 + 107 = 125
f(-1)=2(-1)-24 (-1) + 107 =-2 + 24 + 107 = 129
f(-2) = 2(-8) - 24 (-2) + 107 = -16 + 48 + 107 = 139
Hence, the absolute maximum value of f(x) in the interval [-3, —1] is 139 occurring at x = -2.
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Q11 It is given that at x = 1, the function x* - 62x? + ax + 9 attains its maximum value, on the interval [0, 2]. Find



the value of a.

Answer.
Let f(x) = x* - 62x2 + ax + 9
L) =4x3-124x+a
It is given that function f attains its maximum value on the interval [0, 2] at x = 1.

~f)=0
=4-124+a=0
= a =120

Hence, the value of a is 120 .
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Q12 Find the maximum and minimum values of x + sin 2x on [0, 2m].
Answer.

Let f(x) = x + sin2x
f(x) =1+ 2cos2x

1 T s 21
NOW,f(X)=O=>co52X: —E = _COSEZCOS 7-[_5 :COSE
2
2x=2ni? nez
T
=>x=n7ri§,nez
m 2n 4m 5Sm
:>X_3, 32 37 3 E[O,ZT[]

m 2m 4m 5z

Then, we evaluate the value of f at critical points x = 3

3> 30 3 3 and at the ends point of the interval [0, 271]

s s .
fl3)=3*sing =3+7%
2 o 4w V3
lz)=3*sn3 =37
4 4 .871 4 \/3
flz)=3*tsing =3 +7%
51 5t 1om 5t V3
flz)=3*snz =37

f(0)=0+sin0 =0

f(2m) = 2m +sindn = 2+ 0 = 27

Hence, we can conclude that the absolute maximum value of f(x) in the interval [0, 2n] is 2r occurring at x = 2 and
the absolute minimum value of f(x) in the interval [0, 2n] is 0 occurring at x = 0.
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Q13 Find two numbers whose sum is 24 and whose product is as large as possible.

Answer. Let one number be x. Then, the other number is (24 - x).
Let P(x) denote the product of the two numbers. Thus, we have:



P(x) = x(24 - x) = 24x — x°

S P(x) =24 - 2x
P'(x)= -2

Now,
P(x)=0=x=12
Also,

P'(12)= -2<0
By second derivative test, x = 12 is the point of local maxima of P. Hence, the product of the numbers is the
maximum when the numbers are 12 and 24 - 12 = 12.
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Q14 Find two positive numbers x and y such that x + y = 60 and xy, is maximum.

Answer. The two numbers are x and y such that x +y = 60.
Y=60-X
Let f(x) = xy3
= f(x) = x(60 - x)°
= f(x) = (60 - x)® - 3x(60 - x)?
= (60 — x)°[60 — x — 3x]
= (60 - x)%(60 - 4x)
And, f(x) = - 2(60 — x)(60 — 4x) — 4(60 — x)*
- 2(60 — x)(60 — 4x + 2(60 — x)]
—2(60 — x)(180 — 6x)
- 12(60 - x)(30 — x)
Now, f(x) =0 = x =60 orx = 15
When x = 60, f*(x) = 0
Whenx = 15, f(x) = - 12(60 - 15)(30 - 15) = - 12x45x15<0 "
"By second derivative test, x = 15 is a point of local maxima of f. Thus, function xy3 is maximum when x =15 and y
=60 - 15 = 45. Hence, the required numbers are 15 and 45.
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Q15 Find two positive numbers x and y such that their sum is 35 and the product x*y° is a maximum.

Answer.
Let one number be x. Then, the other number is y = (35 — x) .

Let P(x) = x?y° . Then, we have:

P(x) = x?(35 - x)°

=~ P'(x) = 2x(35 - x)° - 5x%(35 - x)*
= x(35 - x)*[2(35 - x) — 5x]
= x(35 - X)*%(70 - 7x)
= 7x(35 - x)*(10 - x)



And, P'(x) = 7(35 - x)*(10 - x) + 7x[ — (35 - x)* - 4(35 - x)3(10 - x)]

= 7(35 - x)*(10 - x) — 7x(35 — x)* — 28x(35 — x)3(10 — x)
= 7(35 - x)3[(35 - x)(10 — x) — x(35 — x) — 4x(10 - X)]

= 7(35 - x)3[350 — 45x + x2 - 35x + x2 — 40x + 4x2]

= 7(35 - x)3(6x2 ~ 120x + 350)
Now, P'(x) =0 = x = 0,x = 35,x = 10
When x = 35, f(x) = f(x) = 0 and y = 35 — 35 = 0. This will make the product x%y°
equal to 0.

When x = 0,y = 35— 0 = 35 and the product x%y? will be 0 .
x = 0 and x = 35 cannot be the possible values of x .

When x = 10, we have:

P'(x) = 7(35 - 10)3(6 x 100 — 120 x 10 + 350)

= 7(25)3( - 250) < 0

By second derivative test, P(x) will be the maximum when x = 10 and y = 35 - 10 =

Hence, the required numbers are 10 and 25.
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Q16 Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.

Answer. Let one number be x. Then, the other number is (16 - x).
Let the sum of the cubes of these numbers be denoted by S(x). Then,
S(x) = x3 + (16 — x)3

5 S'(x) = 3x? - 3(16 — x)%, S * (x) = 6x + 6(16 — x)

Now, S'(x) =0 = 3x2 - 3(16 - x)2 =0

= x>-(16-x%=0

= x? - 256 - x> +32x =0

Now, S'(8) = 6(8) + 6(16 — 8) = 48 + 48 = 96 > 0

By second derivative test, x = 8 is the point of local minima of S .

Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8
and 16 -8 =8.
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Q17 A square piece of tin of side 18 cm is to be made into a box without top, by cutting a square from each corner
and folding up the flaps to form the box. What should be the side of the square to be cut off so that the volume of

the box is the maximum possible

Answer. Let the side of the square to be cut off be x cm. Then, the length and the breadth of the box will be (18 -
2x) cm each and the height of the box is x cm. Therefore, the volume V(x) of the box is given by,
V(x) = x(18 — 2x)?



