


CHAPTER - 13

LIMITS AND DERIVATIVES
KEY POINTS

im £x) = 7 if and only if

X—C

lim f(x)=lim f(x)=1

X X=3C

xl'mc a = o, where o is a fixed real number.
thc x"=c¢" foralln e N

inan f(x) = f(c), where f(x) is a real polynomial in x.

Algebra of limits

Let f, g be two functions such that )!'Tc f(x) = / and X“TC g(x) = m, then

MMl 001 = o ™)

= o / for all a« € R
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Im fieg + 901 = 1M g0 £ 1M g0 = 74 m

L]
oM 0.e0) = M ). T g = im
lim f(x)

| M _ X%X—C o [

o ax) = im ax) _m:M=09(x)=0
® X—¢C

im L = —— = dorovided 120 ) = 0

I e = Tm i — greovned 7 0p) =
L X—C

. n

lim [(f)" = “ lim f(x) ‘ =" foralln e N
L) X—=¢ X—C |

Some important theorems on limits

lim _ lim
o =I5 o

®
x" —a"

im — = npna" - 1
. X—a X = a

. sinx _ _ _

lim =1 where x is measured in radians.
® x—0

. tan x : COoS X

lim =1 [Note that lim #* 1}
® x—>0 x—0

. 1—cosx

Im ——— =0
° x—0 X

X

.oe =1

[im =
® Xx—0
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X

lim = log, a
x—0
ity QU X) _ o
x—0 X
im (1+x)™ = e
x—=0
d(sinx)
=COSX

dx

d(cosx) .
=—SInx

dx
d(tanx) =sec’ x

dx
d(COt x) = —cosec’x

dx
d(secx) =secxtanx
d(cosecx)
——~=—co0secx.cotx

dx
d n
(x ) - n.xn—l

dx
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’ —a".l

s —=a"loga
d(log,x) 1
& x

d (constant) o
dx

Laws of Logarithm

% log, A+log, B=log,(4B)

*

Y|
log, A-log, B=log, (Ej

< log, A" =mlog, A

»

log,1=0
% If log, A=xthen B =4
Let y = f(x) be a function defined in some neighbourhood of the

point ‘a’. Let P(a, f(a)) and Q(a + h, f (a + h)) are two points on

the graph of f(x) where h is very small and 2=0.
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Math, flath)

f(a+h)-f(a)
h

If » — 0, point Q approaches to P and the line PQ becomes a

Slope of PQ =

tangent to the curve at point P.
i f(a+h}2—f(a)

h—0

(if exists) is called derivative of f(x) at the

point ‘a’. It is denoted by f'(a).
Algebra of derivatives

d d .
° E(q[(;g)): C_E(f(x))wherecnsa constant

X

o L)) =(s (x)+ (s (x))

d d d
o (f(x)e()= () (e(x)+e(x)(/ ()
) i[_,v(x)J g(x) 5 ()= £ (x) 5 (2()
dx g(x) (g(x))z
® If y = f(x) is a given curve then slope of the tangent to the curve

at the point (h,k) is given by -jx-]’} and is denoted by ‘m’.

(k)
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Section-A
VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

Evaluate the following Limits:

] lm\f2x+3
' =3 x+3
2 i sin 3x
x=>0 X
3 | Vi+x—l-x
' e l+x
4 I 1+24+34...... +n
X3 nz
) x” _2”
5. Find n, if lim =80. neN
x—2 x_z
2
T tan” 3x
6. =
. COSX—cosda
7o lim———
' x2 —q2
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Section-B

SHORT ANSWER TYPE QUESTIONS (2 MARKS)

Differentiate the following functions with respect to x :

8 x 2
- 2 n
9. X2 tanx
10. %
SIn X
1. 2%

12. 3¥+x3+4x-5
13. (x*=3x+2)(x+2)
14. e sinx+ x".cos x.

Section-C

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

: 2 —afl+ .
15. Evaluate llm( ililad

-0 sin” x

\Bsinx—cosx

16. Evaluate 1in}

X— x_).r
’ 6
| x—1]
‘ x#1
17. If f(x)=92(x-1) show that 1im s (x) does not
3 x=1 v

exists.
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5x—4 0<x<l1

4x*—3x, 1<x<2 Al

18, If _;-(x):{

COsSX X

19.  Let f(x) ={

x+k , x<0 x>0

2| x-5]
x=5

20. Find {grsl[[x+3]— +4x2J, if exists.

e
21.  Find the value of 'k’ if lim>—— = lim=

x—l x_.l x—k x2 __k?' '

Evaluate the following Limits:

~osin( x°
22. Iim ( )

x—0 %

I e |
23. lim

v—+l fsz "‘l

3
. x2-27

24. Iim ;
x—9 X _81

3
2

(x+2)2 ~(a+2)

25. lim

X—=a x—a

. cosax—cosbx
26. lim

=0 cosx—1

. tanx-—sinx
27. lim ——————

x=0  ysin~ 3x

28 i Xtan x

+=0] —cosx

show that lim f(x) exists.