S V(%) = (18 - 2x)% — 4x(18 - 2x)
= (18 — 2x)[18 — 2x — 4x]
= (18 - 2x)(18 - 6x)
=6x29-x)(3-x)
=129 -x)3 - x)

And, V(x)=12[-(9-x) - (3 —x)]

= -129-x+3-Xx)
= —-12(12 - 2x)
= —24(6 - x)

Now, V'(x) = 0 =, =9o0rx=3

If x =9, then the length and the breadth will become 0.

LxZ9

=x=3

Now, V(3) = - 24(6-3)= —-72<0
By second derivative test, x = 3 is the point of maxima of V. Hence, if we remove a square of side 3 cm from each
corner of the square tin and make a box from the remaining sheet, then the volume of the box obtained is the
largest possible.
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Q18 A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off square from each
corner and folding up the flaps. What should be the side of the square to be cut off so that the volume of the box is
maximum ?

Answer. Let the side of the square to be cut off be x cm. Then, the height of the box is x, the length is 45 - 2x, and
the breadth is 24 — 2x. Therefore, the volume V(x) of the box is given by,
V(x) = x(45 - 2x)(24 - 2x)

= x(1080 — 90x — 48x + 4x>

= 4x3 — 138x2 + 1080x
5 V(%) = 12x% - 276x + 1080

- 12(x2 ~03x+ 90)

=12(x - 18)(x - 5)

V'(x) = 24x — 276 = 12(2x — 23)

Now, (x) =0
It is not possible to cut off a square of side 18 cm from each corner of the rectangular sheet. Thus, x cannot be
equal to 18.
x=5
Now, V'(5) = 12(10 - 23) = 12(-13) = - 156 <0
.. By second derivative test, x = 5 is the point of maxima.
Hence, the side of the square to be cut off to make the volume of the box maximum possible is 5 cm.
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Q19 Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum area.

Answer. Let a rectangle of length 1 and breadth b be inscribed in the given circle of radius a. Then, the diagonal
passes through the centre and is of length 2a cm.



Now, by applying the Pythagoras theorem, we have:

(2a)? = 1? + b?
= b® = 4a® - I?
= b=1/4a’ - I?

Area of the rectangle, A = I\/ 4a% - 12

\/4(12 -2
\Jaa2-12( -4l - (4a2—212) 2\(/%

(4-12)

4a’=12 ) (-4l) +1( 40> -21°
S A G

- 3
(4a2—12)5

—21(6a2—12)

2

Q
>

Q
N

-12d%1+213

3 3
(402712)5 (402712)5

dA _
Now, — = 0 gives 4a® = 2I°> = [ = \/2a

=>b=\/4az—2c12=\/ﬁ=\/§a

dl

Now, when I = \/Ea

@a 220 (6a*-2a?)  -gya?

a? 2y/2a3 2248

By the second derivative test, when [ = \/Ea, then the area of the rectangle is the maximum.

Sincel=b = \/Ea, the rectangle is a square.
Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the square has the maximum

area.
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Q20 Show that the right circular cylinder of given surface and maximum volume is such that its height is equal to

the diameter of the base.

Answer. Let r and h be the radius and height of the cylinder respectively. Then, the surface area (S) of the cylinder

is given by,




S = 2nr? + 2mrh
S - 2nr?

2nr

S(l)
=—1-\|-r
2n\r

Let V be the volume of the cylinder. Then,

S (1 Sr
Vamr?h=mw?|=|-|-r|=7-n3
2\ r 2

= h=

v S 2d2V
Then,;=§—3nr,7— - 6nr

dv S 2 2 S
Now, dr—0=>2—3nr =r° =

S
By second derivative test, the volume is the maximum when r? = o

S 6mr? (1
Now,whenrzzs—, thenh=—\|-|-r=3r-r=2r
T 2 \ r
Hence, the volume is the maximum when the height is twice the radius i.e., when the height is equal to the
diameter.
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Q21 Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimetres, find the
dimensions of the can which has the minimum surface area?

Answer. Let r and h be the radius and height of the cylinder respectively.
Then, volume (V) of the cylinder is given by,
V = nr’h = 100

100

7'[1"2

Surface area (S) of the cylinder is given by,
200
S = 2mr® + 2nrh = 2mr? + Y

ds 200 ds 400
L— = _—_— — = + —
dr Anr r2’ dr? an ri
ds 200
- 0=4nr= 2
3 200 50
== ar T om
1
50\3
=>r=\|—
T
1
50\3 d’s 1
Now, it is observed that whenr = | — |, — >0 ) . [50)\3
n dr cylinder is | — | “cm.

By second derivative test, the surface area is the minimum when the radius of the



2
50t ()3

Hence, the required dimensions of the can which has the minimum surface area is given
1 1
. 50 \3 50 \3
By radius = 7 | 9™ and heighe =2{ 5 | cm.
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Q22 A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a square and the other

into a circle. What should be the length of the two pieces so that the combined area of the square and the circle is
minimum?

Answer. Let a piece of length 1 be cut from the given wire to make a square. Then, the other piece of wire to be

made into a circle is of length (28 — 1) m.

!
Now, side of square = = 7.

1
Let r be the radius of the circle. Then, 2nr = 28 — 1 = r = 5-(28 - ]).

The combined areas of the square and the circle (A) is given by,

A= ( side of the square £+ r2

12 1 2
— | —@8 -1
16 28D

. 28 - 1)?
= — 4+ — —
16 4n( )
) dA 21 2 I 1
. E = E+ZT(28_I)(_1): 5—5(28—1)
A 1 1
P TRl
dA 1 1
NOW,E =0= 5—5(28—1)=0
nl-4(28-1)
> ———=9
81
= (m+4)-112=0
112
=]=—
n+4
112 d’A
Thus, when [ = a2 >0
112
.. By second derivative test, the area (A) is the minimum when [ = —y)

112
Hence, the combined area is the minimum when the length of the wire in making the square is —; cm while the

T+4
112 281

length of the wire in making the circleis 28 - — = ——cm

Page : 233, Block Name : Exercise 6.5

8
Q23 Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is 37 of the volume of
the sphere.



Answer. Let r and h be the radius and height of the cone respectively inscribed in a sphere of radius R.

Let V be the volume of the cone.
1

_ -2
—Snrh

Height of the cone is given by,

h=R+AB=R++/R?>-r?> [ABCis aright triangle ]

1 —
2 2 2

= zmr°[R+4/R° -
3nr( \/ r)

1 1 —_
2 2 2 2
= —nmr‘R+ —nr“y/R°—r
3 \/

3
v 2 2 —— 1 (-2r)
“— =TmrR+ —m”\/R2 - o ————
dr 3 3 3 2\/R2 _ r2
2 2 1 r3
= —mrR + —m‘\/R2 -r? - cn—
3 3 3 '\/R2 _ r2
2 2nrR? - 3nr3
= —mR + ——=
3 3'\/R2 _ rZ
2 2nrR? - 3nrd
=R+ ————
3 3\/R2 2
2_ 2 2 2 2 3 (=2r)
3VR? = 2 (2nR? - or?) - (2mR? - 3ur?) -
d’V  2nR 6VR -1
=
2 3
dr 9(R2 - r2)
) 9(R2 - rz)(ZHR2 - 9nr2) + 2mr?R2 + 3mrt
= "nR+ 3
27(122 - r2) 2
dv 2 33 - 27rR?
NOW,E —OﬁgrR—ﬁ
3r2-2R? —
= 2R = = 2R\/R* - r? = 3r2 - 2R?
\/R -r2

2

= 41!22(}?2 - r2) = (3r2 - 2R2)

= 4R* - 4R’r? = 9r* + 4R* - 12r°R?

= 9r% = 8R?r?

8
=r?= §R2
, B, d>v

When r< = gR%, then — <0

dr?

8
. . . . 2__p2
By second derivative test, the volume of the cone is the maximum when "~ sR



8 8
Whenr2=5R2,h=R+\/R2—§R2=R+\/§R2=R+

Therefore,

e

= == % ( Volume of the sphere)

8
Hence, the volume of the largest cone that can be inscribed in the sphere is 7> the volume of the sphere.
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Q24 Show that the right circular cone of least curved surface and given volume has an altitude equal to \/5 time the

radius of the base.

Answer. Let r and h be the radius and the height (altitude) of the cone respectively. Then, the volume (V) of the

cone is given as:

1 7 3V
V=cmr‘h=h=—
3n r

The surface area (S) of the cone is given by,
S = mrl (where 1is the slant height)

= 7Ir\/r2 + h?

— /ot V2
ry[r?+ —— = >
mnr nr

= —\/n +9V?
61%r —_—
— < /m2,6 4 qy2
ds e 212r69 \/7'[ r Vv
' dr r2
3n r® — 7%r® - gv?
2\/71 +9V?2
21%r® — 92
2\/71 +9v?
-9v?
rz\/n2r6 +9V?

ds 9y?

Now,d— =0=214b=9v2 = 6 = —
r 21

_ _ - 6 9v? d°s
Thus, it can be easily verified that when r° = 2 a2 >0
TT r
9v2

By second derivative test, the surface area of the cone is the least when r® = s
Tt



r’=—,h=— 5

1
_ .3
o 9V 3v 3 [2%\3 3 Ve _
272’ nr nr? -

Hence, for a given volume, the right circular cone of the least curved surface has an
Altitude equal to /2 times the radius of the base.

Page : 233, Block Name : Exercise 6.5
Q25 Show that the semi-vertical angle of the cone of the maximum volume and of given slant height is tan ~ 2.

Answer. Let 0 be the semi-vertical angle of the cone.

It is clear that 0 € [O, g:l

Let r, h, and I be the radius, height, and the slant height of the cone respectively. The slant height of the cone is
given as constant.

Now, r = Isinf and h = Icosf
The volume (V) of the cone is given by,
1

_ 2
V= ST h
L (1202
= gn(l sin 9)(lc059)
1 3.0
= gnl sin“OcosH
dv  Prp
" E = ? sin29( - sinf) + cosG(ZsinGcosG)]
Py
= ? - sin3 + 2Sil‘19C0829]
d*V. Prp 5 3 2
@ = ey i 3sin“OcosO + 2cos0 — 4sin BCOSG]
By 5
= 5 2c0s30 - 7sin GCOSG]
dv
Now, i 0

= sin3 = 2sinfcos0

= tan%0 = 2
= tanf = \/5
=0= tan71V§

Now, when 6 = tan_lx/z, then tan20 = 2 or sin’0 = 2cos%0
Then, we have:

v B

T
> = [2cos39 - 14cos36] = — 4nl3cos30 < 0 for @ € [O, —]
[} 3 2

QU

By second derivative test, the volume (V) is the maximum when 6 = tan ~ 1\/5 .



Hence, for a given slant height, the semi-vertical angle of the cone of the maximum volume is tan ~ 1\/5.
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1
Q26 Show that semi-vertical angle of right circular cone of given surface area and maximum volume is sin ! (5 )

Answer. Let r be the radius, 1 be the slant height and h be the height of the cone of given surface area, S.
Also, let a be the semi-vertical angle of the cone.

Hr

S EE——

Then S = 7rl + 7r?

S-nr?

== (D

nr

Let V be the volume of the cone.

L)
Then V = 37 h

1
S V2 = §n2r4h2

1
—n2r4(12 - r2) [Asl2 =r24 h2]
9

124

1
§r2 (52 - 25nr2)

1
- V2= §Sr2(S - 2nr2) ...... )

Differentiating (2) with respect to r, we get
av 1 3
2V = §S(25r - 8nr )

dv
For maximum or minimum, put Fr 0

1
- 58(2Sr - 8nr3) -0

=25r-8mr3=0 (AsS#0)

= S =4mr’(Asr # 0)
S
2 _
=r T 4n

Differentiating again with respect to r, we get



d?v davyz2 1 5
ov— +2(—| = 55(25—24nr )

dr dr
v 1 S dv S
= 2V— = =S| 2S5 - 241 x — As— =0andr? = —
ar? 9 4n dr 4n
15 2S - 6S
=3 ( )
4
= --5§%<0
9

Thus, V is maximum when S = 47r2

As S = nrl + nr?

= 4nr? = nrl + mr?