21
find kif lim f (x) exists.
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29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Iim

P 3
.T—>-’2- (JI = 23()

lim
r=a cot X —cota

. l+sec’ x
hi——— —

2
7 tan” X

X sinx

e —€

sinx—Xx

x—1

lim
x—l logE x

log. x—1
lim —8e X~ 7

X=re xX—e

cotx—cosx

Cosx—cCcosda

[ 4
lim
2| x° —2x

~Ja+2x \/3_x

Hf* \/Ba +Xx— ZJ_

sin(2 + x)—sin(2 - x)

lim
x=0 X
. l—cosx+/co
Iim 5
x—0 X
100 =27 =5"+1
lim
x—l) X tan X
. € —cosx
lim———
x=>0 Sln“ X
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41.

Differentiate the following functions with respect to x by first

-2 - 2
. sin"(x+a)—sin"a
lim
x—0 X

principle:

2. f(x)= xz;l

43.  f(x)=+2x+3

44.  f(x)=cos(2x—7)
45.  f(x)=tanx

46.  f(x)=e™

47.  f(x)=cos(2x’ -3)

Differentiate the following functions with respect to x:

48.

49.

90.

51.

52,

23.

(3x-+1)(2x 1)
Jx

ot

SIN X — XCOS X

/(%)

xsinx+cosx
f(x)=x’¢"sinx
f(x)=x%¢"+x'logx-2"

2% cotx

f(x)= T
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54.

55.

96.

bl.

58.

59.

60.

f(x)=¢€"sinx+x".cosx

f(x) =——-2log(cosx)+xe".
COS X
1—cos2x
f(x) ~\1+cos2x

If /(x)=x—[x] then find /" GJ

If y= \/; , prove that 2. d—+ y = 2%

If y= \ji \/7 prove that (2.xy )d"_i_i_
a X

For the curve f(x) = (x? + 6x=5)(1—x), find the slope of the
tangent at x = 3.

Secstion-D

LONG ANSWER TYPE QUESTIONS (6 MARKS)

Differentiate the following functions with respect to x from first

principle:

61.  f(x)=+cosx

62. f(x) =xe"

63. f(x):em

64.  f(x)=cos’(3x-7)

Evaluate the following Limits:
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65.

66.

67.

68.

69.

70.
11

72.

cos’ x

lim
xﬂgJE—dl+ﬁnx

.08 x X x
lll‘['l—x l1—cos| — |—cos| — |+cos| —
=0 x 2 4 2

42 —(sinx+cosx)’
lim

X —)E 1- Sirl 2%
926 44

lim >

x=0 X

. oAx+1=41-x
lim

0 N+x-3Y1-x

1 1

7+x) —(3+x° )

lim ( ) ( )

x—1 x—1

Find the value of ‘a’ and ‘b’ if lim /1 (x)

x*+ax+b 0<x<2
f(x)=43x+2 2<x<4
2ax +5b 4d<x<8

Evaluate lim 1 (x) where
x—3"

x—[x] X< 2

f(x)=1 4 ¥=3
3x—-8 5.3

ANSWERS

and lim / (x) exists where

x—4
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10.

13

13.

14.

15.

19.

20.

21.

22.

24.

-
NN

nes% 6.

-2sina

8.
3Ja

x’sec’ x+2xtan x

2
9
1.2
2 x?

cosecx —xcotx.cosecx or COSGCI(] —XCOtXJ

3'log,3+3x* +4

3+~/§

2

2"log, 2 12
3x*-2x-4

e (cosx+sinx)+x"" [n.cos x—xsinx]
% 16.

k=1

LHL =109, RHL = 106 so, lim does not exist.

s
7 23.
180

1 25.
4

\/§+2

2a+2)
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26.

28.

30.

32.

34.

36.

38.

40.

42.

44.

46.

48.

50.

52.

27.
C
2 29.
sin” a 31.
-1 0 5
1 35.
e
2 52
3\/:—; s
3 39.
2
= 41,
2
1—i2 43.
X
—2sin(2x-7) 45.
e™" sec’ x 47.
2l L=
6——x?% +—x? 49,
2 2
x” 51.

2

(xsinx + cos x)

x’ [1 +3logx +5x%e" + x3e"':|— 2" log”

20082
log 5. log 2

Sin 2a

1

V2x+3

FSGC \/_

—4xsin (sz —3)

1 3
¢ o
xz X4

ol - -
xLex[xsmx+xcosx+3smx]
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53.

54.

55.

56.

60.

62.

64.

66.

68.

70.

2.

X

Jx

e [COS x+2sin x] fx [n COS X — X Sin x]

» Ccotx
log2.cotx—cosec x—
| =

X SEC x[Z—xtan x] +2tanx +e" (x+ l)

sec’ x 57. 1
46 61 il
' "~ 2\Jcosx
e‘r x+l 63 L
( ) 2 Jax+b
~3.sin(6x — 14) 65. 42
1 67. 52
32
3 3
log— 69. —
[ Dgz) >
= 71. a=-1,b=6
4
1
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