= 3r? = nirl
=] =3r
Now, in ACOB
OB

sina = E
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Q27 The point on the curve x? = 2y which is nearest to the point (0, 5) is
A) V2,49 B (V2,00 (©)(0,00 (D)(22)

Answer. The given curve is x*

=2y.
XZ
X, 7

x, the position of the point will be
2

2

The distance d(x) between the points (x, XE ) and (0, 5) is given by



X2 2 x4 x4
dx) = | x-02+ |5 -5 :\/2+7+25—5x2:\/;—4x2+25

(x3—8x) (x3—8x)

S d’(x) = - =
2\/% o VXiT16¢H100
= x(x2 - 8) =0
= x=0, +2\/2
—_— 4x3-32x
Vi - 162+ 100(3¢% - 8) - (x* - Bx) - —=——e
21/x*~16x%+100

And,d(x) =

(x4 —16x% + 100)

(x4 ~ 1662 + 100)(3x2 - 8) - 2(x3 - 8x)(x3 - 8x)

3
(x4 - 16x2 + 100)5

(x4 —16x2 + 100)(3x2 - 8) - 2(x3 - 8x)2

3
2

(x4 - 16x% + 100)
When, x = + 2\/5, d'(x) >0
By second derivative test, d(x) is the minimum at x = + 2\/5 .

@y
X= £2/2,y=—F5— =4

Hence, the point on the curve X% = 2y which is nearest to the point (0, 5) is ( £ 2\/5, 4)
The correct answer is A.
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1-x+x2

Q28 For all real values of x, the minimum value of ol is
XTX

1
Ao ®1 ©3 (D)3

Answer.



(1+x+x2)(—1+2x)— (1—x+x2)(1+2x)

f) =
(1+x+x2)2
12— x+ 22— X2+ 23 -1 -2+ x+ 2x2 - x2 - 2x3
(1+x+x2)2
2 _
2?1 2(x 1)

(1+x+x2)2 (1+x+x2)2

-'-f(x)=0=x2=1=>x= +1

2[(1 Fx+ x2)2(2x) - (x2 - 1)(2)(1 Fx+ xz)(l + 2x)]

Now, f'(x) =
(1+x+x2)4
4(1 +x+x2)[(1 +x+x2)x—(x2—1)(1+2x)]
(1+x+x2)4
4[x+x2+x3—x2—2x3+1+2x]
(1+x+x2)3
4(1+3x—x2)
(1+x+x2)3
., 4(1+3-1) 4(3) 4
And, f () =TT T 5 800
o, f 4(1-3+1)
Also, f(-1) = (1-1+1)° =4(-1)= -4<0

By second derivative test, fis the minimum at x = 1 and the minimum value is given

1-1+1 1
by () = 1517 7 3

The correct answer is D.
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Q29
1
The maximum value of [x(x — 1) + 1]3,0 < x < 1is

of)

Answer.

[SSR

1
®); ©1 (D)o



1
Let f(x) = [x(x — 1) + 1]3
, 2x—1

S f(x) =

3[x(x—1)+1]§
, 1
Now, f(x) =0=x= 7

1
Then, we evaluate the value of f at critical point x = 7 and at the end points of the interval [0, 1] {i.e., at x = 0 and x
=1}

f(0) = [0(0—1)+1]§ =1

f=a-1+13=1

1 1
1 1(-1 3 3\3
Hence, we can conclude that the maximum value of f in the interval [0, 1] is 1. The correct answer is C.
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Q1 Using differentials, find the approximate value of each of the following:
1

17\ 7 1
(@51 | B)33)s
Answer. (a) Consider

1 16 1
y=x4- Letx=grand Ax = 7

(a) Consider
1 1

Then, Ay = (x + AX)4 — x4

1 1

17\7  (16\z
“ler] T \er
17 2
“let) T3

17
N =

Now, dy is approximately equal to Ay and is given by,

B

PNV
wil N

+»Ay

dy 1
dy = | 35 |Ax = 5 (Ax)

4(x)%

1 1 7 1 1 1
= |81 )= 7x8 X 81 T 32x3 = 56 — 0010
4

1
17\37 .

2 2
Hence, the approximate value of (ﬁ )4 is 7 = 0.667 + 0.010

=0.677.

1
(b) Consider y = x5. Letx = 32 and Ax = 1



1 1 1 1 1 1

Ay = (x+ A5 - x5 = (33)3 - (32)5 = (33)% - 5

1

1
5 (33)F = 5 + Ay

Now, dy is approximately equal to Ay and is given by,

dy -1
dy = (d—x)(Ax) = 5(X)S(Ax)

1

1
= 0=~ =~ 0003

1
Hence, the approximate value of (33)3is 3+ (~0.003)

=0.5-0.003 = 0.497
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log x
Q2 Show that the function given by f(x) = —— has maximum atx = e.

Answer.
log x

The given function is f(x) = —— .

1

X(-)—logx

X 1-log x
f()=—F—=—

X X

Now, f(x) = 0

= 1-logx=0
= logx =1

= logx = loge

=2Xx=e

1
x2( - ;) — (1 - logx)(2x)

Now, f (x) = 2
b%
_ —x— 2x(1 - logx)
X4
~ —3 + 2logx
X3
, -3+2loge -3+2 -1
Now, f (e) = 3 = 5 = 3 <0
e e e

Therefore, by second derivative test, f is the maximum at x =e.
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Q3 The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3 cm per second. How
fast is the area decreasing when the two equal sides are equal to the base ?

Answer. Let AABC be isosceles where BC is the base of fixed length b.
Let the length of the two equal sides of AABC be a.
Draw AD."BC.



Now, in AADC, by applying the Pythagoras theorem, we have:

b2
AD = \/az— Y
2

1 b
Area of triangle = (A) = Eb\/a2 -7

The rate of change of the area with respect to time (t) is given by,
dA 1 2a da ab da

— = _b . — = —
dt 2 2\/02_%2 dt \/402_,32 dt
It is given that the two equal sides of the triangle are decreasing at the rate of 3 cm per second.
da
@ 3cm/s
. dA  -3ab
. dt B '\/4(12 _ bZ
Then, when a = b, we have:
dA -3b? -3b?

— = ———=—7= -/3b
dt \/4b2 —p2 \/3b2 \/

Hence, if the two equal sides are equal to the base, then the area of the triangle is decreasing at the rate of is
\/3bcm?/s.
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Q4 Find the equation of the normal to curve y? = 4x at the point (1, 2).

Answer. The equation of the given curve is y? = 4x.
Differentiating with respect to x, we have:

dy
%@;—4
dy 4 2
"y Ty
dy 2
falay T2
Now, the slope of the normal at point (1, 2) is y L Tl = -1
xla)
~Equation of the normal at (1, 2)isy-2=-1(x-1).
Ly-2=-x+1
SLx+y-3=0
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Q5 Show that the normal at any point 6 to the curve
x=acosO+absinb,y=asind - ab cosb
is at a constant distance from the origin.



Answer.
We have x = acos6 + afsinf

dx
g ST asinf + asinf + abcosf = abcosO
y = asinf — afBcosH

dy
" i acosf — acosf + afsinf = afsinf

dy dy db afsin 6
"dx ~ do dx  abcos O = tant
1

Slope of the normal at any point 0 is ™~ w@n6

The equation of the normal at a given point (x, y) is given by,

y — asinf + afBcosh = (x — acosB — absinb)

tan 6

= ysinf — asin®@ + afsinfcosd = — xcosh + acos?6 + absinfcosO
= xcosO + ysinf — a(sinZQ + cos@ + acos?0 + afsinfcosh

= xcosf + ysinf —a = 0
Now, the perpendicular distance of the normal from the origin is
| -al | -al

\/cos2 6+sin? 0 \/I

Hence, the perpendicular distance of the normal from the origin is constant.

= | - a|, which is independent of 6.
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Q6 Find the intervals in which the function f given by
4sin x — 2x — XCos X
f (X) - 2+cos x

is (i) increasing (ii) decreasing

Answer.
4sinx — 2x — xCosx
f) = 2 + cosx
00 = (2 + cosx)(4cosx — 2 — cosx + xsinx) — (4sinx — 2x — xcosx)( — sinx)

2+ cosx)2

(2 + cosx)(3cosx — 2 + xsinx) + sinx(4sinx — 2x — xcosx)

2+ cosx)2

6cosx — 4 + 2xsinx + 3c0s?x — 2cosx + xsinxcosx + 4sinx — 2xsinx — xsinxcosx

(2 + cosx)?
4cosx — 4 + 3cosZx + 4sin®x

(2 + cosx)?

4cosx — 4 + 3cos2x + 4 — 4cos®x

2+ cosx)2

4cosx — cosZx cosx(4 — cosx)

2+ cosx)2 - 2+ cosx)2



Now, f(x) = 0
= cosx = 0 or cosx = 4

But, cosx # 4

cosx =0
n 3n
=X=7.7
T 3n
Now, x = 7 and x = 5 divides (0, 2m) into three disjoint intervals i.e.,

b T 3n 3n
0,5 377 , and E,Zn

s 3n
In intervals | 0, 3 and 521 Lf(x) >0

3n

X
0<x<5and7<x<2n

Thus, f(x) is increasing for
m 3n ,
In the interval | 7, & }.f(x) <0 7 <y 3n
2 2"
Thus, f(x) is decreasing for
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1
Q7 Find the intervals in which the function f given by f(x) = x> + =, x#0
X

(i) increasing (ii) decreasing.

Answer.

00 =23+ 5

o , 3 -3

ffe=3"-5="—3

Then, f(x) =0=3x0-3=0=x0=1=x= +1

Now, the points x = 1 and x = - 1 divide the real line into three disjoint intervals

e, (-0, = 1),(~1,1), and (1, ).

In intervals (7% "1 and (1,®) j o ‘whenx < —landx > 1, f(x) > 0
Thus, when x < — 1 and x > 1, fis increasing.

Ininterval (- 1,1)i.e, when -1 <x < 1,f(x) <0

Thus, when —1 < x < 1, fis decreasing.

Page : 242 , Block Name : Miscellaneous Exercise

XZ 2

Q8 Find the maximum area of an isosceles triangle inscribed in the ellipse St g = 1.

Answer.



e

XZ 2

The given ellipse i s+ =1.

Let the major axis be along the x —axis. Let ABC be the triangle inscribed in the ellipse where vertex C is at (a, 0).
Since the ellipse is symmetrical with respect to the x—axis and y —axis, we can assume the coordinates of A to be
(-x1, y1) and the coordinates of B to be (-x1, -y1).

b

= ]2_2

Now, we have Y1=* o -xi
Coordinates of A are

( b ﬁ) and the coordinates of B
X —
1»

As the point (Xp Y1) lies on the ellipse, the area of triangle ABC(A) is given by,

A= 3o ) () (-390 ) () )

- py ———
2 2
= A= b\/a2 -x]+ xlg\/az - X1
dA —-2Xx b ZbX%

. dX1 \/a _Xl \/a _Xl a2\/a —x%

b (2 2) 2
= > Xla a Xl Xl
X1

a\/az -

b(— 2x% - xqa+ az)

a az_Xl
dA
Now, KI =0

=X, = —a,j3

But, x1 cannot be equal to a.



>
=
|
N Q
]
<
=
Il
Q|
Q
N
|
&%
Il
NS
Q Q
<
wl
Il
|

’ ()]

\/GZ*X%(*4X1*(1)*(*ZX%*XIHJrHZ) -
2\/0 -X1

~

d’A b
Now, — = -1
dx% a aZ—x%

— _2—_,3 — ——3_
d?A b{ 28 32 a } b{ 3 24 7da }
2 a 3 T a
4 4
\ J \ J
( A
9
Z.3
b 44

3
3a2 ) 2
e
\ J
Thus, the area is the maximum when x, = 5

Maximum area of the triangle is given by,
2

2
a a\b a
A= 2_ il By -

v ()bf

= b— +
® 2
ab\/§ abx/g 3\/5
= + = —ab
2 4 4
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Q9 A tank with rectangular base and rectangular sides, open at the top is to be constructed so that its depth is 2 m
and volume is 8 m? . If building of tank costs Rs 70 per sq metres for the base and Rs 45 per square metre for sides.
What is the cost of least expensive tank?

Answer. Let 1, b, and h represent the length, breadth, and height of the tank respectively. Then, we have height (h)
= 2 m Volume of the tank = 8 m® Volume of the tank=1xb x h
S8=1xbx2
4
=2>b=4=2pb= 1
Now, area of the base =1b =4
Area of the 4 walls (A) =2h (1 +b)

dA
NOW,E 0

4
=>1—l—2=0
=>12=4
=>]=+2

However, the length cannot be negative.
Therefore, we have 1 =4.

4 4
"b_T_E_z
N A 32
ow, — = —%
dI? 3
)
Whenl=2,—=—-=4>0
dl 8

Thus, by second derivative test, the area is the minimum when1=2. We havel=b=h= 2.
..Cost of building the base =Rs 70 x (Ib) = Rs 70 (4) = Rs 280

Cost of building the walls = Rs 2h (1 + b) x 45=Rs 90 (2) (2 + 2) =Rs 8 (90) = Rs 720
Required total cost = Rs (280 + 720) = Rs 1000

Hence, the total cost of the tank will be Rs 1000.
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Q10 The sum of the perimeter of a circle and square is k, where k is some constant. Prove that the sum of their
areas is least when the side of square is double the radius of the circle.

Answer. Let r be the radius of the circle and a be the side of the square.
Then, we have:



2nr + 4a = k (where k is constant)
k-2nr
4

=q=

The sum of the areas of the circle and the square (A) is given by,

(k-2nr)?
A=m?+a?=nmr?+ ——
16
dA 2(k—=2nr) (—2m) m(k—2mr)
c gy = 2+ 6 = 2nr — 2
dA
Now, 7= =0
m(k—2mr)
=2 =
8r =k-2nr
= (B8 +2mr=k
k k
= r= gvor T 2(4+n)
d’A n?
NOW,_2:27T+_ >0
dr 2
k d’A
~. Whenr = 204 2 >0
The sum of the areas is least when r = 2(an )
k
L k-2n 2(an)
TS R 4
k(4m)n—k 4k k
— = = - = 21”
44(m) 4(m)4  m

Hence, it has been proved that the sum of their areas is least when the side of the square is double the radius of the
circle.

Page : 242 , Block Name : Miscellaneous Exercise

Q11 A window is in the form of a rectangle surmounted by a semicircular opening. The total perimeter of the
window is 10 m. Find the dimensions of the window to admit maximum light through the whole opening.

Answer. Let x and y be the length and breadth of the rectangular window.

X
Radius of the semicircular opening =

X
El
[ S
X

It is given that the perimeter of the window is 10 m.



X

.'.x+2_y+?=10
T
= X 1+§ +2y =10

T
=>2y=10—x(1+5)

|

Area of the window (A) is given by,

A T fx\2
= + -1 -
LA B

1n

:>y:5—x(?+

1=

Il

b
r—

wl

|

>
—_——
iy
N g

+
TG
N —

=

Im m\n x
=5x—x2| =+ -] + =x?
2 4 8
dA 1n ng
TR ST ] X

d?A s b
Pl 1+§ +Z__1_Z
dA
NOW,E—O
s T
=5-x 1+§ +ZX_O
VA
=>5—x—zx=0
s
= X 1+;1 =5
5 20
= X= T n+4
(1+4E)
20 d’A

Thus, when x = ~+4 then ] <0

20
Therefore, by second derivative test, the area is the maximum when length x = ——m

Now,

4

B 20 [2+m B 5(2+m) B 10

y=5-- 5T Tr Tl

Hence, the required dimensions of the window to admit maximum light is given by
10

20
length = —am and breadth = .
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Q12 A point on the hypotenuse of a triangle is at distance a and b from the sides of the triangle. Show that the

Nl w

2 2
minimum length of the hypotenuse is (aE +b3 ) .

Answer. Let AABC be right-angled at B. Let AB=xand BC =y.
Let P be a point on the hypotenuse of the triangle such that P is at a distance of a and b from the sides AB and BC

respectively.
let C=a.

a
[
[
B o

We have,
AC = \/X2 +y?

Now,
PC = bcsch
And, AP = asec
AC = AP + PC
d(AC)
. do
d(AC)
" Ta T
= agsecftanf = bcscOcotd

A

= — bescl + asech...(1)

a sin 6 b cos 6

=

cos @  cos B - sin 6 sin 0
= asin®0 = bcos30

1 1
= (a)3sinf = (b)3cosH

1

b\=

= tanf = (5)3
b)

1 1
3 3

(a)

~.osinf =

—— and cosb = —
\/a 3+b3 as+bs

d?(AC) b\3

It can be clearly shown that 0 < 0 when tanf = -

Therefore, by second derivative test, the length of the hypotenuse is the maximum when

b !
tanf = (—)3
a



b !
tanf = (—)3
a

2 2 2 2
b\/a§+b§ a\/a§+b5
= +

AC N N

Nl w

2 2
Hence, the maximum length of the hypotenuses is (aE +b3 ) .
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Q13 Find the points at which the function f given by f (x) = f(x) = (x - 2)*(x + 1) has
(i) local maxima (ii) local minima (iii) point of inflexion

Answer.
The given function is f(x) = (x — 2)4(x + 1)3
S f 00 = 4= 2%+ )%+ 3(x + 1)P(x - 2)*
= (x - 2)3(x + 1)?[4(x + 1) + 3(x - 2)]
= (x-23x+ 1)%(7x - 2)

Now,f'(x)ZO:>x= —landx=—-orx=2
7
2 2 2
Now, for values of x close to - and to the left of -, f(x) > 0 Also, for values of x close to and to > the right of
2,
[0 > 0.

2
Thus, x = 7 is the point of local maxima.

Now, for values of x close to 2 and to the left of 2, f(x) < 0 Also, for values of x close to 2 and to the right of
2,f(x)<0.

Thus, x = 2 is the point of local minima.

Now, as the value of x varies through -1, f(x) does not changes its sign .

Thus, x = -1 is the point of inflexion.
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Q14 Find the absolute maximum and minimum values of the function f given by
fx) = cos?x + sinx, x € [0, n1]

Answer.



f(x) = cos®x + sinx

f (x) = 2cosx( — sinx) + cosx
= — 2sinxcosx + cosx

Now, f x=0

= 2sinxcosx = cosx => cosx(2sinx — 1) = 0
1

:>sinx=50rcosx=0

T T

= -
X OI‘2

=5 as x € [0, r]

T

T
Now, evaluating the value of f at critical points x = 7 andx = ¢

and at the end points of the interval [0, r] (i.e., at x

=0 and x = m), we have:

s 27'[ s \/32
fa =cos“g tsing =[5 |+

f(0) = cos?0 +sin0 =1+0 =1

flm) = cos?m+sint = (- 1)2+0=1

1 5
27 4

T 27'[ .T[
flz | =cos”; +sin; =0+1=1

5 i
Hence, the absolute maximum value of fis ; occurring at x =  and the absolute minimum value of f is 1 occurring
T
b 5 b

atx =20 and 7.
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Q15 Show that the altitude of the right circular cone of maximum volume that can be inscribed in a sphere of
4r
radius ris 3.

Answer. A sphere of fixed radius (1) is given. Let R and h be the radius and the height of the cone respectively.
A

The volume (V) of the cone is given by,
L

V= EHR h

Now, from the right triangle BCD, we have:

BC =/r* - R?

h=r+\/r2—R2



1 _ 1 1 —_
iy 2 _ 2\ _ - . p2. . 2. 52 /2 o2
V= 37IR (r+\/r R )—37‘[R r+37TR \/r R

av 2 2t —— R?> (-2R)
So—— = —TnRr + —nR\/r2 R+ — ——
dR 3 3 3 2\/r2 _R2
2 27 I R3
= —nRr + —nR\/r2 -R?- ——
3 3 3\/r2 - R2
, 2nR(r2 - RZ) - 1R3
= —nRr + —_—
3 3\/,,2 _ R2
2 27Rr? - 3nR3
= —Rr + ———
3 3_\/,,.2 _ RZ
dv
Now, — =0
dR

2nrR 3nR3-2nRr?
= — = ——
3 3 \/rZ )

= 2r\/r2 —R?=3R? -2
- 4r2(r2 - RZ) - (3R2 - 2r2)2

= 9R* - 8r2R? = 9R* + 4r* - 12R?*r?
= 9R* - 8r?R?2 =9

8r2
2 _
= R< = 9
8r2
2 _
= R< = 9
2y o 3T R2(2nr2 - 9nR2) - (2nRr2 - 3nR3)( ~ 6R)
Now, — = — +
ow, e 3 3
2_ 1292 — a2 + 2 _an3
o PR (2nr IR ) (2nRr 31R )(3R)
ER
9(r2 - R2)
8r2 d*v
Now, when R? = 5 it can be shown that e <0

8r2

The volume is the maximum when R? = Y

2 8r? . 5 8r? r_2 r 4r
When R =35 height of the cone =r+4(r g Srtyfg=r+t+z=3.

Hence, it can be seen that the altitude of the right circular cone of maximum volume

that can be inscribed in a sphere of radius ris 3 .
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Q16 Let f be a function defined on [a, b] such that f'(x) > 0, for all x € (a, b). Then prove that f is an increasing
function on (a, b).



Answer. Let

x1, x,E(a,b)such that

X, < x,. Consider the sub-interval [x,, x,]. Since f (x) is differentiable on (a, b) and
[x1, x;]<(a,b). Therefore, f(x) is continous on [x,, x,] and differentiable on

(x4, X,). By the Lagrange’s mean value theorm, there exists c¢&(x,, x,)such that
f'(c)=fx,) — f(x,)x, — x, ...(1)Since f*(x) > 0 for all

x€E(a,b), so in particular, f(c) > 0f'(c) >0

=f(x,) = f(x1)x; = x; > 0 [Using (1)]

=f(x2)-f(x1) >0 [a"y]

X, —x;>0when X; < x,]

=f(x,) > f(x,)=1(x;) < f(x,)Since

x1, x2are arbitrary points in

(a,b). Therefore, x,, x,

=f(x,) < f(x,) for all x;, x, €(a, b)Hence, f (x) is increasing on (a,b).
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2R
Q17 Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius R is —=.

V3

Also find the maximum volume

Answer. A sphere of fixed radius (R) is given. Let r and h be the radius and the height of the cylinder respectively.

From the given figure, we have h = 2\/R? - r?

The volume (V) of the cylinder is given by,
V =nr’h = 2nr2\/R2 -r?

dv
- = 2_ .2
-dr—4nr\/R re+

27Ir2( - 2r)
2y/R* - r?

— 2
= 4nr\[R* -1’ - ——

\/RZ _ r.2

4nrR?~6r3
B VRI-12

dv ) 3
Now,E=0:>4m"R -6’ =0



- 2 _ 2\ _ 2 _ 3
2y VR - r2(47tR2 - 18nr2) - (4nrR2 - 67tr3) (4”R 187 ) (47" R™ ~ 6 )
Now, — = = 2'\/R2 _ r2
d 2 d 2
f f =
(R2 - r2)(4nR2 - 18nr2) + r(4nrR2 - 6nr3)

3
(Rz _ rz)E

4nR* - 227r’R? + 127r* + 4nr?R2

3
(Rz _ rz)i

5 2R? d*V
Now, it can be observed thatat " = 3 > 3z <0
2
. . 2 2R
The volume is the maximum when " = 5
, 2R _ _ _ , 2R R* 2R
r® = —-, the height of the cylinder is1/R" — 5~ = 3= ﬁ

2R
Hence, the volume of the cylinder is the maximum when the height of the cylinder is —=.

V3
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Q18 Show that height of the cylinder of greatest volume which can be inscribed in a right circular cone of height h

4
and semi vertical angle « is one-third that of the cone and the greatest volume of cylinder is Enh3tan2a.

Answer. The given right circular cone of fixed height (h) and semi-vertical angle () can be drawn as:

Here, a cylinder of radius R and height H is inscribed in the cone.
Then, ..GAO = a, OG =1, OA=h, OE =R, and CE = H.

We have,

r = htana

Now, since AAOG is similar to ACEG, we have:
AO CE
0G ~ EG

H
=R [EG = OG - OE]

S =

=

h 1
= H= ;(r -R) = (htana — R) = m(htana -R)

htan o

Now, the volume (V) of the cylinder is given by,

2 nR? 2 nR>
V =nR°H = —— (htana — R) = nR“h -
tan a

tan a

3nR?

tan a

" R - 27tRh




dv

Now, R- 0
3nR?
= 2nRh =
tan o
= 2htana = 3R
2h
=> R = gtana
d*v 671R
Now, — =2nh - ——
dR? tana
2h
R = —tana
3
d>v 6m (2h
— =2nmh—- — | —tana | =2mth - 4mh = - 2mh <0
dR? tana \ 3
By second derivative test, the volume of the cylinder is the greatest when
2h
R = gtana.

2h 1 2h 1 htan o h
WhenR = tana, H = —— | htana - Stana | = —| — =3

Thus, the height of the cylinder is one-third the height of the cone when the volume of the cylinder is the greatest.
Now, the maximum volume of the cylinder can be obtained as:

2h 2(h 4h? 5 h 4 5
| 3 tana 5 | =l gtanta || 3 —277thtano(

Hence, the given result is proved.
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Q19 A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic metre per hour. Then the
depth of the wheat is increasing at the rate of
(A) 1 m/h (B) 0.1 m/h (C) 1.1 m/h (D) 0.5 m/h

Answer. Let r be the radius of the cylinder.
Then, volume (V) of the cylinder is given by
V = n( radius ) x height

= 1(10)%h (radius = 10m)

= 1007mth
Differentiating with respect to time t, we have:
dv dh
i IOOJTE

The tank is being filled with wheat at the rate of 314 cubic metres per hour.
dv
— - 3
a - 314m°/h
Thus, we have:
dh
314 = 100m7;

dh 314 314
= 4 T 100(3.14) ~ 314 -
Hence, the depth of wheat is increasing at the rate of 1 m/h.
The correct answer is A.
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Q20 The slope of the tangent to the curve x = t> + 3t - 8,y = 2t2 - 2t - 5 at the point
(2, -1)is

22 6 7 -6
Az B7 Oz O

Answer.
The given curveis x = t? + 3t —8andy = 2t> = 2t - 5

.dx dy
s = 2t+3and 5 =4t-2

The given point is (2, — 1) .
At x = 2, we have:

t?+3t-8=2
=t2+3t-10=0
= (t-2)(t+5)=0
=t=2o0rt= -5
Aty = —1, we have:
20 -2t-5= -1
=22-2t-4=0

=>2(t2—t—2)=0

=@t-2)(t+1)=0
=>t=2o0rt= -1

The common value of tis 2 .

Hence, the slope of the tangent to the given curve at point (2, -1) is
dy 4(2)-2 8-2 6

wl=2= 23 137
The correct answer is B.
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Q21 The line y = mx + 1 is a tangent to the curve y? = 4x if the value of m is

1
A1 B2 ©3 O3

Answer. The equation of the tangent to the given curve isy=mx + 1.
Now, substituting y = mx + 1 in y? = 4x, we get:
= (mx + 1)2 = 4x
=>m*?+1+2mx—4x=0
:>m2x2+x(2m—4)+1 =0
Since a tangent touches the curve at one point, the roots of equation (i) must be equal.
Therefore, we have:
Discriminant =0

(m - 4)% - 4(m2)(1) =0

= 4m? + 16 — 16m — 4m? = 0

= 16-16m=0

=>m=1

Hence, the required value of mis 1.

The correct answer is A.
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Q22

The normal at the point (1, 1) on the curve 2y + x* = 3 is
A)x+y=0 B)x-y=0

O)x+y+1=0 [D)x-y=1

Answer. The equation of the given curve is 2y + x2 = 3.
Differentiating with respect to x, we have:

2dy
I +2x=0
dy
= = = —x
dy
adany T 71
The slope of the normal to the given curve at point (1, 1) is

-1

=1

dy
w1

Hence, the equation of the normal to the given curve at (1, 1) is given as:
=sy-1=1x-1)
=>y-1=x-1
=>x-y=0

The correct answer is B.
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Q23
The normal to the curve x? = 4y passing (1, 2) is

B)x-y=3
A)x+y=3

D)x-y=1
Ox+y=1

Answer. The equation of the given curve is x? = 4y.
Differentiating with respect to x, we have:

dy
2x =4+ =
dy X
T2
The slope of the normal to the given curve at point (h, k) is given by,
-1 2
& " h
IO

~Equation of the normal at point (h, k) is given as:
y-k= 7~ h)
Now, it is given that the normal passes through the point (1, 2).
Therefore, we have:
2-k= _TZ(I—h)ork:2+ %(l—h)
Since (h,2k) lies on the curve x* = 4y, we have h? = 4k
h

:k:I

From equation (i), we have:



h? 2
Z—2+E(1—h)

h3
=°X=2h+2—2h=2

= h3=8
=>h=2

h2
:Z=>k:1

Hence, the equation of the normal is given as:
-2
=y-1=—F(x-2)

sy-1=-(x-2)
=>x+y=3

The correct answer is A .
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Q24 The points on the curve 9y? = x3 , where the normal to the curve makes equal intercepts with the axes are

8 -8
A) (4, g) (B)4, =

3 3
g) (D)(i4,§)

Answer. The equation of the given curve is 9y? = x>
Differentiating with respect to x, we have:

I+

H+

© (4,

The slope of the normal to the given curve at point (xl, Yl) is

-1 6y,
_] - _ —
dx 1 (x,y,) X2

The equation of the normal to the curve at (xl, Y1) s
— 6y1

Y=YV17= "2 (X_Xl)
X1
2 2
= X1y~ Xy = T 6y T 6xyyy

= 6xy1 + x%y = 6xy1 + x%y1
2

6X_y1 X1y
= 2 + 2 1
6x1y1 +X1yq 6x1y1+Xx1y;
X y
= + =

x1(6+x1) y1(6+x1)

It is given that the normal makes equal intercepts with the axes. Therefore, We have:



x1(6+xl) y1(6+x1)

6 Xy
X1 N
= — = —
6 Xq
2
= x] = 6y,

Also, the point (xl, yl)

lies on the curve, so we have

9? = x;

From (i) and (ii), we have:

X% 2 3 Xl
9 5 =x1:>2—x1:>x1=4

From (ii), we have:
91 = 4)° = 64

) _ o
=Yy = 9

8
:>yl: ig

o=}

Hence, the required points are (4’ 3 )

The correct answer is A.

Page : 244 , Block Name : Miscellaneous Exercise





